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from massless to massive

from first to  second order 

from collisionless to collisional

from flat to curved spacetime

from Abelian to non-Abelian
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 Wigner function formalism: Non-Abelian VS Abelian
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Wigner function defined by density operator：

Gauge invariant density operator  in Abelian gauge field：

Gauge covariant density operator  in Non-Abelian gauge field：

:

:
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 Wigner function formalism: Non-Abelian VS Abelian
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Only spinor decomposition involved in Abelian gauge field：

Additional color decomposition involved in non-Abelian gauge field:

Singlet    multiplet

scalar         pseudo        vector                axial                    tensor 

Chiral limit 𝑚𝑚 = 0: ,     decouple with ,                ,  

right-handed/left-handed  (s= ±1) Chiral Wigner functions: 
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 Wigner function formalism: Non-Abelian VS Abelian
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Color decomposition of Wigner function:

Wigner equations in background Abelian field:

Wigner equations in background non-Abelian field:
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Triangle or Δ expansion  for operators:

Semiclassical expansion for Wigner functions:

 Non-Abelian CKT in conventional semiclassical expansion

Semiclassical expansion for Wigner equations:

Xiao-Li Luo, JHG,   JHEP 11 (2021) 115； S. Ochs and U.W. Heinz, Annals Phys. 266 (1998) 351
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Time- and space-like decomposition:

 Non-Abelian CKT in conventional semiclassical expansion

+

In conventional semiclassical expansion, some equations are  satisfied
automatically for Abelian field, but they are not for non-Abelian case.

Some constraint conditions emerge!

Xiao-Li Luo, JHG,   JHEP 11 (2021) 115； S. Ochs and U.W. Heinz, Annals Phys. 266 (1998) 351



11

 Non-Abelian CKT in conventional semiclassical expansion

Chiral anomaly:

Vector currents in global equilibrium: Axial currents in global equilibrium:

Vacuum contribution：

Xiao-Li Luo, JHG,   JHEP 11 (2021) 115
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Triangle expansion Semiclassical ℏ expansion

Covariant derivative:

Iterative process could lead to order mixing:

 Non-Abelian CKT in conventional semiclassical expansion

For non-Abelian gauge field:

≠

Such issue never appears for Abelian field because only ordinary derivative 𝝏𝝏𝝁𝝁 is involved!
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 Non-Abelian CKT in self-consistent semiclassical expansion

Operators:

Redefine the non-Abelian gauge field:

Covariant derivative:

Commutator:

Field strength tensor:
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 Non-Abelian CKT in self-consistent semiclassical expansion 

Zeroth-order Wigner functions and equations in 8d phase space:

First-order Wigner functions and equations in 8d phase space:

Contribute for both Abelian and non-Abelian

Contribute only for non-Abelian

All  other Wigner equations are satisfied automatically and no constraint conditions arise!
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 Non-Abelian CKT in self-consistent semiclassical expansion

Second-order Wigner functions and equations in 8d phase space:

Contribute  from both Abelian and non-Abelian Contribute only from  non-Abelian

All  other Wigner equations are satisfied automatically and no constraint conditions arise!

Such expansion is consistent with the fact:   No macroscopic classical non-Abelian field strength!
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 Non-Abelian CKT in self-consistent semiclassical expansion

How to organize the Wigner functions in 7d phase space:

Correction to invariant phase space: Effective velocity:Distribution function:
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 Non-Abelian CKT in self-consistent semiclassical expansion

Zeroth-order Wigner functions and equations in 7d phase space:

First-order Wigner functions and equations in 7d phase space:

𝜆𝜆 =+/−:  positive/negative energy Zeroth-order velocity:

First-order velocity 

First-order gradient operator: 
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 Non-Abelian CKT in self-consistent semiclassical expansion

Second-order Wigner functions and equations in 7d phase space:



19

 Non-Abelian CKT in self-consistent semiclassical expansion

Correction to invariant phase space 

Second-order velocity:

Second-order gradient operator:



20

• Triangle expansion leads to constraint conditions in non-Abelian CKT!

• The anomalous  currents  can be induced by non-Abelian field. 

• A self-consistent expansion is proposed and leads to no constraint conditions.

• Within self-consistent  expansion, the non-Abelian CKT  has been derived.

• From non-Abelian CKT with m=0 to non-Abelian GCKT with m≠0

Thanks for your attention !

 Summary and outlook
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