
Heavy Quark DiffusionHai-Tao Shu 5 Sep. 2023

Lattice QCD study of heavy quark diffusion

Central China Normal University

Aug. 13 - 18, 2024, Qingdao, Shandong

第⼗四届全国粒⼦物理学术会议

Hai-Tao Shu

              Based on:
[PRD 103(2021) 1, 014511]
[PRL 130 (2023) 23, 231902]
[PRL 132 (2024) 5, 051902]
[PRD 109 (2024) 11, 114505]



Heavy quark diffusion in HICs
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Heavy quarkonia in heavy ion collisions I 2/21

⌅ bulk of matter created in HICs is expected to quickly reach some intermediate equilibrium
) “strongly coupled QGP”

⌅ But wait... what about heavy quarkonia?
⌅ M � T , only produced in early hard collisions
⌅ remain as bound states / melt into constituents

⌅ travel through QGP, thermalize to some extent via diffusion

⌅ form DD̄ or BB̄ meson pairs, decay into dileptons
) probes for transport properties of QGP

J/ ⌥

cc̄ bb̄

3.1GeV 9.5GeV

cf. T ⇠ O(100) MeV

[Figure: S. Bass, mod. by O. Kaczmarek]

[SA.Bass]

Release constituents equilibrate via diffusion process 
how fast do heavy quarks equilibrate? 

• Perturbative estimates:  

• Experimental estimates (RHIC): 
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Need non-perturbative ab-initio determination for equilibration time!



Traditional method via meson correlation function
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• HQ diffusion embedded in meson spectral function  
• Complicated structure of meson spectral function

PRD 104 (2021) 11, 114508
PRD 97, 094503
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Equilibration time ~ HQ diffusion coefficient 



• Large quark mass limit in HQ effective field theory

• Mass dependent momentum diffusion coefficient
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J. Casalderrey-Solana and D. Teaney, PRD 74, 085012 

S. Caron-Huot et al., JHEP 0904 (2009) 053 

A. Bouttefeux, M. Laine, JHEP 12 (2020) 150
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Easier alternative: infinite heavy quark mass limit



Heavy quark momentum diffusion on the lattice
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Multi-level algorithm
GEE from multi-level and link-integration:

•  Multi-level method reduces noise in correlators 
•  Multi-level is only applicable in quenched approximation
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[A. Francis, et al, PRD92 (2015)116003]
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~x
sketch of multi-level algorithm

[M. Luscher and P. Weisz, JHEP 09 (2001) 010]

Independent updates in each sub-lattice 
followed by a measuring of operator



Breaking down of Multi-level algorithm in QCD
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Action non-local in full QCD 
(connection between any two sites):

Action local in quenched QCD (sum of plaq.):
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A long-standing problem
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A noise problem stuck for ~15 years!



Gradient flow 
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Luscher & Weisz, JHEP1102(2011)051 
Narayanan & Neuberger, JHEP0603(2006)064
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Evolve fields according to diffusion equations:

dBµ(x, t)

dt
⇠ ��SG[Bµ(x, t)]

�Bµ(x, t)
⇠ D⌫G⌫µ(x, t)

• Smear the fields along a 5th dimension — flow time t 
• Good signal at finite t 
• Back to 4D space defined at zero flow (keeping good signal)

The only solution for now!
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smearing radius:



Smearing effects on the correlators
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• Significant reduction of noise along the flow

[PRD103(2021) 1, 014511]

Rapid decrease 
of error bar



Flow time window from pert. analysis

• At most 1% deviation determines the maximum flow time:
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[A. M. Eller, G. D. Moore, PRD97 (2018) 11, 114507]

Signal destroyed

Signal unaffected 



Bring correlators back to 4D space 
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• Linear flow time extrapolation within flow time window

[PRD103(2021) 1, 014511]
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Develop methodology in quenched approximation
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• Consistent results from ML & GF 
• Gradient flow paves the way to full QCD
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Gradient flow method

[PRD103(2021) 1, 014511]
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Extension to QCD: double extrapolation
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• Wide temperature range (195 MeV - 352 MeV) with Mpion=320 MeV 
• Extrapolation Ansatz describes lattice data well

First full QCD calculation of kappa (u+d+s quarks in the sea)
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T = 195 MeV
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Thermal effects on the final correlators
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• Significant temperature dependence of correlators (what about kappa?)

[PRL 130 (2023) 23, 231902]



Spectra analysis
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• Simple structure of spectra —> robust estimate of kappa 
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HQ diffusion coefficient at HQ mass limit
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• First full QCD results for Kappa 
• Agree with AdS/CFT at ~Tc (rapid equilibrium <—> QGP is near perfect fluid) 
• Agree with T-matrix estimate at moderate T 
• Agree with NLO perturbative estimate at large T  
• Mild temperature dependence

<latexit sha1_base64="1DtF8EWOtBXDrcJCkBYLPgpZpS8=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExlaStgAWpAgbGIvUlNaFyXKe16iSW7SBVUWYWfoWFAYRY+QI2/ga3zQAtR7rS8Tn3yvcejzMqlWV9G7ml5ZXVtfx6YWNza3vH3N1rySgWmDRxxCLR8ZAkjIakqahipMMFQYHHSNsbXU/89gMRkkZhQ405cQM0CKlPMVJa6pmHZYdT2LiBl9DxBcJJVb/TxBkhztFp476S9syiVbKmgIvEzkgRZKj3zC+nH+E4IKHCDEnZtS2u3AQJRTEjacGJJeEIj9CAdDUNUUCkm0xPSeGxVvrQj4SuUMGp+nsiQYGU48DTnQFSQznvTcT/vG6s/As3oSGPFQnx7CM/ZlBFcJIL7FNBsGJjTRAWVO8K8RDpRJROr6BDsOdPXiStcsk+K1XuqsXaVRZHHhyAI3ACbHAOauAW1EETYPAInsEreDOejBfj3fiYteaMbGYf/IHx+QNH/Zln</latexit>

2⇡TD =
4⇡

/T 3

150 200 250 300 350 400
T [MeV]

0

2

4

6

8

10

12

2º
T

D
s

Bayesian

pert. NLO

AdS/CFT

QPM, M ! 1
T-matrix, M ! 1
ALICE

LQCD, M ! 1

[PRL 130 (2023) 23, 231902]



Finite mass correction
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D. Guazzini, et al., JHEP 10 (2007) 081

Physical charm & bottom quark not infinitely heavy!

A. Bouttefeux, M. Laine, JHEP 12 (2020) 150
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Color-magnetic field correlation function
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Color-magnetic correlators

• Similar size of correlators for E and B  
• Similar spectra modeling methodology
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Kappa_E v.s. Kappa_B
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A. Francis, et al., PRD92, 116003 

B. L. Altenkort, et al., PRD103,014511 

D. Banerjee, et al., Nucl.Phys.A.2023.122721 

D. Banerjee, et al., JHEP 08 (2022) 128 

N. Brambilla, et al., PRD107, 054508

• Similar magnitude for Kappa_E and Kappa_B in full QCD & quenched 
• Smooth connection between quenched and full QCD in temperature 
• Lattice results confirms the form suggested by pert. computations

Quenched results from:
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g2(µ = 2ºT )

10°1
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101
∑E/T 3, Nf = 0
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∑E/T 3, Nf = 2 + 1
∑B/T 3, Nf = 2 + 1

Fit to
∑E,B/T 3 / g4

∑E,B/T 3 / g2
==>  S. Caron-Huot and G. D. Moore, PRL. 100, 052301 (2008)

[PRD 109 (2024) 11, 114505]
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Summary
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• First lattice study of HQ mass dependence of HQ diffusion: mild  
• Universal 2piTD change pattern with quark mass 
• Quark mass dependence is weak in LQCD & T-matrix 
• Weaker quark mass dependence than QMP calculations 
• Equilibration time of charm quark favors the experimental estimate (~1 fm/c for all)
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Phenomenological diffusion 
picture of classical particle
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Linear response theory

Solution:
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Perturbation to Hamiltonian:

Solution:

Kubo formula:
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Backup: identify the heavy quark diffusion



Backup: full QCD setup

• Wide temperature range 
• Different lattice spacings  
• Large lattices towards thermodynamic limit

T [MeV] � ams aml N� N⌧ # conf.
195 7.570 0.01973 0.003946 64 20 5899

7.777 0.01601 0.003202 64 24 3435
8.249 0.01011 0.002022 96 36 2256

220 7.704 0.01723 0.003446 64 20 7923
7.913 0.01400 0.002800 64 24 2715
8.249 0.01011 0.002022 96 32 912

251 7.857 0.01479 0.002958 64 20 6786
8.068 0.01204 0.002408 64 24 5325
8.249 0.01011 0.002022 96 28 1680

293 8.036 0.01241 0.002482 64 20 6534
8.147 0.01115 0.002230 64 22 9101
8.249 0.01011 0.002022 96 24 688

352 8.249 0.01011 0.002022 96 20 2488

Table 1: Parameters of the lattice calculations on the coarse lattices (643⇥N⌧ ),
including the temperatures, the gauge couplings, the bare quark masses in lattice
units, the values of N⌧ , and the corresponding statistics (last column).
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Nf = 2 + 1, HISQ, m⇡ = 320 MeV
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Backup: anomalous dimension of B-field
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• Anomalous dimension in MSbar-scheme

• Gradient flow-scheme —>  MSbar-scheme —> physical values

• Determination of the matching factor

• Scale dependence must go for “WeWant” and 
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Backup: T-dependent charm quark mass
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E2
p(T ) = m2(T ) + p2
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m(T )

[PRL 132 (2024) 5, 051902]



Backup: smearing effects of gradient flow
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• Gradient flow reduces the noise in correlators 
• Gradient flow removes the lattice effects (disordering) 
• Need proper flow time range

[HTS et al., PRD103(2021) 1, 014511]
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Backup: scattering from various models
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T = 195 MeV


