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Introduction
More detectors in the future

10 2

10"

101

10 -18

102

10 22

10 %

10 -26

Stochastic
background ol

The figure is generated by http://gwplotter.com

SKA

eLISA

Supermassive Massive binaries

binaries
LISA

TianQin

/ AdV

aLIGO

Resolvable galactic
binaries

Extreme mass
ratio inspirals

Unresolvable
galactic binaries

Compact binary
inspirals

ype IA Core collapse
supernovae supernovae
107 10°® 10°¢ 10 107 10° 102 10° 10°

Frequency / Hz

10% km

. DECIGO

Y. Gong, J. Luo, and B. Wang, Nature Astron 5, 881 (2021).

We are going to discover weaker GW sources in a broader frequency band



Introduction
Superradiance

BH-condensate system Klein—Gordon equation
(g“bvavb+ﬂ2) O =0

Kerr metric scalar mass

- =

Eigenfrequency is complex

— B 1|7
nlm = a)nlm +[la)nlmJ

similar to hydrogen atom: 3 indexes - (n, [, m)

)

§ ows Superradiance condition:

R. Brito, V. Cardoso, and P. Pani, Class. Quant. Grav. 32, 134001 (2015).

0 < wp < mly

(2, BH horizon angular velocity
* Clouds can extract energy and angular

momentum. Calculating @, ;,,, Is nontrivial

. . S. Detweiler, Phys. Rev. D 22, 2323 (1980).
* Rotating clouds emit GWSs. V. Cardoso and S. Yoshida, J. High Energy Phys. 2005, 009 (2005).
S. R. Dolan, Phys. Rev. D 76, 084001 (2007).
S. S. Bao, Q. X. Xu, and H. Zhang, Phys. Rev. D 106, 064016 (2020).
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Evolutions
The superradiance rate

: 3 indexes — (n > 0, [, m)

nlm
( — M(”lm) = 2M.o! \
i nl S nlm |

M Im (w)

Modes with different m has different
superradiant region < 0 < wp < my,

Dominant mode: 0, 1, 1) (0, 2, 2)

Subdominant mode: (1, 1, 1) (1, 2, 2)

Modes with m < [ are unimportant.

M p

6 YDG, S. S. Bao and H. Zhang, Phys. Rev. D 107, 075009 (2023).
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Evolutions . -
Evolutions with GW emission Yo = 156““‘”“(@)
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1. With scalar condensate, BH mass and spin are “discrete”. = constrain the saclar mass

2. Modes with different m are important at different stages.

3. (011) mode mass is the largest ~ 10% BH mass.

. 7 Difficult to be distinguished from other
4. Only (011) mode = Monochromatic GWs. ® monochromatic GW sources. e.g. neutron stars

7 YDG, S. S. Bao and H. Zhang, Phys. Rev. D 107, 075009 (2023).



Evolutions

107"
GW interference ‘
* n> (0 andn =0 modes coexist for a long time. = 02
* N,;{;/Nyy; ~ 0.1 in coexistence period. =
» Coexistence = GW beat
1073 -
» \Waveform 10 108 1012 106 102 10% 1028
t ] My
§§ MAAMAMAMAAAMAAAAA n §§§AVAVWVWVAVAVAVAVAVAVWVAvwvAvw N p At
SR L = VR

> Estimate beat strength
2% (011) —» graviton Amp o Ny
(011) + (111) — graviton Amp o /Ny 1Ny

The interference term is mildly suppressed by /N;{;/Ny;; ~ 30%.

8 YDG, S. S. Bao and H. Zhang, Phys. Rev. D 107, 075009 (2023).
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Detection
GW beats observation from scalar
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GW beats could be detected by Tlaann Taiji, LISA and so on.

YDG, S. S. Bao and H. Zhang, Phys. Rev. D 107, 075009 (2023).



Detection

GW beats observation from vector
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Stronger GW signals with weaker GW beats
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Summary

v The bosonic cloud increases "
exponentially by superradiance and A
emits gravitational waves. ] J—— \ |

v We study the evolution of BH- : —Myw q
condensate system with » > 0 modes, oo ﬂ |

which have important contributions. "

10-14 - rrerrer TISA == == == TianQin

v Unique GW signal: GW beats can be B
detected by Taiji, TianQin, LISA, etc. BN |
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Evolutions
GW interference

* Single mode: Monochromatic GWs g

. 10~ 1%V
2 X (011) —> grav1t0n TGW ~ 7[//4 ~ 21 sec ( )

Difficult to be distinguished from other monochromatic GW sources  e.g. neutron stars
 Multiple modes: {0,1,1} and {1,1,1}
> Modulation period

21 0.1 . 107%V \ /0.1
T oq = = 2880 — ) Tow =~ 6.0 X 107 sec —
o1 — @Ol My U My

> Particle picture
2 % (011) - graviton Amp o Ny
(011) + (111) — graviton Amp \/No11N111

The interference term is mildly suppressed by /N;/Nyy; -

14



Detection
GW emission energy flux

W] = 2(4)(011), Wo = 2w(111),
]\]111/]\]011 < 1 LO g = w(OH) 4 w(lll), D4 = w(lll) . w(OH)
) | @) |2 ) ‘ (@2) | 17 |2
dt T - w(011)2 GJ% w(111)2 w% w(Oll)w(lll) (IJ%
(@1) | |77 (@3)
N3 N U. U. - -
NLO 44— ‘ 2 1 [2 -cos[w4(t— *)—¢§-23)+¢(Z—;)]
(011)°  ,(111) WiWws
Nlll/N()ll (@1) (@2)
v ., NouNu U, U | 204(t ) — 9 + 62
suppressed -2, (011 (111) 10 05| 4w T [2 [2
(@2) || 77(@3)
NouN{, U Y ; ~
iy 011-V¥111 ‘ 12~ ] [2 cos[w4(t—fr*) —¢€w2)—|—¢(~w3)}
,(011) ,(111)° W93 [2 2
4 )
Ny11/Ny;; =0.01 = modulation ~ 10%
\_ J

15 YDG, S. S. Bao and H. Zhang, Phys. Rev. D 107, 075009 (2023).



Detection
GW beats observation
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The GW frequency in the detector frame is 258.4 Hz.
The GW beat frequency in the detector frame is 0.3587 Hz.
Redshift: 2.50 x 10~* ~ 1 Mpc. Mass: 5.35 x 1071° eV SNR: 1.29
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Evolutions
Evolution equations

GW emission

Egw
Vector condensate @—
JGW

~(nlm) __ (nlm) _ (nlm)
ESTY =2M" o,

M — ~(nim) | ~(nlm) y .. (nlm)
M = ZEH : J = ZmEH /a)R

nim nim

1(nlm) _ r(nim) _ (nlm) _ S(nlm) _ -(nlm) (nlm)
M = E Eow s Js—m(EH Eow )/a)R
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Evolutions
Different initial parameters
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FIG. 7. The evolution of the scalar cloud masses, BH mass,
BH spin, and the GW emission luminosity as a function of
time. The solid curves are the baseline case with initial pa-

rameters‘ Mop = 0.1 and a«o = O.99l same as _in Fig. 4. The
dashed curves are with initial parameters|Mou = 0.1 Iand

aAx) — 0.7

The dotted curves are with initial parameters

Mop = 0.01 and axo = 0.9.

set as 107 ° My for all cases.

The initial mass of each mode is



Introduction
GW observation

® |ndirect observation

> Hulse—Taylor binary
(1974)

® Direct observation
> GW150914 (2015)

> GW170817 (2017)

» 90 confirmed events
(by 2024.07.21)

The 04 LIGO-Virgo-KAGRA observing
15:00 UTC, 24 May 2023

https://www.nobelprize.org/prizes/physics/1993/summary/
19 https://www.nobelprize.org/prizes/physics/2017/summary/



Introduction
With superradiance, BH spin is discrete
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Superradiance affects the BH spin distribution
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Introduction
Monochromatic GWs

GW emission

spin—0
R + e \With only the fastest scalar
10;‘ 1014 1 mOde N = O aﬂd l — m = 1
> /“:: 1012 1T .
/ | ® Monochromatic GWs

e Difficult to identify
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The period of 2x(0I1) — graviton o 1% 21 sec 10-16V
monochromatic GWs w~p  o~2u OV "

R. Brito, V. Cardoso, and P. Pani, arXiv:1501.06570 21



GW emission
Linearized Einstein field equations

5 +h
g'uy ” g'm/ i H [DB h,uv — = 1677T/41/ +2R1241/0hp0]
e Two observed polarizations: /. A, transverse-traceless gauge
72 F(out) 2 |
e Energy flux = lim — <h2 + h2>
gy dtdC) r—co 107 T %

e Kerr case
fi = a? — 6r* + a* cos(20)

3a’f1h,, sin(26) | 3a’f, (a® + r*) hysin(20)  3afsrh,,
IATH | DATH >4
h, (3a4 cos(40) — 27a* — 4a? (64> + Tr?) cos(26) — 4a>r> + 16r4>

= 3a* — 2r? + 3a* cos(26)

Bh_=—167GT,

_I_

434

. farhg (—a*cos(20) + 2a* +r*)  3a2Af,h, sin20) 3afrh,, 3alfih,,cot(0)
x4 234 Y4 4

... (other 8 equations) Considerable algebraic complexity!

22




GW emission
Newman-Penrose formalism

e Null tetrads: {I#, n*, m*,m *}

= (2 +a2)IA10a/A], 0= [ +a2 - ADa] /25).

mt = |iasin0,0,1,i/sin 0 / \2(r + iacos 0))
* Orthogonality relations

l”nﬂ = ] rrz”rrz/;I< = —1 others = 0

* Projection of tensors

_ UV _ sk . _ U
T/,ty — Tab — T/ﬂ/a b ’ da, b — {la n,m, m } eg le — Tﬂyl'un
R//tI/O'p — Rdde — R//tI/O'pa’ubUCde9 a? ba Ca d — {la n9 m9 m*} R2424 — Rﬂyapnﬂm*ynam*p

S. Chandrasekhar, The Mathematical Theory of Black Holes, Clarendon Press, 1998.
23



GW emission

Teukolsky equation
* Einstein equation: G,=R, - Eg‘“’R = 3nGTH
* Riccl identity: R o2y =2 o= 2o,
. . o 1
* Bianchi identity: R, o) = 3 (R/WG; 2t Ryt R/MM) = ()
Projecting onto  {I#, n*, m*, m™*}
2 ] — —_
(" +a) a’sin” @ v  SMar a | N I (A_1%> 7 (Sin e%>
A ot? A otop A sin20 | dg? or or sin 6 00 06
) i B , - M (72 — o2 |
Teukolsky +4 a(rAM) + l;zzs: ZW + 4 (rA - ) r —iacos6 aa—l/tj + (4cot26’+2) w = 4nXT
I 1 99
equation ‘ ‘

S. A. Teukolsky, Apd 185, 635 (1973).
24 S. Chandrasekhar, The Mathematical Theory of Black Holes, Clarendon Press, 1998.



GW emission

— 4
Weyl scalar l//4 — l//p p=—1/(r—iacost)

— — Uopr VP FO
Wy = — Cogpg = — Cpot’m "nm 7.

¢ Weyl tenSOI’ S. Chandrasekhar, The Mathematical Theory of Black Holes, Clarendon Press, 1998.

1 1
Cabcd — Rabcd o 5 (nacRbd o ;/]bcRad _ nadec + nbdRac) T g (nacr]bd o naa’nbc) R

C2424 — R2424

e At infinity
[H — (f”+?”) nt — (f’“‘—?”)/Z m”‘—><é”+i(ﬁ’">/\/§
d*E©W o 2 e, 1 /..
T <h+ +hx> Wy — > <h+ — lhx) hy = hgg, hy = hy,
Recall

Teukolsky equation = y =y,p™* = GW emission flux dE""/ds

- J

25



GW emission

GW solution

SeparatiOn of variables S. A. Teukolsky, ApJ 185, 635 (1973).

AaXT = J Z G (1) S7-(0)e™Peid!,

J Z (1) S7-(0)e™Pe ™10
[

* Angular equation spin-weighted spheroidal harmonics

1 d (. dSji; b n i’ 5 2mscos  ,
: sin @ + | a“@°cos 0 — — 2a@s cos 0 : sccot“0+s+A | S7,=0
sin @ d6 do sin? @ sinZ @
a=aM * a=0ands =0 = Associated Legendre polynomials P;_

» Exact results « Black Hole Perturbation Toolkit

s = — 2 for outgoing GW

https://bhptoolkit.org/toolkit.html
26



GW emission

GW solution

 Radial equation

A
1

|
N\

A2 0 ( 1 aRim(’”)> [Kz 4i(r—M)K Qi P ]R » G (1)
lr — 7~ ~ (7)) = — (57-(71
or A or A =2 Mm [m Im
Green’s function method Tortoise coordinate | ., . _, _
dr./dr = (r* + a®)/ A

J

Two Green’s functions

goo . Algl%lteikr* 4+ AZA%%e—ikr* at 7 — ., o o A2e—zkr* at 7 — r,
15 .~ Im .~ ! .~
Im 3 LT at r — + 0o, 7.3Blgm1~1teza)r* + r—lB;N%e—za)r* at 7 — + 00
\§ J
Solution
( )
r T » _ r OO0 RO 0 0
R+ = (_1) o0 d /glﬁ’lGlm L oy d /glﬁ’lGlm gin’t dginﬁ giﬁ’l dgirﬁ
Wi Jr. A J, A A dr A dr
\§ J
lim Wi, = 2i@B; Difficult to obtain B
r— 00 m 7

. R. Brito, et al. Phys. Rev. D 96, 064050 (2017).



GW emission

GW solution

Solving B)"
Homogeneous R"(r)— AR (r) — BR(r) =0,
Asymptotic solutions Q) = 13 oI [1 +0(1 /,,)] ’
At infinity 1
@, = —e ™ [1 + O(1/7)]. Different behaviors!
r
Auxiliary function A
@, — S =00"). x = O(l/r?),
. » ddre .
= (2 withi=12 Ko = = 2id——e O,
dr Sl r
W. H. Press and S. A. Teukolsky, ApJd 185, 649-674 (1973).
e GW emission [ g2gw r26? \

I - [h}(@,) + hi(@)]+ interference term
energy ﬂUX dtdO. r—>ooz 1671 [+( z) x( z)] erierence terims

28




Superradiance

o In 1954, Dicke introduced the concept of superradiance,
standing for a collective phenomena whereby radiation is
amplified by coherence of emitters.

For want of a better term, a gas which is radiating strongly because of coherence will be called
super-radiant.

e In 1971 Zel’dovich showed that scattering of radiation off
rotating absorbing surfaces results, under certain
conditions, in waves with a larger amplitude.

® This phenomenon is now widely known also as
(rotational) superradiance

09 R. Brito, V. Cardoso, and P. Pani, Superradiance -- the 2020 Edition (2020).



Characteristic strain

e The characteristic strain his designed to include the
effect of integrating an inspiralling signal.

® The correct identification of characteristic strain for a
monochromatic source is the amplitude of the wave
times the square root of the number of periods
observed.

C. J. Moore, R. H. Cole, and C. P. L. Berry, Class. Quantum Grav. 32, 015014 (2015).
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AT A 1TNSHIRINE RASHERAE, (B3 F0114 kAL

M= — Z Egnlm), J=— Z - Egnlm) / m}({nlm)

nim nlm
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What’s transverse-traceless gauge

l

- BER: EARBIEES BB, BHEYN, =0, H

VRTZESFE, hi& /T\E FWIS Y]
T BRI RNZE, Bilh =0,

- XEEZEGFHRIEFR T EAILE E/JQ}‘AF__WDMTEEd:Eﬂ, REB M5
5| 7R BRI E R SR =R,
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Introduction

BH-condensate system

w) =

i GWs

e Scalar clouds can extract energy and angular

momentum by superradiance.

Strongest when

bosonic Compton wavelength ~ radius of BH

e Scalar clouds can emits GWs.

R. Brito, V. Cardoso, and P. Pani, arXiv:1501.06570

Massive scalar in Kerr spacetime
(V*V,+p*) @ =0
Eigenfrequency is complex

— H® +{,-w<1> J

nem n’m n’m

)

3 indexes - (n, £, m)

- w; >0
DO = e“e "R — Increase

Getting the solution is difficult !

S. Detweiler, Phys. Rev. D 22, 2323 (1980).

S. S. Bao, Q. X. Xu, and H. Zhang, Phys. Rev. D 106, 064016 (2020).
V. Cardoso and S. Yoshida, J. High Energy Phys. 2005, 009 (2005).
S. R. Dolan, Phys. Rev. D 76, 084001 (2007).



Introduction
With dominant modes, BH spin is discrete
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=
am ~ 7 x 10* years
é No longer affected by superradiance
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BH spin against time BH evolution

35 R. Brito, V. Cardoso, and P. Pani, arXiv:1501.06570



Introduction
Monochromatic GWs

GW emission
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R. Brito, V. Cardoso, and P. Pani, arXiv:1501.06570

2% (011) - graviton
w~Kp @~ 2U
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e Difficult to distinguish

Tow ~ n/lp = 21 sec (

10~ 10V
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Introduction
Dominant and subdominant modes

10‘1: i
| o E - dominant modes: n=0
- //
= 02 — M \ ‘-
= oy | |- -- - -Zzsubdominant modes: n>0
- | M
10~ — 1 | Coexistence ~ —10? yrI
104 108 1016 1020 1024 1028 Mg

t | My

e Coexistence — GWbeats —  to distinguish
e N>0 modes —  BH evolution trajectory changes?

37 YDG, S. S. Bao and H. Zhang, Phys. Rev. D 107, 075009 (2023).



