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Introduction
More detectors in the future

3

We are going to discover weaker GW sources in a broader frequency band

Y. Gong, J. Luo, and B. Wang, Nature Astron 5, 881 (2021).

The figure is generated by http://gwplotter.com 



Introduction
Superradiance

4

Cloud
BH

R. Brito, V. Cardoso, and P. Pani, Class. Quant. Grav. 32, 134001 (2015).

ωnlm = ω(R)
nlm + iω(I)

nlm

Eigenfrequency is complex

Klein–Gordon equation

(gab ∇a ∇b+μ2) Φ = 0

similar to hydrogen atom: 3 indexes - (n, l, m)

S. Detweiler, Phys. Rev. D 22, 2323 (1980).

V. Cardoso and S. Yoshida, J. High Energy Phys. 2005, 009 (2005).

S. R. Dolan, Phys. Rev. D 76, 084001 (2007).

S. S. Bao, Q. X. Xu, and H. Zhang, Phys. Rev. D 106, 064016 (2020).

Calculating  is nontrivialωnlm

• Clouds can extract energy and angular 
momentum.

• Rotating clouds emit GWs.

scalar mass

gab

BH-condensate system

Kerr metric

μ2

: BH horizon angular velocityΩH

Superradiance condition: 

0 < ωR < mΩH
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Evolutions
The superradiance rate
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ω(I)
nlm → ·M(nlm)

s = 2Msω(I)
nlm

‣ Modes with different  has different 
superradiant region  

‣ Dominant mode:        

‣ Subdominant mode:   

‣ Modes with  are unimportant.

m
⇐ 0 < ωR < mΩH

(0, 1, 1) (0, 2, 2)

(1, 1, 1) (1, 2, 2)

m < l

 : 3 indexes - ω(I)
nlm (n > 0, l, m)

YDG, S. S. Bao and H. Zhang, Phys. Rev. D 107, 075009 (2023).
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Evolutions
Evolutions with GW emission
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BH spinBH mass

1. With scalar condensate, BH mass and spin are “discrete”.  

2. Modes with different  are important at different stages. 

3. (011) mode mass is the largest ~ 10% BH mass. 

4. Only (011) mode  Monochromatic GWs.

m

⇒

M0 = 1.56 × 10−13yr ( M0

M⊙ )
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YDG, S. S. Bao and H. Zhang, Phys. Rev. D 107, 075009 (2023).
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Difficult to be distinguished from other 
monochromatic GW sources.❓ e.g. neutron stars

 constrain the saclar mass⇒



Evolutions
GW interference
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‣ Waveform

‣ Estimate beat strength
2 × (011) → graviton

(011) + (111) → graviton

Amp ∝ N011

Amp ∝ N011N111

N111/N011 ∼ 30 % .The interference term is mildly suppressed by
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•  and  modes coexist for a long time.

•  in coexistence period.


• Coexistence  GW beat

n > 0 n = 0
N111/N011 ∼ 0.1

⇒
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YDG, S. S. Bao and H. Zhang, Phys. Rev. D 107, 075009 (2023).
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Detection
GW beats observation from scalar

10

GW beats could be detected by TianQin, Taiji, LISA and so on.

Mμ ≲ 0.17

Scalar mass (eV)

Ms/M = 0.1
N111/N011 = 0.1

Max

Min

0.001 ≤ z ≤ 10

YDG, S. S. Bao and H. Zhang, Phys. Rev. D 107, 075009 (2023).



Detection
GW beats observation from vector
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Stronger GW signals with weaker GW beats

Mμ ≤ 0.25

Vector mass (eV)

Mv/M = 0.01
N1122/N0122 = 0.01

Average

Max-Min

0.001 ≤ z ≤ 10

YDG, N. Jia, S. S. Bao, H. Zhang and X. Zhang, [arXiv:2407.00767 [gr-qc]]
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✓ The boson ic c loud i nc reases 
exponentially by superradiance and 
emits gravitational waves.  

✓ We study the evolution of BH-
condensate system with  modes, 
which have important contributions. 

✓ Unique GW signal: GW beats can be 
detected by Taiji, TianQin, LISA, etc.

n > 0

Summary

Thank You!
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Back Up
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Evolutions
GW interference
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Tmod =
2π

ω(111) − ω(011)
= 2880 ( 0.1

Mμ )
2

TGW ≈ 6.0 × 104 sec ( 10−16eV
μ ) ( 0.1

Mμ )
2

• Single mode: Monochromatic GWs

Difficult to be distinguished from other monochromatic GW sources
• Multiple modes: {0,1,1} and {1,1,1}

‣ Modulation period

‣ Particle picture
2 × (011) → graviton

(011) + (111) → graviton

Amp ∝ N011

Amp ∝ N011N111

N111/N011 .The interference term is mildly suppressed by

e.g. neutron stars

TGW ∼ π/μ ≈ 21 sec ( 10−16eV
μ )2 × (011) → graviton

ω ∼ μ ω̃ ∼ 2μ



Detection
GW emission energy flux
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NLO

LON111/N011 ≪ 1

N111/N011

⇒ modulation ~ 10%N111/N011 = 0.01

suppressed

YDG, S. S. Bao and H. Zhang, Phys. Rev. D 107, 075009 (2023).



Detection
GW beats observation
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The GW frequency in the detector frame is 258.4 Hz.  
The GW beat frequency in the detector frame is 0.3587 Hz. 
Redshift: Mpc.                Mass:  eV               SNR: 1.292.50 × 10−4 ∼ 1 5.35 × 10−13



Evolutions
Evolution equations
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BH Vector condensate
·EH
·JH

GW emission

·EGW
·JGW

·M(nlm)
s = ·E(nlm)

H − ·E(nlm)
GW , ·Js = m ( ·E(nlm)

H − ·E(nlm)
GW )/ω(nlm)

R

·M = − ∑
nlm

·E(nlm)
H , ·J = − ∑

nlm

m ·E(nlm)
H /ω(nlm)

R

·E(nlm)
H = 2M(nlm)

s ω(nlm)
I



Evolutions
Different initial parameters
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• Indirect observation 

‣ Hulse–Taylor binary 
(1974) 

• Direct observation 

‣ GW150914 (2015) 

‣ GW170817 (2017) 

‣ 90 confirmed events  
(by 2024.07.21)

Introduction
GW observation

19

1993

2017

https://www.nobelprize.org/prizes/physics/2017/summary/
https://www.nobelprize.org/prizes/physics/1993/summary/

Russell A. Hulse Joseph H. Taylor Jr.

Rainer Weiss Barry C. Barish Kip S. Thorne

The O4 LIGO-Virgo-KAGRA observing 
15:00 UTC, 24 May 2023



Introduction
With superradiance, BH spin is discrete

20

Regge plane BH spin against time

Superradiance affects the BH spin distribution
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Introduction
Monochromatic GWs
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GW emission

• With only the fastest scalar 
mode:  and  

• Monochromatic GWs 

• Difficult to identify

n = 0 l = m = 1

R. Brito, V. Cardoso, and P. Pani, arXiv:1501.06570

TGW ∼ π/μ ≈ 21 sec ( 10−16eV
μ )The period of 


monochromatic GWs
2 × (011) → graviton

ω ∼ μ ω̃ ∼ 2μ



□B htr = − 16πGTtr +
3a3f1hφθ sin(2θ)

2ΔΣ4
+

3a2f1 (a2 + r2) htθ sin(2θ)
2ΔΣ4

−
3af2rhrφ

Σ4

+
rhtr (3a4 cos(4θ) − 27a4 − 4a2 (6a2 + 7r2) cos(2θ) − 4a2r2 + 16r4)

4Σ4

□B hμν = − 16πTμν□B hμν = − 16πTμν +2RB
ρμνσhρσ

GW emission
Linearized Einstein field equations

22

gμν → gB
μν + hμν

• Energy flux
d2E(out)

dtdΩ
= lim

r→∞

r2

16π ( ·h2
+ + ·h2

×)

• Two observed polarizations: h+ h× transverse-traceless gauge

… (other 8 equations)

f1 = a2 − 6r2 + a2 cos(2θ)

f2 = 3a2 − 2r2 + 3a2 cos(2θ)

□B htθ = − 16πGTtθ +
f2rhtθ (−a2 cos(2θ) + 2a2 + r2)

Σ4
+

3a2Δf1htr sin(2θ)
2Σ4

+
3af2rhφθ

Σ4
+

3aΔf1hrφ cot(θ)
Σ4

• Kerr case

Considerable algebraic complexity!



GW emission
Newman-Penrose formalism
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lμ = [(r2 + a2)/Δ,1,0,a/Δ], nμ = [r2 + a2, − Δ,0,a]/(2Σ),

mμ = [ia sin θ,0,1,i/sin θ]/[ 2(r + ia cos θ)] .

lμnμ = 1 mμm*μ = − 1 others = 0

• Null tetrads: 

• Orthogonality relations

• Projection of tensors

{lμ, nμ, mμ, m*μ}

Tμν → Tab = Tμνaμbν, a, b = {l, n, m, m*}

Rμνσρ → Rabcd = Rμνσρaμbνcσdρ, a, b, c, d = {l, n, m, m*}

S. Chandrasekhar, The Mathematical Theory of Black Holes, Clarendon Press, 1998.

e.g.: T12 = Tμνlμnν

R2424 = Rμνσρnμm*νnσm*ρ



GW emission
Teukolsky equation

24

Rμ
νρσZμ = Zν;ρ;σ − Zν;σ;ρ

Rμν[ρσ;λ] =
1
3 (Rμνρσ;λ + Rμνσλ:ρ + Rμνλρ;σ) = 0

• Ricci identity:

(r2 + a2)2

Δ
− a2 sin2 θ

∂2ψ
∂t2

+
4Mar

Δ
∂2ψ
∂t∂φ

+ [ a2

Δ
−

1
sin2 θ ] ∂2ψ

∂φ2
− Δ2 ∂

∂r (Δ−1 ∂ψ
∂r ) −

1
sin θ

∂
∂θ (sin θ

∂ψ
∂θ )

+4 [ a(r − M)
Δ

+
i cos θ
sin2 θ ] ∂ψ

∂φ
+ 4 [

M (r2 − a2)
Δ

− r − ia cos θ] ∂ψ
∂t

+ (4 cot2 θ + 2) ψ = 4πΣT

• Bianchi identity:

{lμ, nμ, mμ, m*μ}Projecting onto 

Teukolsky  
equation

S. A. Teukolsky, ApJ 185, 635 (1973).

S. Chandrasekhar, The Mathematical Theory of Black Holes, Clarendon Press, 1998.

Gμν = Rμν −
1
2

gμνR = 8πGTμν• Einstein equation:



GW emission
Weyl scalar

25

Cabcd = Rabcd −
1
2 (ηacRbd − ηbcRad − ηadRbc + ηbdRac) +

1
6 (ηacηbd − ηadηbc) R

• Weyl tensor

ψ4 = − C2424 = − Cμνρσnμm*νnρm*σ .

• At infinity

ψ4 = ψρ4

ψ4 →
1
2 (··h+ − i··h×)d2E(out)

dtdΩ
= lim

r→∞

r2

16π ( ·h2
+ + ·h2

×)
Recall

lμ → ( ̂tμ + ̂rμ) nμ → ( ̂tμ − ̂rμ)/2 mμ → ( ̂θμ + iφ̂μ)/ 2

ρ = − 1/(r − ia cos θ)

C2424 = R2424

h+ ≡ h ̂θ ̂θ, h× ≡ h ̂θφ̂

Teukolsky equation ⇒ ψ = ψ4ρ−4 ⇒ dE(out)/dtGW emission flux

S. Chandrasekhar, The Mathematical Theory of Black Holes, Clarendon Press, 1998.



GW emission
GW solution

26

4πΣT = ∫ dω̃∑̃
l,m̃

Gl̃m̃(r)sSl̃m̃(θ)eim̃ϕe−iω̃t,

ψ = ∫ dω̃∑̃
l,m̃

Rl̃m̃(r)sSl̃m̃(θ)eim̃ϕe−iω̃t .

• Separation of variables

• Angular equation

1
sin θ

d
dθ (sin θ

dsSl̃m̃

dθ ) + (a2ω̃2 cos2 θ −
m̃2

sin2 θ
− 2aω̃s cos θ −

2m̃s cos θ
sin2 θ

− s2 cot2 θ + s + A) sSl̃m̃ = 0

spin-weighted spheroidal harmonics

‣  and   Associated Legendre polynomials  

‣ Exact results  Black Hole Perturbation Toolkit 

‣  for outgoing GW

a = 0 s = 0 ⇒ Pl̃m̃

⇐

s = − 2
https://bhptoolkit.org/toolkit.html

S. A. Teukolsky, ApJ 185, 635 (1973).

a = a*M



GW emission
GW solution
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Green’s function method

• Radial equation

Δ2 ∂
∂r ( 1

Δ
∂Rl̃m̃(r)

∂r ) + [K̃2 + 4i(r − M)K̃
Δ

− 8iω̃r −−2 λl̃m̃]Rl̃m̃(r) = − Gl̃m̃(r)

s = − 2

gl̃m̃ → {Δ2e−ik̃r* at r → r+

r3Bout
l̃m̃ eiω̃r* + r−1Bin

l̃m̃e−iω̃r* at r → + ∞

Rl̃m̃ =
(−1)
Wl̃m̃ {g∞

l̃m̃ ∫
r

r+

dr′￼

gl̃m̃Gl̃m̃

Δ2
+ gl̃m̃ ∫

∞

r
dr′￼

g∞
l̃m̃Gl̃m̃

Δ2 } Wl̃m̃ =
gl̃m̃

Δ
dg∞

l̃m̃

dr
−

g∞
l̃m̃

Δ
dgl̃m̃

dr

g∞
l̃m̃ → {Aout

l̃m̃ eik̃r* + Δ2Ain
l̃m̃e−ik̃r* at r → r+,

r3eiω̃r* at r → + ∞,

Two Green’s functions

Solution

lim
r→∞

Wl̃m̃ = 2iω̃Bin
l̃m̃ Difficult to obtain Bin

l̃m̃

R. Brito, et al. Phys. Rev. D 96, 064050 (2017).

dr*/dr = (r2 + a2)/Δ
Tortoise coordinate r → r+, r* → − ∞



GW emission
GW solution

28

Solving Bin
l̃m̃

R′￼′￼(r) − AR′￼(r) − BR (r) = 0,

φ1 = r3eiω̃r* [1 + 𝒪 (1/r)],

φ2 =
1
r

e−iω̃r*[1 + 𝒪(1/r)] .

Homogeneous

Asymptotic solutions

At infinity

Different behaviors!

Auxiliary function
φ1 − S1 = 𝒪(r0) .

χi ≡
d
dr ( φi

S1 ) with i = 1,2

χ1 = 𝒪(1/r4),

χ2 = − 2iω̃
dr*

dr
e−2iω̃r*𝒪(1/r4).

• GW emission 
energy flux

d2E(out)

dtdΩ
= lim

r→∞ ∑
i

r2ω̃2
i

16π [h2
+(ω̃i) + h2

×(ω̃i)]+ interference terms

W. H. Press and S. A. Teukolsky, ApJ 185, 649-674 (1973).
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Superradiance

R. Brito, V. Cardoso, and P. Pani, Superradiance -- the 2020 Edition (2020).

• In 1954, Dicke introduced the concept of superradiance, 
standing for a collective phenomena whereby radiation is 
amplified by coherence of emitters. 

• In 1971 Zel’dovich showed that scattering of radiation off 
rotating absorbing surfaces results, under certain 
conditions, in waves with a larger amplitude. 

• This phenomenon is now widely known also as 
(rotational) superradiance

For want of a better term, a gas which is radiating strongly because of coherence will be called 
'super-radiant'.
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Characteristic strain

• The characteristic strain his designed to include the 
effect of integrating an inspiralling signal. 

• The correct identification of characteristic strain for a 
monochromatic source is the amplitude of the wave 
times the square root of the number of periods 
observed.

C. J. Moore, R. H. Cole, and C. P. L. Berry, Class. Quantum Grav. 32, 015014 (2015).
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为什么111态会先被吸收
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为什么111态被吸收时黑洞参数基本不变, 但对于011不成立

·M(nlm)
s = ·E(nlm)

s − ·E(nlm)
GW , ·E(nlm)

s = 2M(nlm)
s ω(nlm)

I ,

·M = − ∑
nlm

·E(nlm)
s , ·J = − ∑

nlm

m ·E(nlm)
s /ω(nlm)

R
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What’s transverse-traceless gauge

- 横向条件：度规扰动的空间分量是横向的，即满足∇ᵢhᵢⱼ = 0，其
中∇ᵢ表示空间导数，hᵢⱼ表示度规扰动。 

- 无迹条件：度规扰动的迹为零，即hᵢᵢ = 0。 

- 这些条件有效地消除了度规扰动中的纵向和标量模式，只留下与
引力波相关的横向张量模式。 

- 简单的来说，对于零质量的矢量粒子，   不再是一个好量子
数，此时的一个好量子数是helicity，其本征值为

mz
±1



Introduction
BH-condensate system
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Cloud
BH

R. Brito, V. Cardoso, and P. Pani, arXiv:1501.06570

Strongest when 
bosonic Compton wavelength ~ radius of BH

ωnℓm = ω(R)
nℓm + iω(I)

nℓm

Eigenfrequency is complex

Φ = eωIte−iωRtϕ
ωI > 0

Increase⇒

Massive scalar in Kerr spacetime

(∇ν ∇ν + μ2) Φ = 0

3 indexes - (n, ℓ, m)

S. Detweiler, Phys. Rev. D 22, 2323 (1980).

S. S. Bao, Q. X. Xu, and H. Zhang, Phys. Rev. D 106, 064016 (2020).

V. Cardoso and S. Yoshida, J. High Energy Phys. 2005, 009 (2005).

S. R. Dolan, Phys. Rev. D 76, 084001 (2007).

Getting the solution is difficult !

• Scalar clouds can extract energy and angular 
momentum by superradiance.

• Scalar clouds can emits GWs.



Introduction
With dominant modes, BH spin is discrete
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BH evolution
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R. Brito, V. Cardoso, and P. Pani, arXiv:1501.06570

BH spin against time

n = 0, l = m = 1

n = 0, l = m = 2



Introduction
Monochromatic GWs
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GW emission

• Only dominant mode:  and 
 

• Monochromatic GWs 

• Difficult to distinguish

n = 0
l = m = 1

R. Brito, V. Cardoso, and P. Pani, arXiv:1501.06570

TGW ∼ π/μ ≈ 21 sec ( 10−16eV
μ )The period of 


monochromatic GWs
2 × (011) → graviton

ω ∼ μ ω̃ ∼ 2μ



Introduction
Dominant and subdominant modes
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dominant modes: n=0

subdominant modes: n>0

∼
M0

M⊙
102 yrCoexistence

• Coexistence          GW beats          to distinguish 

•  n>0 modes           BH evolution trajectory changes?

⟶ ⟶
⟶

YDG, S. S. Bao and H. Zhang, Phys. Rev. D 107, 075009 (2023).


