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量子计算



1、量子计算
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CLASSICAL 
EASY

real-time dynamics
finite density

quantum interference
out-of equilibrium

``strongly interacting many-body system’’

High Energy Physics

polynomial time

QUANTUM EASY
QUANTUM HARD

e.g. traveling salesmen
problem

Problems in  HEP that are beyond classical easy but are 
``QUANTUM EASY” 

李英英
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Quantum Computing

Now - Noisy Intermediate Scale Quantum (NISQ) era 

48 logical
qubits

more than 50 well controlled qubits, not error-corrected yet

multi-chip quantum processor

80 qubits

22 qubits

1121 qubits
access to 133 qubits 

176 qubits 54 qubits

Jiuzhang - 255 qubits

superconducting processor

photon qubits trapped ion qubits
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Quantum Computing for HEP
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Digitization infinities in field variables

Error mitigation/corrections

[Jordan, Lee, Preskill, 2011] 

Carena, Lamm, YYL, Liu, 
Gustafson, Water,…

Bauer, Davoudi, Gustafson, Meurice, 
Lamm, YYL, Savage,…

Karsen, Davoudi, Lawrence, YYL, Xu, Liu, Xing…

Davoudi, Gustafson, YYL, Stryker, Wang, Zohar…
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Evaluation parton distribution function,
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To reach the observables — How to do…

Measurements

State preparation 

Systematic uncertainties

Error corrections

and reach the continuum limit
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详见李英英老师报告
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Partonic Collinear Structure 
by Quantum Computing

刘晓辉

第28届LHC Mini Workshop
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Quantum Computing for HEP

In HEP, we are dealing with n-pt correlates, i.e. S-matrix

ψ

ψ1
ψ2
ψ3
ψ4

[…][ ] ]
[……

L = na

(na)−1 ≲ E ≲ a−1

For the LHC 102MeV ≲ E ≲ 1TeV

nDsp ∼ 1012

dim = (nψ)nDsp

nψ = 25 = 32Suppose 

For the hadron: 102MeV ≲ E ≲ 1GeV

nDsp ∼ 103

nq,LHC ∼ 5 × 1012 nq,hadron ∼ 5000

dim → ∞
Require qubits 

Quantum computing: reasonable size and operations (scales logarithmically)

(na)−1 ≲ E ≲ a−1

For the LHC 102MeV ≲ E ≲ 1TeV

nDsp ∼ 1012

nψ = 25 = 32Suppose 

For the hadron: 102MeV ≲ E ≲ 1GeV

nDsp ∼ 103

nq,LHC ∼ 5 × 1012 nq,hadron ∼ 5000

dim → ∞
Require qubits 

decompose to a set of gates, evolution much cheaper

e−iHt ≈ lim
δt→0,N→∞

[e−iHδt]N Trotter, 1959 H = Z1 ⊗ Z2 ⊗ Z3

Use the fact that  |ϕ1⟩ |ϕ2⟩… |0⟩ → |ϕ1⟩ |ϕ2⟩… |ϕ1 ⊕ ϕ2…⟩

e.g. 

e−iHδt =

e−iδtZ
|0⟩ |0⟩

Others can be realized similarly 

e.g.  by using e−iδtX1⊗Z2⊗… = H1e−iδtZ1⊗Z2⊗…H1

⟨out |e−iH[ψ]t | in⟩

Jordan, Lee, Preskill, Science 336, 1130-1133 (2012)
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ℒ = ψ̄(i∂/ − m)ψ + g(ψ̄ψ)2

ψ = (ψ1
ψ2) → ( ϕ2n

ϕ2n+1)
Staggered fermion, 
Put different fermion 
components, flavors on 
different sites

fields will be 
represented by 
a set of gates. 

22

1
a

sin(pa)

pπ
a

Continuum

Lattice

Fermion doubling!! 

E(p)

A toy model: Map QFT on to a qubits+gates system

(no gauge, 1+1)

ϕn = ∏
i<n

Zi(X + iY)n Jordan-Wigner

Li, et al, PRD letter 22

Gross, Neveu, 1974

f(x) = ∫ dz−e−ixMhz−⟨h | ψ̄(z−)γ+ψ(0) |h⟩ = ∫ dz−e−ixMhz−⟨h |eiHzψ̄(0, − z)e−iHzγ+ψ(0) |h⟩

10



f(x) → ∑
i,j

∑
z

1
4π

e−ixMhz⟨h |eiHzϕ†
−2z+ie

−iHzϕj |h⟩H⟨h |T[ψH(x) ψH(y)] |h⟩H

×+

=

yx

x y

Finite volume, finite 
lattice spacing … 

29

A toy model: Results 

Li, et al, PRD letter 22
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Using machine learning method 
suitable for quantum computing 

in the phenomenological study of 
new physics

量子计算在模式识别中的作用

Ji-Chong Yang
(yangjichong@lnnu.edu.cn)

In preparation, collaborator: Chong-Xing Yue

Variational quantum classifier
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粒子物理散射和衰变过程中的纠缠

Quantum Entanglement in 
High Energy Physics

Yu Shi (施郁 )

2024.7.9.
28th LHC MiniWorkshop

Quantum Entanglement at High-energy 
Colliders

Kun Cheng 程焜 
28th Mini-workshop on the frontier of LHC
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粒子物理散射和衰变过程中的纠缠

Fig:  indicates entanglement 
[ATLAS, 2311.07288]

D < − 1/3

Bell non-locality

Quantum Steering

Quantum Entanglement

Quantum Discord

U

Afki et al, 
PRL 130, 11801(2023)

Afki et al, 
PRL 130, 11801(2023)

Afki et al, 
EPJP 136, 907(2021)

Fabbrichesi et al, 
PRL 127, 161801(2021)

U

U

•Test the principle of QM at the highest energy we can achieve
•The entanglement between fundamental particles: sensitive to NP?
•The entanglement of unstable particles: some new properties? 
•More than spin correlation

15



• 的衰变：

- 轻子衰变道：100%自旋关
联可知自旋投影方向，但伴
随中微子丢失能量；


- 强子衰变道：没有丢失能
量，但无法确定自旋投影方
向（无法测量夸克电荷）


• 唯象学困难：若利用自旋关联
确定 的自旋投影方向，需
要 均轻子衰变，此时末态
有两个中微子，无法重建
的四动量（重根）。

W±

W±

W±

W±

希格斯工厂上的W玻色子对产生过程

贝尔不等式破坏的检验

True

ν1

ν2

Upper limit

-1.0 -0.5 0.0 0.5 1.0
1

2

3

4

5

6

7

cosθ
m

a
x
ℐ

3(S
)

错误选取中微子动量将导致“超越”量子力学的结果

16



• 新贝尔观测量： 玻色子在其静止系中的自旋状态和 玻色子在其静止系中的线偏振状态。


• 好处： 玻色子轻子衰变， 玻色子强子衰变，末态可重建。

W+ W−

W+ W−

希格斯工厂上的W玻色子对产生过程

贝尔不等式破坏的检验

4

FIG. 1. The maximum value of I(S)
3 calculated with

true neutrino momentum (solid line) or solved neutrino
momentum (dashed lines) at

p
s = 200GeV electron-positron

collider. Here, ✓ is the scattering angle between W+ and
incoming e+ beam, ⌫1 or ⌫2 denotes the neutrino solution
with larger or smaller transverse momentum respectively.

upper limit, indicating a fake signal of entanglement.
Considering momentum smearing e↵ect and kinetic cuts
further obscure the test of Bell inequalities.

Therefore, it is shown that the experimentally observed

I
(S)
3 cannot directly represent the entanglements between

the W
± pair. In addition, other entanglement criteria

that can only be measured at full leptonic decay channel
of W

± pair, such as the concurrence and partial
trace, also su↵er from the two-fold solutions of neutrino
momentum.2

IV. NEW OBSERVABLES IN SEMI-LEPTONIC
DECAY MODE

In the semi-leptonic decay modes of W± pair produced
at lepton colliders, all momenta can be determined
without any ambiguity. Despite the convenience
in kinetical reconstruction in the semi-leptonic decay
modes, a complete density matrix ⇢WW cannot be
reconstructed in these modes, because the angular
momentum of the W -boson decaying to hadrons cannot
be measured without jet flavor tagging. Consequently,

the Bell observable I
(S)
3 is not valid in these decay

channels. However, the linear polarization of the
W -boson decaying to hadrons can still be measured
correctly, because the linear polarization of a W -boson is
determined from the quadrupole distribution hqiji of its
decay products, which does not depend on the overall
sign of ~n. To construct a Bell observable that can
be measured in the semi-leptonic decay mode of W

±,
we choose operator Ŝ{xy} ⌘ {Ŝx, Ŝy} to measure the
linear polarization of the W -boson decaying to hadrons.

2 In some similar processes, the unfolding is often used to
reconstruct the parton level distribution [18, 34, 35], but there
are still debates on some technique details [36].

FIG. 2. Distributions of the decay products of W bosons
in di↵erent eigenstates of S{xy}, viewed from the z-direction.
The color stands for the density of distribution. The decay
products of the W boson in the state |S{xy} = ±1i have
positive or negative quadrupole distribution respectively.

Note that the eigenstates |S{xy} = ±1i are purely linear
polarized states with di↵erent polarization directions on
the xy-plane,

~✏|S{xy}=�1i =
1
p
2
(1, 1, 0),

~✏|S{xy}=1i =
1
p
2
(1,�1, 0),

~✏|S{xy}=0i = (0, 0, 1), (19)

and the expectation value of Ŝ{xy}, E(Ŝ{xy}), is directly
determined by the quadrupole distribution of the decay
products with E(Ŝ{xy}) = 10 hqxyi, as shown in Fig. 2.
We first consider the decay channel W

+(!
`
+
⌫`)W�(! jj). In this channel, both the angular

momentum of W
+ and the linear polarization of W

�

can be determined correctly. Therefore, we choose to
measure the correlation between the angular momentum
of W+ and the linear polarization of W� to test the Bell
inequalities in this channel, and the new Bell observable
is defined as

I
(S,L)
3 ⌘ I3(Ŝ~a1 , Ŝ~a2 ; Ŝ{x3y3}, Ŝ{x4y4}), (20)

where (xi, yi) are the coordinates in the rest frame of
W

�, and ~ai are the directions in the rest frame of W+.
We perform a Monte-Carlo simulation of e

+
e
�

!

W
+(! `

+
⌫`)W�(! jj) processes with

p
s =

200GeV. The parton level events are generated
by MadGraph5 aMC@NLO [32] and then passed
to Pythia8 [37] for showering and hadronization.
The showered events are clustered to two jets using
Fastjet [38] with the Durham algorithm. We require
the transverse momentum of lepton and jets to be larger
than 5GeV, and the invariant mass of the two jets
satisfy |mjj � mW | < 20GeV. The main backgrounds,
jjW

+ and W
�
`
+
⌫` from non-resonant production, are

small after the selection cut on the W -boson mass. As
shown in Fig. 3, we find that the showering and selection
cuts slightly dilute the signal of entanglements, but the

4

FIG. 1. The maximum value of I(S)
3 calculated with

true neutrino momentum (solid line) or solved neutrino
momentum (dashed lines) at

p
s = 240GeV electron-positron

collider. Here, ✓ is the scattering angle between W+ and
incoming e+ beam, ⌫1 or ⌫2 denotes the neutrino solution
with larger or smaller transverse momentum respectively.

momentum (⌫1 and ⌫2 in Fig. 1, respectively) to
reconstruct the rest frame of W± and then reconstruct
the density matrix from Eqs. (12)-(17). When averaging
the kinetic observables in Eqs. (12)-(17), we choose to
work in the beam basis [16, 41], where ẑ is along the
incoming e

+ beam direction, x̂ / ẑ ⇥ ~pW+ is the normal
direction of the scattering plan, and ŷ = ẑ ⇥ x̂. For
comparison, we also include the results calculated with
the knowledge of the true momentum of each neutrino,
as shown in Fig. 1. For a better illustration, the results
in Fig.1 is reconstructed from the parton-level momenta
of leptons directly without any selection cuts, so that the
two fold ambiguity makes the only di↵erence between
the reconstructed results and the true results. It
is found that the twofold ambiguity is destructive for

testing Bell inequalities with I
(S)
3 , as the observed value

of I
(S)
3 can be much larger than its theoretical value

and may even exceed the physical upper limit, indicating
a fake signal of entanglement. Considering momentum
smearing e↵ect and kinetic cuts further obscure the test
of Bell inequalities.

Therefore, it is shown that the experimentally observed

I
(S)
3 cannot directly represent the entanglements between

the W
± pair. In addition, other entanglement criteria

that can only be measured at full leptonic decay channel
of W

± pair, such as the concurrence and partial
trace, also su↵er from the two-fold solutions of neutrino
momentum. The ambiguity of neutrinos also exists in
the more studied tt̄ case, where some reconstruction
techniques such as unfolding [18, 42, 43] and parameter
fitting [44, 45] are commonly used.2 Similarly, to test

Bell inequality in W
±-pair system using I

(S)
3 , some

reconstruction techniques are also necessary. In this
work, instead of digging into the technique details, we

2 The parameter fitting is argued to be more trusty than unfolding,
see, e.g., Ref. [45, 46].

find that the we can simplify the test of Bell inequality
in W

± pair with a new observable in the semi-leptonic
decay mode.

IV. NEW OBSERVABLES IN SEMI-LEPTONIC
DECAY MODE

In the semi-leptonic decay modes of W± pair produced
at lepton colliders, all momenta can be determined
without any ambiguity. Despite the convenience
in kinetical reconstruction in the semi-leptonic decay
modes, a complete density matrix ⇢WW cannot be
reconstructed in these modes, because the angular
momentum of the W -boson decaying to hadrons cannot
be measured without jet flavor tagging. Consequently,

the Bell observable I
(S)
3 is not valid in these decay

channels. However, the linear polarization of the
W -boson decaying to hadrons can still be measured
correctly, because the linear polarization of a W -boson is
determined from the quadrupole distribution hqiji of its
decay products, which does not depend on the overall
sign of ~n. To construct a Bell observable that can
be measured in the semi-leptonic decay mode of W

±,
we choose operator Ŝ{xy} ⌘ {Ŝx, Ŝy} to measure the
linear polarization of the W -boson decaying to hadrons.
Note that the eigenstates |S{xy} = ±1i are purely linear
polarized states with di↵erent polarization directions on
the xy-plane,

~✏|S{xy}=�1i =
1
p
2
(1, 1, 0),

~✏|S{xy}=1i =
1
p
2
(1,�1, 0),

~✏|S{xy}=0i = (0, 0, 1), (19)

and the expectation value of Ŝ{xy}, E(Ŝ{xy}), is directly
determined by the quadrupole distribution of the decay
products with E(Ŝ{xy}) = 10 hqxyi, as shown in Fig. 2.
We first consider the decay channel W

+(!
`
+
⌫`)W�(! jj). In this channel, both the angular

momentum of W
+ and the linear polarization of W

�

can be determined correctly. Therefore, we choose to
measure the correlation between the angular momentum
of W+ and the linear polarization of W� to test the Bell
inequalities in this channel, and the new Bell observable
is defined as

I
(S,L)
3 ⌘ I3(Ŝ~a1 , Ŝ~a2 ; Ŝ{x3y3}, Ŝ{x4y4}), (20)

where (xi, yi) are the coordinates in the rest frame of
W

�, and ~ai are the directions in the rest frame of W+.

The observable I
(S,L)
3 is reconstructed in following

steps. First, measure the distribution of W
± decay

products and obtain the parameters of the density matrix
using Eqs. (12)-(17). The W

� decay hadronically and
only the quadruple distribution of W is needed. Second,
construct the density matrix ⇢

WW in Eq. (11) with

详见张昊的报告
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Emergent Symmetry
from Entanglement Suppression

Ming-Lei Xiao

Sun Yat-Sen University

with M. Carena, I. Low, and C.E. Wagner [arXiv:2209.00198]

July 9, 2024 @ 28th Mini-workshop on the frontier of LHC, Tonghua

Ming-Lei Xiao Entanglement Suppression July 9, 2024 1 / 19



It From (Qu)Bit & Quantum Entanglement

It from (qu)bit

J. A. Wheeler: Every it—every particle, every field of
force, even the space-time continuum itself— derives its
function, its meaning, its very existence entirely—even if
in some contexts indirectly— from the apparatus-elicited
answers to yes-or-no questions, binary choices, bits.

it from (qu)bit

Symmetry Entanglement

Black Hole Complexity

(OTOC) Correlation Quantum Chaos

Holography Error-Correcting Code
...

...

Ming-Lei Xiao Entanglement Suppression July 9, 2024 3 / 19
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Maximal Symmetry in 2HDM

Two-Higgs-Doublet Model

Two flavors of SU(2)L doublet �a = (�+
a=1,2¸ ˚˙ ˝
pø,¿

, �0
a=1,2¸ ˚˙ ˝
nø,¿

) .

V(�1, �2) = m2
1�†

1�1 + m2
2�†

2�2 ≠
Ë
m2

12�†
1�2 + h.c.

È

+ ⁄1
2 (�†

1�1)2 + ⁄2
2 (�†

2�2)2 + ⁄3(�†
1�1)(�†

2�2) + ⁄4(�†
1�2)(�†

2�1)

+
5

⁄5
2 (�†

1�2)2 + ⁄6(�†
1�1)(�†

1�2) + ⁄7(�†
2�2)(�†

1�2) + h.c.
6

.

Consider tree-level scattering S(�+
a

, �0
b

æ �+
c

, �0
d
) © 1 + iMab,cd”(4)(p)

Unbroken Phase: Mab,cd =
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R
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⁄6 ⁄3 ⁄4 ⁄ú
7 12

⁄6 ⁄4 ⁄3 ⁄ú
7 21

⁄5 ⁄7 ⁄7 ⁄2 22

11 12 21 22Carena, Low, Wagner and Xiao [2307.08112]
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Maximal Symmetry in 2HDM

Enhanced Symmetry in the Unbroken Phase

The Bose symmetry for the s-wave amplitude imposes –̨ = —̨ = r̨

Enhanced Symmetry: SO(2) rotation along r̨

Redefine �Õ
a

= Ua
b�b such that U œ SU(2) brings r̨ Î ẑ.

V(�Õ
1, �Õ

2) = · · · + ⁄Õ
1

2 (�Õ
1

†�Õ
1)2 + ⁄Õ

2
2 (�Õ

2
†�Õ

2)2 + ⁄3(�Õ
1

†�Õ
1)(�Õ

2
†�Õ

2)

�Õ
1,2 may have independent phase symmetries ei„0 and ei„z‡

z .
In the original basis, U≠1ei„z‡

z

U is the new SO(2) rotation around r̨.

The enhanced symmetry is typically broken by the Yukawa couplings

L ∏ Yu�1Q̄u + Yd�†
2d̄Q
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Maximal Symmetry in 2HDM

Emergent Maximal Symmetry

A last chance: if the two charged scalars H+
1 and H+

2 are degenerate

P s

1 = P s

2 , P u

1 = P u

2 ∆ m2
H+ = 0, Y2 = ≠Z3

2 v2 ,

we only need the combinations Ms

1 + Ms

2 and Mu

1 + Mu

2 to satisfy the
entanglement suppression condition!

Q

cca

Z2
1 + Z2

6 Z1Z6 (Z1 + Z3)Z6 Z2
6

Z1Z6 Z2
6 Z2

6 0
(Z1 + Z3)Z6 Z2

6 Z2
6 + Z2

3 Z3Z6
Z2

6 0 Z3Z6 Z2
6

R

ddb ∆ Z1 = Z3 and Z6 = 0

The resulting potential: V = Z1
2

5
H†

1H1 + H†
2H2 ≠ v2

2

62
has SO(8) symmetry!
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Entanglement suppression in the broken phase 
impose constraints even on the spectrum, 
leading to the maximal symmetry in 2HDM.

Information-theoretic properties may provide 
insights on the origin of physical principles.
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Positivity from elastic scatteringPositivity from elastic scattering

✦ Analyticity:


✦ Unitarity + Locality: A(s, 0) < O(s ln2 s)
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ds

A(s, 0)

(s� µ2)3
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1
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�1
+

Z 1

4m2

◆
ds

DiscA(s, 0)

(s� µ2)3
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+ (s-u) crossing
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Calculable 

in EFT

IR
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Positivity bounds in SM EFT
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4.1 Single field strength quartics

Let us first consider bounding the operators in Table 1 that contain a single type of gauge field.
It will be useful to first generalize to gauge group SU(N) for N arbitrary, writing the gauge
field as Aa

µ
and field strength at F a

µ⌫
. As shown in Ref. [86], there are eight CP-conserving and

four CP-violating operators of the form F 4, given in Table 4; the larger number of operators,
compared to the SU(3) operators in Table 1, is due to the fact that the identities in Eq. (20) do
not apply for general N .

O
F

4

1 (F aF a)(F bF b)

O
F

4

2 (F a eF a)(F b eF b)

O
F

4

3 (F aF b)(F aF b)

O
F

4

4 (F a eF b)(F a eF b)

O
F

4

5 dabedcde(F aF b)(F cF d)

O
F

4

6 dabedcde(F a eF b)(F c eF d)

O
F

4

7 dacedbde(F aF b)(F cF d)

O
F

4

8 dacedbde(F a eF b)(F c eF d)
eOF

4

1 (F aF a)(F b eF b)
eOF

4

2 (F aF b)(F a eF b)
eOF

4

3 dabedcde(F aF b)(F c eF d)
eOF

4

4 dacedbde(F aF b)(F c eF d)

Table 4: Basis of independent operators for SU(N) Yang-Mills theory that are quartic in gauge
field strengths. Notation is as in Table 1.

We first consider the constraint that causality imposes on this more general set of operators.
Taking the Lagrangian �

1
4F

a

µ⌫
F aµ⌫ + 1

M4

P
i
ciOi, for the Oi in Table 4, the leading-order (i.e.,

uncorrected Yang-Mills) equation of motion is

DµF a

µ⌫
= @µF a

µ⌫
+ g fabcAµbF c

µ⌫
= 0, (25)

where g is the gauge coupling. This equation of motion is solved by a constant F a

µ⌫
, so we take

the background gauge field to be
A

a

µ
= ua

1✏1µw, (26)

where u1 is a constant real vector in color space, ✏1 is a constant four-vector of arbitrary signature,
and w is an arbitrary Cartesian coordinate in spacetime, i.e., @µw = `µ, where `µ is a constant

18

Dim-8 operators in  gauge theory SU(N )

analyticity of gluon-gluon scattering requires the same bound in Eq. (34) as implied by causality.
Marginalizing over  , we have the requirements:14

A > 0, B > 0, and C2 < 4AB, (36)

which must be satisfied for all u1,2 for which fabcua

1u
b

2 = 0. Note that if all the CP-conserving
terms vanish (so that A = B = 0), then the CP-violating terms are forced to vanish as well,
since all our Wilson coefficients are real; we will discuss this feature further in Sec. 5.3.

4.1.1 SU(3)

Let us determine the consequences of the bound in Eq. (36) for SU(3)C . For N = 3, we can
rewrite O7, O8, and eO4 in Table 4 in terms of the other operators, resulting in the basis for O

G
4

i
,

eOG
4

i
in Table 1. Moreover, for SU(3) the identities in Eqs. (17) and (20) imply that U2 = u2

1u
2
2/3,

so we can redefine A, B, C as

A = 3cG
4

3 + 2cG
4

5 + 3(2cG
4

1 + cG
4

3 ) cos2 ⇣

B = 3cG
4

4 + 2cG
4

6 + 3(2cG
4

2 + cG
4

4 ) cos2 ⇣

C = 3ecG4

2 + 2ecG4

3 + 3(2ecG4

1 + ecG4

2 ) cos2 ⇣.

[for SU(3)] (37)

Since the bound in Eq. (36) is now linear in cos2 ⇣, we obtain a basis of bounds by considering
the two cases of cos2 ⇣ = 0 or 1, so the independent bounds are

3cG
4

1 + 3cG
4

3 + cG
4

5 > 0

3cG
4

3 + 2cG
4

5 > 0

3cG
4

2 + 3cG
4

4 + cG
4

6 > 0

3cG
4

4 + 2cG
4

6 > 0

(3ecG4

1 + 3ecG4

2 + ecG4

3 )2 < 4(3cG
4

1 + 3cG
4

3 + cG
4

5 )(3cG
4

2 + 3cG
4

4 + cG
4

6 )

(3ecG4

2 + 2ecG4

3 )2 < 4(3cG
4

3 + 2cG
4

5 )(3cG
4

4 + 2cG
4

6 ).

[for SU(3)] (38)

4.1.2 SU(2)

For the case of SU(2)
L
, the basis and bounds simplify further. The dabc coefficients all vanish

for SU(2), so we reduce to the basis of O
W

4

i
, eOW

4

i
in Table 1 and have U2 = 0. Moreover, since

14In particular, one obtains A > 0 by setting  = 0, B > 0 by setting  = ⇡/2, and C
2

< 4AB by setting
 = ± arctan

p
A/B. One does not find the third bound on the CP-violating term by considering strictly

parallel or perpendicular polarizations alone; equivalently, it would not be obtained by considering positivity
bounds from fixed-helicity amplitudes, but only from superpositions thereof.
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Positivity bounds of higher derivative operators are derived from analyticity, causality and unitarity,
and they are used to judge whether e↵ective field theory has a consistent UV completion. We show
that the positivity bounds can be derived from the non-negativity of relative entropy between a
theory with and without interactions between heavy and light degrees of freedom. We also prove
that the correction to thermodynamic entropy at fixed energy and charge is positive, which implies
the extremality relations of a wide class of black holes exhibiting Weak-Gravity-Conjecture-like
behavior. The entropy constraint is a consequence of Hermiticity of the Hamiltonian operator,
therefore, any UV theory violating the entropy constraint would not respect the second law of the
thermodynamics.

Introduction.— Relative entropy [1–3] is a fundamental
quantity in probability theory and information theory.
The relative entropy, which is non-negative, depicts
a distance between two probability distributions and
plays important roles in statistical mechanics [4–6] and
quantum information theory [7–9]. In the context of
information-thermodynamics, the distance between two
probability distributions, which correspond to the initial
and final states of a thermodynamic system, is an
essential concept to derive a positivity of di↵erence in
von-Neumann entropy [4, 5, 10], a so-called second law
of thermodynamics.
Recently, thermodynamics of black hole [11–16] have

been studied in the context of Weak Gravity Conjecture
(WGC) [17], which is motivated to distinguish the
landscape from the swampland [18]. The WGC
states that the U(1) charge-to-mass ratio of extremally
charged black holes is larger than unity in any
gravitational e↵ective field theory (EFT) that admits
a consistent UV completion [16]. Some proofs for this
statement have been made using black holes and entropy
consideration [12, 13], or positivity bounds from unitarity
and causality [19, 20]. In particular, Refs. [12, 13]
are based on a positivity of entropy di↵erence between
Einstein-Maxwell theories with and without perturbative
corrections described by higher-dimensional operators.
It is shown that [16], based on pure thermodynamics,
the WGC-like behavior in the perturbative corrections to
extremality relations can be generalized to a wide class
of thermodynamic system if the perturbative correction
to entropy is positive.
Now the essential role of the relative entropy in

information-thermodynamics implies that the positivity
of entropy di↵erence in the WGC is intimately connected
to the distance between two theories, which has been
studied in di↵erent contexts [21–24]. Then the positivity
of distance is naturally led to consider positivity bounds
on EFT [25] by the relative entropy.
In the Letter we study the relative entropy constraints

on dimension-eight operators in EFT and obtain

�h

�l

�h

�l

g

I0 � P0 Pg � Ig

S(P0 � Pg) = � �Wg � 0

A B

Heavy

Light Light

Heavy

FIG. 1. Schematic illustration of the distance between theory
A and theory B, defined by the action I0 and Ig, respectively.
The distance, i.e. the relative entropy between P0 and Pg, is
equal to the perturbative correction to the e↵ective action.

exactly the same positivity bounds in conventional EFT
studies [17, 26]. We also prove that the perturbative
correction to thermodynamic entropy is indeed positive.

Distance between two theories.— Consider a class of
field theories which contains a set of light fields �l’s and
that of heavy fields �h’s; see Fig. 1. We introduce a
thermodynamic system A described by the Euclidean
action I0[�l,�h], which does not involve interactions
between �l’s and �h’s. We define a probability
distribution function for the system A as P0 =
e
�I0/Z0[�,�l], where � is an inverse temperature of the
system and �l denotes a background field corresponding
to the light field, which is held fixed while the path
integral over �h’s is performed. Note here that heavy
background fields are expressed by the light ones using
equation of motions. The partition function is given
as the Euclidean path integral Z0[�,�l] =

R
�
d[�h]e�I0 ,

which is determined by the Wick-rotated Lagrangian and
boundary conditions. The e↵ective action of the system
is W0[�,�l] ⌘ � lnZ0[�,�l].

The system B is defined by Ig[�l,�h] = I0[�l,�h] +
g · II [�l,�h], where II denotes interactions between �l’s
and �h’s, of which the probability distribution function
is Pg = e

�Ig/Zg[�,�l], where Zg[�,�l] =
R
�
d[�h]e�Ig .

The e↵ective action of the system is given by Wg[�,�l] ⌘

Theory A :  without interaction b/w heavy and light,  Theory B :   with the interaction I0 Ig = I0 + g ⋅ II
 without interaction b/w  heavy and lightI0  with the interactionIg = I0 + g ⋅ II

Distance defined by relative entropy

S (P0 | |Pg) = ∫ d [ϕh] (P0 ln P0 − P0 ln Pg) ≥ 0

P0 = e−I0/Z0 Pg = e−Ig/Zg

QHC, Ueda, PhysRevD.108.025011 
QHC, Kan, Ueda, JHEP07(2023)111 )
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therefore, any UV theory violating the entropy constraint would not respect the second law of the
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Introduction.— Relative entropy [1–3] is a fundamental
quantity in probability theory and information theory.
The relative entropy, which is non-negative, depicts
a distance between two probability distributions and
plays important roles in statistical mechanics [4–6] and
quantum information theory [7–9]. In the context of
information-thermodynamics, the distance between two
probability distributions, which correspond to the initial
and final states of a thermodynamic system, is an
essential concept to derive a positivity of di↵erence in
von-Neumann entropy [4, 5, 10], a so-called second law
of thermodynamics.
Recently, thermodynamics of black hole [11–16] have

been studied in the context of Weak Gravity Conjecture
(WGC) [17], which is motivated to distinguish the
landscape from the swampland [18]. The WGC
states that the U(1) charge-to-mass ratio of extremally
charged black holes is larger than unity in any
gravitational e↵ective field theory (EFT) that admits
a consistent UV completion [16]. Some proofs for this
statement have been made using black holes and entropy
consideration [12, 13], or positivity bounds from unitarity
and causality [19, 20]. In particular, Refs. [12, 13]
are based on a positivity of entropy di↵erence between
Einstein-Maxwell theories with and without perturbative
corrections described by higher-dimensional operators.
It is shown that [16], based on pure thermodynamics,
the WGC-like behavior in the perturbative corrections to
extremality relations can be generalized to a wide class
of thermodynamic system if the perturbative correction
to entropy is positive.
Now the essential role of the relative entropy in

information-thermodynamics implies that the positivity
of entropy di↵erence in the WGC is intimately connected
to the distance between two theories, which has been
studied in di↵erent contexts [21–24]. Then the positivity
of distance is naturally led to consider positivity bounds
on EFT [25] by the relative entropy.
In the Letter we study the relative entropy constraints

on dimension-eight operators in EFT and obtain

�h

�l

�h

�l

g

I0 � P0 Pg � Ig

S(P0 � Pg) = � �Wg � 0

A B

Heavy

Light Light

Heavy

FIG. 1. Schematic illustration of the distance between theory
A and theory B, defined by the action I0 and Ig, respectively.
The distance, i.e. the relative entropy between P0 and Pg, is
equal to the perturbative correction to the e↵ective action.

exactly the same positivity bounds in conventional EFT
studies [17, 26]. We also prove that the perturbative
correction to thermodynamic entropy is indeed positive.

Distance between two theories.— Consider a class of
field theories which contains a set of light fields �l’s and
that of heavy fields �h’s; see Fig. 1. We introduce a
thermodynamic system A described by the Euclidean
action I0[�l,�h], which does not involve interactions
between �l’s and �h’s. We define a probability
distribution function for the system A as P0 =
e
�I0/Z0[�,�l], where � is an inverse temperature of the
system and �l denotes a background field corresponding
to the light field, which is held fixed while the path
integral over �h’s is performed. Note here that heavy
background fields are expressed by the light ones using
equation of motions. The partition function is given
as the Euclidean path integral Z0[�,�l] =

R
�
d[�h]e�I0 ,

which is determined by the Wick-rotated Lagrangian and
boundary conditions. The e↵ective action of the system
is W0[�,�l] ⌘ � lnZ0[�,�l].

The system B is defined by Ig[�l,�h] = I0[�l,�h] +
g · II [�l,�h], where II denotes interactions between �l’s
and �h’s, of which the probability distribution function
is Pg = e

�Ig/Zg[�,�l], where Zg[�,�l] =
R
�
d[�h]e�Ig .

The e↵ective action of the system is given by Wg[�,�l] ⌘

Theory A :  without interaction b/w heavy and light,  Theory B :   with the interaction I0 Ig = I0 + g ⋅ IIWe show that the positive distance yields  
• Positivity bounds on SMEFT dim-8 gauge 

bosonic operators 
• WGC-like behavior in extremal relation holds 

in wide class of black holes 
• Any UV theory violating second law of 

thermodynamics yields pathological EFTs 

•  :U(1)Y

•  :SU(2)L

cB4

1 ≥ 0, cB4

2 ≥ 0, 4cB4

1 cB4

2 ≥ (c̃B4

1 )2,

cW4

1 + cW4

3 ≥ 0, cW4

2 + cW4

4 ≥ 0, 4(cW4

1 + cW4

3 )(cW4

2 + cW4

4 ) ≥ (c̃W4

1 + c̃W4

2 )2,

•  :SU(3)C

2cG4

1 + cG4

3 ≥ 0, 3cG4

2 + 2cG4

5 ≥ 0,

4(3cG4

1 + 3cG4

3 + cG4

5 )(3cG4

2 + 3cG4

4 + cG4

6 ) ≥ (3c̃G4

1 + 3c̃G4

2 + c̃G4

3 )2

4(3cG4

3 + 2cG4

5 )(3cG4

4 + 2cG4

6 ) ≥ (3c̃G4

2 + 2c̃G4

3 )2

SU(3) bounds are stronger than positivity 
bounds from unitarity and causality

U(1) and SU(2) bounds are the same as 
positivity bounds from unitarity and causality
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