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Background:

In high-energy physics, calculating loop diagrams
/Feynman Integral 1s always an inevitable challenge.

(1)Studying the analytical structure of Feynman integrals;

(2) Finding efficient methods for computing loop
diagrams.



Background:

For a general one loop tensor Feynman Integral:

1) — [ dP1 (2R -1)"
") PRI (- q) — M
Reduction: 24k ZEL Example:
, Dr
1= p ¥ %0y

s
hC{1.2..n}

Master Integrals/Basis




Background:

Reduction methods: Package:
Passarino-Veltman (PV), Neat IBP; FIRE;:
Ossola-Papadopoulos-Pittau (OPP), Kira; LiteRed;
Integration by Part (IBP), FIESTA; Blade;
Unitarity Cut, ...etc.

Intersection Number,

Computational Algebraic Geometry...etc.
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Generating Function: I =

Ex: Hermite Polynomial Hn(x): (arxiv:2209.09517)
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n=0 - Generation Function For One-loop Tensor Reduction
Motivation:
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' o {ZF i R} t __ 2R ABSTRACT: For loop integrals, the reduction is the standard method. Having an efficient way to find re-
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functions of reduction coefficients for general one-loop integrals with arbitrary tensor rank.
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Feynman parametrization in the projective space:
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Notations:

e Some n-dimension vectors: e () is an n x n matrix defined as
I Lg=1; J ;
i~ 5 M?Z + M? — (q; — ;)
V:V=Rg, Qij = 5 :
Hfi:{ou"‘unalan'!“':o}:
where 1 is in the b-th position.
e The notations (AB) and (AB)y, with a label list b = {by, b2, ..., b} for two vectors e If ) is an analytic expression composed of (AB) or (ADB)y, then [Q2], with a label set a
A and B, are defined as follows: outside the square brackets represents the analytic expression obtained by appending

subscript a on each term of the form (AB) or (AB)p, present in . For example
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For example, with n =4 and b = {2, 3} If
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° I:% represents a one-loop integral where all propagators of I, ’ with index b; € b are
removed
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Generating function of n-gon to n-gon:
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Not a Taylor series of 7
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initial condition GF,, ,,(0) = C",, = 1.

where
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Derivative formula:
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Integral formula:
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Generating function of n-gon to (n-k)-gon:

GFTL }n;ﬂ(;) b (l — I J\J 2 i (]- — L tf)_mfam_'—"

% i 1 {ZLH”—-&HE
Zk ﬂlg—FD—ﬂ-l—k—l (l_[ml]lk.z—)zilemiiﬂ ntk—1

mi,....,fgp=0 i=1

1

P ) DU el {—

{al,....ap }ea(ly), biba,....bp 1=0

X {[CE)(H —k+1; ml)]ﬂée---ﬂl -HG(n, k; {b1,ba, ..y bp 1,1} 1, (2))

+ [CS}(H —k+Lm)ly o - HGa(n, k; {b1, by, ..., b1, 1}w«ih(f;))}}
1 p Ly,

where [ ] "
T — B~
W (£} = _

[aly [XOly YO,

HETXsEg, REMF
SERTREE TR, X
TEENSRELRETE
RYBS O] IAFITITE S,

M AR ERER,



Examples:

—x( [X{:J]g—FX [x®));,

v(2)
¢ 3-3;23
o® 1 D(m,‘[;{(:ﬂ‘ Tz 4 X® . [x@),. )
3323 2(D — 1) lof [o+ +2-]2+ I3
g (X(‘E) : [X(:'i)]? 1 x@) . [Xm)]g) ((D -1 ([z4 +2_]29+ (D+1) U
18ly® IX“}],E +y® [X ] ) 4+ 4 (X(i!} " hf[-'i}]2 + X3, [y(ﬁl]g) }
k 0 1 2 3 4
number 2 6 10 14 18
Building Blocks | (z; + 2_) xW X®@, [xW], X6, [x®],, [xW],
(zy —z_) Yy @) Y, [Y(l)]z Y®), [Y(2)]3, [Y(l)]23
(z+ +2-), [z + 2] [ + 2|15, [ + 2|19,
[z — 2|1 [z + 2] [y +z_]yg [24 + 25,
(x4 - z_) (x4 + ) (x4 + )
@y —2_]12 [y — @ _]123

[z 2]y, (24 - 2)

[Ty - x_]23, [z - m_]3,

(z4 - z-)
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SEGEPVALENERIXTEL:  (Box2yfL)

!‘ dl) 1™ 112 1) 1)
. (1) = ml1%) (K1) - ]JI'E:I2 - m2*) ((I(1) = p3)* = m3*) (K1) - p4)* - m4?)

k :

2 3 1 0 3 5 6 0
2 7 5 1 4 9 10 9
3 13 16 7 8 16 20 16
3 22 40 29 10 25 30 25
4 34 86 91 17 39 50 39
4 50 166 239 21 56 70 56
5 70 296 533 32 80 105 80
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Kira:

nlgl= tmpl = TI[(L[1]}, ((l[1], ml}, (l[1] -p2, m2}, (1[1] -p3, m3), (l[1] - p4, md)}, FV[L[1], al] - FV[l[1], a2] -FV[l[1], a3] - FV[Ll[1], ad]]

frm-twm} )™ 1()* [ ()™
[(e+1) ()? = m1?) (K1) - p2)* = m2?) (1) - p3)* - m3?) (1) - p4)* — m4?)

Qutigl=

inja):= DoKira[AlphaParametrize[tmpl, Method -+ 1], "UserDefinedSystem" -+ True, Method -+ 1] // AbsoluteTiming

3849.57, i ) pi™! pa®2 pa® pa® ((p2p3)® -4 p2? p3? (p2-p3)%+6 2t 3t (p2.p3)t-4 p2® p® (p2p3Pep2pat) | pat pa™ (g2 22-pa! { )-p3*! -p2?! | ),
e 16 (p4% (p2:p3)7-2 p2.pd p3-pd p2.p3+p2” (p3pd)> +(p2-pd)” p3°—p2° p3* pa?t 16(D-3) i
Out(9)= 5 p2*! [ s pz! p2®? pa® pz™ ((p2:pa)? pa®-4 pa-p3 (p2pa)® papd pa®+6 (p2p3® (p2par” (p3ph® pat—4 (pzpar® pzpa (p3pa® pat +ipzpa)? (p3p)’ j) < o
16 A 16 (p42 (p2-p3P -2 p2-pd p3-pd p2p3+ + - —p2? p3? pa?)!
irge output show less show more show all sot size limit...
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(+BoxBltadpol e BN L BT ERTEIR «
{timeTaken, rules} = AbsoluteTiming [GenerateRules[red4tel]];

Print["Time taken to generate rules: ", timeTaken, seconds"];

Print ["Memory size of rules: ", ByteCount[rules], " bytes"];

Export["resultdtol.m", reddtol /. rules] // AbsoluteTiming

Total number of unique items found: 214

Time taken to generate rules: 1.66137 seconds
Memory size of rules: 252071840 bytes
{81.3598, resultdtol.m}

( +BoxBTriangle B MY EHH AT EENES -
{timeTaken, rules} = AbsoluteTiming[GenerateRules[reddto3]];

Print ["Time taken to generate rules: ", timeTaken, " seconds"];

Print ["Memory size of rules: ", ByteCount[rules], " bytes™];

Export["resultd4to3.m", reddto3 /. rules] // AbsoluteTiming

Total number of unique items found: 3@
Time taken to generate rules: 1.820887 seconds
Memory size of rules: 118637376 bytes

{16.345, result4to3.m}

( »BoxE/bubbleEa ML RHTERM IR -
{timeTaken, rules} = AbscluteTiming[GenerateRules[reddto2]];

Print["Time taken to generate rules: ", timeTaken,

Print["Memory size of rules: ", Byt

eCount[rules], " bytes"];

Export["resultdto2.m", reddtol /. rules] // AbscluteTiming

Total number of unique items found: 84
Time taken to generate rules: 1.51656 seconds
e

Memory size of rules: 281928336 bytes

outigs)= {52.4218, resultdto2.m}

( »BoxFlBoxEB ML RENT BRI «
{timeTaken, rules} = AbsoluteTiming[GenerateRules[reddtod]];

Print["Time taken to generate rules: ", timeTaken, seconds"]

Print ["Memory size of rules: ", ByteCount[rules], " bytes"];

Export["resultd4tod.m", reddtod /. rules] // AbsoluteTiming

Total number of unique items found: 1@
Time taken to generate rules: ©.8094883 seconds
Memory size of rules: 23778536 bytes

{1.04486, resultdtod.m}

seconds"];

FRD | ER

Tadpole 4

Bubble 6

Triangle 4

Box 1

= B[]

Kira

83

o4

18

B (7))

332

324

72

729

3859
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Generating function for higher poles:

arxiv: 2403.16040
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IBP relations:

0= / L . A e
H YT i ‘ Ly
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Define the following operators 274, ¢
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1 - i1 1.a 1 .
Multiply both sides by £ 1221 ...43n~1 and sum over a1, az, -+ ,an from 1 to co.
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D—{n+t1)

Ls | ﬂg[flv"' ?fﬂ] | g
(-:-Fﬂ m t-."‘Htﬂ. =
il ( Q(0,--0)]

m;? - i; 4 m2 i {*‘i‘a'. "?jj'g

J
E:]'Ejll:fl‘_-tg‘." " ft'i"-l.]l — 2
Det[Qt] \ 5
2= B[ | ———| * , {t[11, 3}, {t[2], 2}, (t[3], 2}, (t[4], 2}] /. {t[_] +0)
k| Det[QO]

Print[AbsoluteTiming[%] [11]

out[12]= [-302 ) | | ' . 3

3 | 3 i I4

e i Jx+ ErEE  HEBEREE @ - HFEy o IEERSRRAEFEESED (e
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Advantage of Generating Function:

(1) More concise expression;

E(f‘f’_ﬂl + \/{HJHE +(VL)2 — (LL)( 1;)
(@ Understand the analytical structure; =+ - o

(3 Accelerate the computation.






