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Based on

Henn, Peraro, Xu, YZ, /JHFEP 03 (2022) 056

Henn, Matijasic, Miczajka, Peraro, Xu, YZ, JIIEP 052024) 027
Liu, Matyjasic, Miczajka, Peraro, Xu, Xu, YZ, to appear

also the package ...

“Neatl BP 1.0, a package generating small-size integration-by-parts relations for Feynman integrals”

Wu, Boehm, Ma, Xu, YZ, Comput. Phys. Commun. 295 (2024), 108999



Outline

Why Feynman mtegrals? Why analytic?
Case 1: 2loop 6point Feynman integrals

(Case 2: 3loop Spoint Feynman integrals

Summary and Outlook
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Why analytic Feynman integrals?

® Auxihiary Mass Flow and Numeric Monte Carlo methods slow or not available yet
for some multi-loop multi-leg Feynman itegrals

for examples: 2loop 6poimnt and 3loop Spoint Feynman integrals
® Theoretical aspects of quantum field theory

for examples: 2loop Yang-Mills theory collinear factorization violation

Henn, Ma, Xu, Yan, Y/, Zhu, arXiv 2406.14604

® (Quantum field theory computation of gravitational wave

for the advance of AMFlow, refer to Yanging Ma’s plenary talk



Our Strategy

Guan, Liu, Ma, Wu, 2024

/

Integration-by-parts (IBP) reduction Finite field techmques, Blade, NeatlBP
Uniformly transcendental (U'l') basis determimation 4 I(z,€) = eA;i(x)(z, €)
Canonical differential equation 0x;

. o - - ~
Alphabet searching A; = . A, A= Z ar log(Wy)

k

/dlog(Wil) o...odlog(W;,)

— polylogarithm functions or one-fold integration

Solving differential equation



2loop O6point Feynman integrals



The status

2loop Spoint massless

2loop Spoint one-mass

2loop Spoint two-mass

2loop 6point massless

of art for analytic computations

Scale frontier

Gehrmann, Henn, .o Presti 2015

Chicherin, Gehrmann, Henn, Wasser, Y7, Zoia 2019 0 scales

Papadopoulos, Tommasini, Wever 2019 6 senlos

Abreu, lta, Moriello, Page, Tschernow, Zeng 2020

Abreu, Chicherin, lta, Page, Sotnikoy, Tschernow, Zoia 2023

Cordero, I'igueiredo, Kraus, Page and Reina 2023 / scales
for leading-Color pp—ttH amplitudes with a light-quark loop

Henn, Matyasic, Miczajka, Peraro, Xu, Y7, 2024 3 scales!

Jor NNLO 4 jets production, 2 jets+ 2photons

512,523,534, 545, S56, 516y 5123 S345
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What we achieved
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UT basis found!

Canonical
differential

equation solved!

J. Henn, A. Matjasic, J. Miczajka,'l. Peraro, Y. Xu, YZ, JHFEPO82024)027

canonical differential equation

also solved to appear as the next paper



Uniformal transcendental (Ul) basis determimation

\ /
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Chiral numerator
(Arkani-Hamed, Bourjaily, Cachazo, Trnka 2011
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key step

J. Henn, A. Matjasic, J. Miczajka,’l. Peraro, Y. Xu, YZ, JHEP03(2024)027
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Complete canonical differential equation tfor 216p double box

double box 7 Mls

Differential
equation matrix

red blocks are
proportional to €

sub sectors 59 Mls

Brute-force I1BP reduction doesn’t work

Use momentum twistor

Variables

(Penrose, Hodges) (‘98 I(z,€) = eA;(z)I(z,€) A;
L

use alphabet to fit the differential equation

0

A, A == Z ELk log(Wk)
k




A new algorithm to search for odd letters

P(s) — /Q(s)

Odd letter P(s) 1 O(s)

PQ—Q:(:HWZ-@"?, ceQ, e €N

Even letter

An observation (and conjecture) from Heller, von Manteuffel, Schabinger 2020

Algorithm to solve for C, €4 Matijasic, J. Miczajka, to appear soon

package “Kffortless”



Even letter, Odd letter and the more complicated ...

114 Even letter  F(s) a polynomial in Mandelstam variables and masses

Conjecture: a Feynman integrals’ even letters are all from lL.andau singularity?

P(s) —+/Q(s) .
94 Odd letter log(W) — —log(W) under the sion change of the square root
P(s) +v/Q(s) ° ° 1
square roots are €;;k, A@, ; \/)\(3127 S34; 556)
Kallin function
pseudo ¢ . . |
[ar | rom massive trlang e
oo leading diagrams
15 More singularity
complicated Ps) = v @i(5)vQa(5) hexagon
P P(s) + v/Q1(5)y/Qz(5)

letter



Boundary Values

Numeric boundary values

It 1s fine to use the package AMFlow to get ~100 digits as the boundary value

Analytic boundary values

Liiu, Wang, Ma, 2013
Lau, Ma 2022

It 1s still possible to fully analytic boundary values due to the kinematic symmetry

Xo: {812,523, 534, 545, 556, 516, S123, 5234, S345} — 1—1,—1,—-1,-1,—-1,—-1,-1,—-1, -1}

UT integrals are not divergent at this point (spurious poles).

Solve the canonical DE on a curve starting with Xy and require the finite solution

Some known integrals” boundary values

\

analytic

. boundary

J

value



Boundary Values

Analytic boundary values

Boundary values at the initial point, are combination of poly-logarithm of roots of unity

° 38 497 32

e Iap,1(Xo) = 1+ 7; e 3 (€’ + ( 217; -5 1m [Liz(ﬂ)]2> a
° 34 T1m*

e Iqp,2(Xo) = 1 7; e 3 (e + ( 3&) 20 Im [Li2(,0)]2) a

Iap 3(Xo) = Iap 4(Xo) = Iab,5(Xo) = 0, , , ,
4 from the differential equation
o o(X0) = — (oo + 5 Im[Lin(p)]? ) ¢ ous pol e analys
€ Ldb,6\A0) = T A € spurious pole asymptotic analysis

E4Idb77(X0) — (.

1 3.
p=c+ i
2 9




Solution of canonical DE

dl = e(dA)I

1

=5 (1‘(0) eI 4 21 L 316 4 AT > 1™ =1 4 L (dA)I"—D

weight-1, weight-2
All'in logarithm and classical poly-logarithm

—log (—v1) log (—v2)—log (—v1) log (—v3)1+10g (—v1)log (—v4)—log (—v1) log (—v5)—
log (—v1) log (—vg) + 4log (—v1) log (—vg) + 5 log? (—v1) +log (—v2) log (—v3) —

.\Pz P3 P4/' log (—w2) log (—v4) —Li (1 — ZiZZ) +log (—v2) log (—ve)+log (—v2) log (—v7) —
3 . 10 2L (1 - Z—z) —log (—v2) log (—vg)—log® (—v2)—log (—vs3) log (—v4)+log (—v3) log (—vs)—
Lis (1 — Ug%) — 2Liy (1 - E) — log (—vs3) log (—vg) + log (—v3) log (—vg) —
2 13 11 2y 0 s
](2) _ llog (—v3) — log (—v4)log (—vs) — log (—v4) log (—vg) + 4log (—v4) log (—vs) +
db, 1 5 log® (—v4)+log (—vs) log (—vg)+log (—vs) log (—v7)—2Lis (1 — Z—Z) —log (—wvs) log (—vg)—
1 ° 12 U6
p/ .\p log? (—uv5)—2Li, (1 — g) —log (—ve) log (—uvg)+log (—vg) log (—vg)—log? (—uvg)—
1 9]
/ he \ log (7)o (—vs) —5 log? (~uvr)—log (~us) log (~vp) +310g? (~us)— log? (~vo)+
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Solution of canonical DE

'

dl = e(dA)I

1

64

! ([(0) LeIM 4 272 L 310G) L AT@ ) 7(n) — Iég)) 4 /(dﬁ)l(n—l)
Y

weight-3, weight-4

1 i 1 t o
. L dA - 1 dA dA -
I = 10 (7) +/ dt— 1) (Z) +/ dt1/ dto 2 (t5)
o dt 0 0 dty dto | |
1 qA 1A one-fold mtegration
= T (%) + / dt (Eﬂ?’)(fo) + (A(1) - A(t)) — F2) (t)) .
0

It takes minutes on a laptop to get 20 digits from our analytic solution



3loop Spoint Feynman integrals

from the request of John Ells ...



What we achieved

3
4 /‘{ UT basis found!
X"'T"M’ . 5
- > ’ Canonical
V—_ e differential
1 derived from
NeatlBP
D scales S12, 823, 834, S45, S15
316 Master Integrals

For this “rocket” subtamily, the analytic
boundary values are obtained

Liu, Matyjasic, Miczajka, Peraro, Xu, Xu, YZ, to appear
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Summary

With the latest progress on IBP reduction, Ul basis determimation, alphabet searching,
we analytically computed 2loop Gpoint massless Feynman integrals.

This 1s the analytic computation of 2loop 8-scale Feynman integrals in DR.

and the work on Sloop Spoint will appear soon.

The analytic computation of many more multi-loop
multi-leg multi-scale Feynman integrals would be possible.

T'hank you

20



