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Lattice spectra of DDK three-body system
with Lorentz covariant kinematic
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The Quantization Condition (QC) in the finite volume
The covariant QC of three-particle by NREFT

DDK three-body system

Summary and Outlook
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The quantization condition In the finite volume
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For the 2-body system, Luscher’s method,
Hamiltonian Effective Field Theory, ...
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The quantization condition In the finite volume

. Non-Perturbation
Experimental

Observations

l Quantization Condition

S matrix elements

For the 3-body system, it becomes very complicated,
1. There are two free momenta
2. How to define the S matrix of three body
3. How to deal with the divergent of three-body re-scattering

But the 3-body system is extremely important to describe low
energy resonances, such as n— 3z, ® —> 3w, N*(1440) —>Nnr .
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»RFT Hansen, Sharpe
[PRD90,116003,2014],
[PRD92,114509,2015]

»NREFT Hammer, JYP, Rusetsky
[JHEPO9, 109,2017],
[JHEP10,115,2017]

»FVU Mai, Doring
[EPJA53, 240, 2017],

[PRL, 122, 062503, 2019]
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The covariant QC of three-particle by NREFT

Why invariant ?

Typical momenta on the lattice (2 /L) is comparable with = mass, then purely kinematic effect of the
relativistic invariant treatment, especially for the moving frames. The true amplitude is invariant.

Why a manifestly invariant formulation ?

Fingding an explicit parameterization of the three-body force that keep the solution of the Faddeev equation
invariant! Too difficult and impossiblea proper short-range three-body force. But it is not only very difficult.
Making the tree-level kernel of the Faddeev equation relativistic invariant order by order in the EFT expansion
also does not work, since cutoff regularization will break counting rules.

On the contrary, a manifestly invariant formulation will keep the three-body force parameterize in terms of
Lorentz-invariant structures, where the coupling constants before these terms are indepenedent and the
expansion of the short-range part can be organized in accordance with the will-defined counting rules.

How to obtain a manifestly form ?

1 1 Hansen, Sharpe [PRD90,116003,2014], S 2.0 2 2
TR O RS TG >RFT e Weak Point: aledl’FlonaI term will bring new pole
1 1 1 1 1 when the cut is high.
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The covariant QC of three-particle by NREFT

How to obtain a manifestly form ?

£=£1—|-£2—|—£3

Key point, find a new operator replace d, and v

Introduce a four-velocity: v# = P# // P?

t v?
=¥ (7’80 - %) Y A new energy operator: w, = /m2 + 02 — (0 - v)?2
<t — Gl U
Ly — —%w*w*ww _ % (W2t + hc) + - - A new fozr momentum operator: w;, = v¥ wy +10;
I 5 where 9| = ¥ —vH# (0 -v)
Py s — 22 (piyptw2yt +he)+ - >
3 g VY — (YTTVET e + hec.) Just rely on d

When vi = (1 6) in REST FRAME

=Vm2 - 32; 9% = (0,3); ! = (w,,i0)

L1 =1 2w,(i(v0) — wy )y Wy
Co C: 9 .
Lo =— o L’TL Te) Tz { ((u:l_‘,,,d;)T('u,’é_f'qir)T— ‘772.2'¢’.,’T1{fzf) vy + h,.(:.}+ ce

Dy Dy . | We construct several Lorentz-
L3 = —3 ¥ ipTpTehapyp — E{”T ((wop)T (whep)T— m2pTypt) by + h.c.}+ co ) ) ) s
invariant operators just by 0
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The covariant QC of three-particle by NREFT

L1 =" 2w, (1(v0) — wy )Y S-wave
Co | - C 5
Lo = 2( plapTapnp — Zz { ((u,zvm.:’;)T(fu_.:ﬁu';)T— 77‘1%1:*@)*)@9@ + h.c.}+ ce

Dy Ds | |
Ly = -2ttty — T {w ((wypp)T (whe)T— m2pTypt) oy + h»-C-}+

6
Dimer picture (Co, Cy, Do, D) ~ (o, f1, ho, ha)

L1 =" 2w, (1(v0) — wy )i

1 r
Lo =TT + 5 (Tt (v + f1(wo))(Whep) — m*Pep) 4+ -+ ) + he] + -

L3 =hoT Ty + hoTT (YT wiy + hoc) + - -
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The covariant QC of three-particle by NREFT
ﬁzz—@v*w ww——{((u.wﬁ(wifw)*— m2yTyt) gy +h.c.} >< >< >O< >OO<

3 21 sl oo 1 — im
Ty = (4C0) + (AC0)* 5 1+ (10 3 Pt oo = oom—r I(s) = J(S)Jr mﬁ (1 s—l—’iE)

I= / 4ok 1 1
—J (21)P4 2wy (k) (wy(k) — vE — ig) 2wy (P — k) (wy(P — k) —v(P — k) — ic)

Dimer picture Lo=0T'T + 1 TT (VY + f1((wypd)(wiyrp) — 'mgfl,-"f:z;iz) + )+ he] +

S :EOI :DQIOI

s > 4m? ' ,
TL(s) = Dbl : 1 - 2L, L Ps = S
(B The) 1 = 3 1(5) — 16my/5((P8Thee) 1~ 3 J(s)) —ip, V4

1 .
167\[(( tree)  — 51{;)1‘ ](s)) = p2ltlcot 1 (s)
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The covariant QC of three-particle by NREFT

T3(p1, P2, P33 1, G2, @3) = T5C + T5°™
o o R |
- — 7 T = 37 (2m)°6% (pir — qj1)2w0 (pi)T((K = pi)?)
T5o™ = N (K — pi)*)M(pi, 45, K)T((K — ¢;)°).
1,9=1

% % M M(p,q; P) = Z(p,q; P) + /(d4i;; 0. (k)Z(p, k; P)T((P — k)*)M(k, q; P).

(k) = 2m6(k* — m*)O(A* + k% — (v - k)?)
— - - 1 Ho(A)
% o 1 q )= 2w, (K — p— @) (wo(p) + w(q) + wo(K —p—q) —vK —ie) A2
._ 1

:—l—&ww e R cTE s
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The covariant QC of three-particle by NREFT 0

* In Box, the “p” become discrete (2n/L)n, n = (ny,n, n;) ~
. N 1 o L
* Propagator of dimer, TL(“’)_(p;%’LTJ;ee)—l—%I(s) )

e dPk 1 1
_/(27T) Di 2wy (k) (wy(k) — vk — i) 2wy (P — k) (wy(P — k) — v(P — k) — ic)

Box : Z/ dk© 1 | | | 1

271 2w, w (k) —v-k—ie) 2w, (P —k)(w,(P—k)—v-(P—k)—e)
RV _ 1 _ 1 _ 16+/s @
-1 1 -1 1 o1 1 - 1 o
(' Tiree) " =31 (P¥'Thee)  —RelI™] =5 (I = Re[I*])  pscotdy = g5 (I = Re[I™])
16+/sm 2\ —1/2 ,
= \/_ S—PQ,’y—(l—P;) d—PL,qg—LZ,(S—mQ),and
d P 2m 472 \ 4
pscotoy _\/——L)/Zoo(l ;q5)
) 1 .
) Zo(1; 45) > 5o Pa={r= R|ry =" (ny - 5ldl);ri=n; , ne Z°}
Spurlous PoIe ‘ﬁ A ( )
T—=T— —l— (polynomial in ds).
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The covariant QC of three-particle by NREFT H

Scattering equation, M(M;P):Z(p*q?m*/(d k

W@U(k)z(p k; P)r((P — k))M(k,q; P).

0. (k) = 2m6(k* — m?)0(A% + k? — (v - k)?)

2 (A2 +m? — (v-k)?)
|:> ME(p,¢; P) = Z(p, ¢; P Z@ Z(p, ks PYrE((P — RME(k, s P) Ol = T

QC:  det (80— 7500(0)Z(p.a: PYr (P~ 0)?)) = 0

Project to the irreducible representation (irrep)

Symmetry breaking 2015 (7760) q( ))

° Inﬁnite VO|Ume -> SO(S) MU' P) = ZF (r,r ; P) +7Z IGI N Z (e PYT((P = ko)) ME( ' P).
L BOX Volume -> O r indicate the momentum sheII J is the matrix of irrep I, g is
h element of group, |G| and I are the order of group and the shell.
] : 1 v,
. QC for fixed irrep: det (5,r e &, (V2 (r,r's PYr((P — k1) )) _ 0
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Example: DDK three-body system

_ 1
e 3-body bound stateof DDK j* =07, 1=-,5=1, Cc=2
2
Binding energy 70 MeV DK attractive interaction

Tian-Wei Wu, Ming-Zhu Liu, Li-Sheng Geng, Emiko
Hiyama, Manuel Pavon Valderrama PRD100(2019)3, 034029

10 r
: (a) * Data 15 — (h) * Data
o [ = Total Fit o~ r = Total Fit
O g +++ Background KS) -+ Background
% Sideband % i Sideband
= = 10
o 10
oV} 9V L
-~ -~
2] 2] 4 \‘ 3 o
4 = 5 )
: il “ ‘
@ s [ H‘ “'lﬁ““ .
L —60-
0 PR S S R PR T
41 412 414 4.162 4.18 4.2 4.1 4.12 414 416 418 4.2 i
My (GeV/c?) My (GEV/C?)
FIG. 4: The invariant-mass spectra of D™ D:T in the (a) T(15) and (b) T(2S) data samples. The cyan shaded histograms are
from the normalized Mp. and M.+ sideband events. The blue solid curves show the fitted results with the R™* mass fixed
at 4.14 GeV/c? and width fixed at 2 MeV, and the blue dashed curves are the fitted backgrounds. 4 3 8 10 42
L(fm)
FIG. 7. DDK states in finite volume. The orange curves are

Belle collaboration, Phys.Rev.D 102 (2020) 11, 112001

curves at O(p~).
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Example: DDK three-body system

L=L+ L+ Ls.
L= DTQ’UJ,U(’U - 30 — wU)D + KTQ’LUU(’U 10 — 'w,U)K

+ GDKT£KTDK + O'DDTI];DTDD-

1
Lo = DK(DJOZDKK)—I— QTI];D(DgDDD)'l‘hC

DZppD = DD + - fDD(D'u‘)izDLMD — (@' D)(w,,D)).
DZpkK = DK + % fox (up D w, K +uf Kw' ©,,D

— QUDUK(TDliD)(TDJ_uK))

Ls =T D'A#THkD,

2 (DK)

c%p:hO‘thA‘Fh;(KT-FAT)_F... A— (s — ), Ap = 2 —siF
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Example: DDK three-body system e

1 2
TDD(8) = p(PD)

Two dimer . (s) =

fields for bS5 + 0P (s — sim) — Sp(s) + ;"7 (s — sin) — Zpp(s)
1 (20pg, Mp+mEg —s+20ppy/s 5 51 1 mp
Bg and oK (s) = 1672 ( NE log 2Mmpmg — (mp - mK)(s (mp + mg)? )log mh)
Spp(s) = 1 2ppp log 2mp — 8+ 2pp Vs
ST ZIVE om?,
1 Ry -1
() | ﬂ@:[%+m@mﬂmg—sf&+%+q@—&ﬂ +5(s).
DK ~ Jpr(s) —ReXpr(s) — S5, (P)’ Spurious Pole
L _ 2 1 L 1 d (1.
Top(P) = Jpp(s) — ReSpp(s) — SJ%D(P)' SBK — 4W3/2L7ﬁZgo(1;n%K) Spp = 4%3/2L7\/§Z00(1’n‘29D)
bo b1 St s* Ry C1 Co
DK |—0.0019{0.0152|1.4283|1.5364|276.0684 [1612.274| —9415.88
DD | 0.0053 [0.0723]|3.8834| — 33.1097 | 284.077 | —2437.35
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Example: DDK three-body system -

- 4 q P q
T - TS N S A
‘\ q [ @ p- - \_/

L4

k: P)T((P — k)? k.q: P
M(p,q; P) = Z(p,q; P / Z(p, ks P)7(( ) )Mk, q; P) M:(M” Mm) Z:(Z” Zn) - (TDK )
I 1 I ML May Moo Zo1 Lo TDD
M= (p,q; P) = Z(p,q; P) + L— o(B)Z(p, ks P)r"((P — k)*)M*(k,q; P).
1 Hy(A) — Ha(A)
Z . . P — = + + S — S 1
P, P) 2WE(P—p—q)(wf(P—p—q)—v-(P—-p—q)) A? s (s = sn)

1

AT .q. P) = P = -
12(p, ¢; P) = Z2,(4:P; P) 2wl (P —p—q@)(w(P—p—q)—v-(P—p—q)) 722 =0

To fix Hy(A) and H,(A)

* DD;,(2317) scattering length a = a(H,)
* DDK 3-body bound state B; = B;(Hy, H)

@tetewxy o 7 .
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Example: DDK three-body systemn
; 227 227 k Q)
227+ N[ ‘ I s BERRR \ [ SN, N
297 3. 303 oo 416 419 422
| Threshold of DDK
2261 I L i7
2245 -+ - ' Threshold of DD(2317)
- nergy levels of DDK
223 free energy levels fDD (2317)
. - Bound state of DDK
(0 0 0) (0,0,1) (0,1,1) (1,1,1)

1 1 1 1 1 1 | L | | I 1 1 1 1 1 1 1 1
25 3 35 4 45 5 55 6 65 25 3 B15 4 45 5. 5.5 25 3 35 4 45 5 55 25 g 3.5 4 45 5 55

L/(TDA

The finite volume spectra for different total momentum (/s is scaled by mp)
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Example: DDK three-body system
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Summary and Outlook e

We present a covariant form for three-body system by using NREFT for
the QC in finite volume and scattering equation in infinite volume.

We present the finite spectra of DDK system.

A lot of things can be done !
For example : to DD system to study T,
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Thanks very much !
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