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Two important features of QCD in the low energy region:

‘ Quark confinement ‘ ‘Dynamical chiral symmetry breaking
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m, ~ 1.27 GeV
mq(2GeV) = SMeV |« 1 GeV K My, ~ 4.18 GeV
ms(2 GeV) = 93 Me m, ~ 172.69 GeV

Dynamical chiral symmetry breaking

If we use the approximation m,, = my; = mg # 0, then we obtain a manifestly U(3)-flavor symmetric theory.

chiral limit

W = Miile— e, = 0



Under chiral limit

1
Locpo = ), ar (iP)ay — FiF™".

SU; (N)XSUg (N)

The relation between the Dirac field q and its right and left-handed field components qr and q; can now be
written as

qr = Prq, qrL = Prq, qr=qPL, qr = qPk.

1
Locpo = Z ar,f (i) ars + ar.r (i) ar,r — ZFﬁyFGW-

SUL(N)XSUR(N) + Up(1)xUg (1)

Uy (1) KSUL(N)XSUR(N) SUy(N)




~1 GeV .
Quark confinement " . The perturbation theory
1s not available below 1 GeV
8 pseudo-Goldstone particles . 70+ % n Vort V2Kt
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The vacuum manifold of ChiPT can be parametrized as:

Y = YogePaXalS

S. Weinberg, Physica (Amsterdam) A 96, 327 (1979).
J. Gasser and H. Leutwyler, Ann. Phys. (N.Y.) 158, (142) (1984).
J. Gasser and H. Leutwyler, Nucl. Phys. B250, 465 (1985).
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(GuG*™) +igy*Dpg + 7" (vu + 7v°au) ¢ — @(s — i7°p)g

The chiral effective lagrangian must satisfies Chiral symmetry, P, C and Lorentz invariance.

V2 =0, —i(vy+a,)Z+iZ(v, —ay) Mass term: ifa (ETX -+ XTE> X = 2Bo(s +ip)
\ J
|

others Power Counting rules

dyu Uy a, S p X
p! P! p? P? P? pY

Effective Lagrangian
Leff =£2 +£4 +L6 s pRRLRY

S. Weinberg, Physica (Amsterdam) A 96, 327 (1979).
J. Gasser and H. Leutwyler, Ann. Phys. (N.Y.) 158, (142) (1984).
J. Gasser and H. Leutwyler, Nucl. Phys. B250, 465 (1985). 10



The 3-flavor chiral Lagrangian 1 1 1
R e W TR\ A RS SRR

+C<Q2QET> + ‘cgf + ‘CghOSt o eAMJgack )

tati li uadratic bi
£2 — L;a 1C +£21nea,r +£(21 _|_£§u 1C

uartic
LY

1 1 1 = 134.98MeV , m, + = 139.57 MeV
£(2) — __F VFp,V_|__ aa,u, Y — _m2 2 M0 3 , s ’ ,
2 4= * 2 pPa0"¢ 2 aPa my+ = 493.68 MeV , mgo = 497.61 MeV .
1 B 1
+%Am2¢3¢8 +0,E0"c — E(B“Au)z fr =92.07MeV , e = 0.3028,
m2 _ 1 (m2 L m2y o 4 m2
w0 /0O 3 K£,0 K9,0 7,0 My o = 135.09 MeV, Mg+ o = 492.43 MeV ;

Am? = (71.60 MeV)? |, AmZy; = (35.09 MeV)?

2

m2s =ma o+ Amgy , arXiv: 2312.13092

2 2 2
Mo = Mg+ g + Am )

2 _ 2 2
M+ = Mix o+ Ampy -
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1. QCD phase diagram _ 3. Dense QCD 4. Thermodynamics S. Summery
For 2-flavor For 3-flavor
_ Ty 2 ] py iV
L4 = 111<VMETV“E)2 4 llg(V,LZTV,,ZMV“ZTV"E) L4 =L (V,EVIE)" + Ly (V, IV, D) (VEETVIE)
4 1 4 +L3(V, 2 VrEY, Bives)
ll t tayr)2
T1glls L)X+ BT +Ly(V, ETVEE) (XS + xZT)
t t t
+%l4(VMZTV“E) (X' + =ty) +L5(V,XVEE(X'E + X))
+Le(xX'Z + X212 4+ Ly (xZ — x2T)?
0 — B00% + Lhy
16T E - R+ Shilxx) +Lg(x"2x"S + xETx 21 + Ha(xx) -

At O(p®), the Lagrangian contains a larger number of terms, 57 for SU(2) and 94 for SU(3)

Ls = Coy((V,XTVHE)3)
+Cy5(V,2TVPEV, 2TV, EVAEIVIE)
+02%(V, 2TV, 2V, 2VFEVYETVeE) |

J. Bijnens et al, Ann. Phys. 280, 100 (2000).

J. Bijnens et al, JHEP 02 020 (1999). o



Renormalization?
Two flavor: Three flavor:
viA=2%¢ 1 | ” ;A% [1
T _ - L, =1L, — — 1 ,
b= oy e T TrrS el P
: . A; A2 T1
. AT 1 H; = H —— [- + 1] .
hi = hl — 2 | ¢ +1 2(4m)2 | €
[ m2 dLy T, dH] A,
I7(A) = 2(1@2 l; + log A2’O] AA T T M T e

J. Gasser and H. Leutwyler, Nucl. Phys. B 250, 465 (1985).
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Fundamental theory Effective field theory
Theoretical framework QCD ChPT
Degrees of freedom | Quarks and gluons Goldstone bosons (+ other hadrons)
Parameters g3 + quark masses |Low-energy coupling constants + quark masses

*  All the interaction terms are coming from P4, P® ---, and the O(P™) terms are
instructed by symmetries and renormalizations. Thus the divergence part all canceled.
* Limited theoretical accuracy requires only a finite number of calculations, and an

infinite number of higher-order loop diagrams do not contribute to finite power results.

14
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FIG.1 QCD phase diagram in p5 and T plane. FIG.2 QCD phase diagram in u; and T plane.
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l, = v, — ay, = doudiag(pu, td, s) + QLA
r, = v+ ay = dopdiag(pu, pd, tbs) + QrA,

Y = V.2 =08,% —ir,X +i%l,,
9,57 —» vV, 21 = 9,5 +iXir, —il T

1 1 1
dia = - — )l 4+ Zurha + —— o
8k s Hs) = (B — Hs)L+ SprAs J5Hshs
The parametrization of the fluctuations around 3
the ground-state configuration: i = 5(/% + pq) ,
Two-flavor: Za _ e’iqbaTaOé K1 = ,thu — Md
, ps = 5 (Hu + pa — 2ps) -
Yo =€ =1cosa+ i sinw
_ . & \ . 7t idga 1+ 2cosa cosa—1 N
Three-flavor: Yy = ezﬁba al superfluid =7~ = e = —5 1+ 7 As +idgsina
superfluid superfluid and superconductor
+ ixsa 1+ 2cosa cosa—1 — , 1492 1 —
o met = CECRRY BEOR — givre — <2 3COSO£]1+ 2\0/(%5& (‘/§A3+A8)
HiAssma, +idrsing . (89)

U(l)[3 X U(l)y X U(l)B >< U(l)B 16



1. QCD phase diagram

reuier |
Dense QCD:

2-flavor:Dover Books on Physics (2003), J. Phys. (USSR) 11, 23 (1947)
3-flavor:Eur. Phys. J. B 11, 143 (1999), Phys. Rev. 105, 1119 (1957)

In order to calculate the quasiparticles masses, we expand the LO chiral
Lagrangian to the second order in the fields+in the pion-condensed phase.

£ = L FuF™ + omimu ARAY + 2 0,600" 6,
o marudods — mabr A0 — 28]
—efsinad, A" 1 + %Am2¢3¢8 + 0,,¢c0tc
—m?2éc — %(GHA“V :

2
ma. = (\/m?r,o + Am\ F ,uI) ,

F \/(mi{i,o + m%o’o — 2m,2r’0)2 + 3(Am2)2) :

1 2
m?@/f{o = (mKO,O + 5/“)

Q| =

2 _ 2 2 2
mﬂom = (mK:t’O + mKO,O + mﬂ,o

1 \2
m%’i = (\/m%i,o + Amgy F 5/“) ;

4. Thermodynamics S. Summery
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The thermodynamic potential:

1
Qo(/.l,I, a) = —f2 [mi,o cos o + Boms + gAm%M
Qp, ) = Qo(p, ) + Q1 (p, ) + -+ - 1
e
The pressure:
2 2
Pion condensed phase M0 M0
— * cos o = =
Pu) = -0k, a”) "= Amby 1
The charge density: 2
I m;?r,O
’P=§f KT eff 1_/1'% N
dpP ©
n(u ) — What about using the corresponding parametrization of
du or
the ground states ZX* and z§°/ K%
The energy density:
2
2 2 1 m?
1 Mg+ ) K©°,0
— P =-f2u? 1— ’ P=—-f"uio |1—
E(n) = —P(1) + n(p)p 2! [ ] R S
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Pion condensation phase at T=(0

T

1 m
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FIG.4 The normalized pressure as a function of the
normalized isospin chemical potential in 2-flavor
ChiPT.

Phys. Rev. D 109, 034022 (2024)
Lattice: B. B. Brandt et al, JHEP 07 , 055 (202%9).
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FIG.5 LO and NLO results for the normalized pressure FIG.6 LO and NLO results for the normalized energy
in 3-flavor ChiPT. density in 3-flavor ChiPT.

Lattice: B. B. Brandt et al, JHEP 07, 055 (2023).

arXiv: 2312.13092 [hep-ph]
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Son’s low-energy effective theory for the superfluid phonons g
Loonen = P(/V,9779) R
e~
Vud = 0,d — Oouty Mk" &

D. T. Son, e-Print:hep-ph/0204199 [hep-ph]
An effective low-energy theory for the massless mode in dense QCD at finite isospin.

L= %30¢2 - %Ci(vw —1(909)” + c1004(V$)”

the speed of sound or phonon speed

4 _
C : lllI 7r,0 . . . . . . . . . .
s \/ 3m;1r P T ,u‘} ) ultrarelativistic limit nonrelativistic limit
c.=1 C. = m
. 2m;1r,OIJ‘I 1 S s \/ﬂNR/ 7,0
1 b—

f (3m;1r,0 + 1) :
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FIG.12 Speed of sound squared c? as a function of the
normalized isospin chemical potential. See. main text for details.

Lattice: JHEP 07, 055 (2023).

Phys. Rev. D 109, 034022 (2024);

arXiv: 2312.13092 [hep-ph] 22



Finite temperature T and zero chemical potential
2.0
HADRON RESONANCE GAS MODEL
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FIG.7 Individual contributions to the pressure in
the HRG model.

Phys. Rev. D 107, 014010 (2023) 23



Finite temperature T and zero chemical potential Phys. Rev. D 107, 014010 (2023)
Lattice:S. Borsanyi et al. (Wuppertal-Budapest

1.0 ' ' ' ' r T T Collaboration) JHEP 09 (2010) 073.
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FIG.8 Pressure normalized by T* as a function of
the temperature in MeV. See main text for details.
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QUARK CONDENSATES Finite temperature T and zero chemical potential
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Finite temperature T and zero chemical potential
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1. QCD phase diagram 2. Chiral PT 3. Dense QCD 4. Thermodynamics _

* Our results are compared with lattice simulations and the agreement 1s very good for temperatures
below 170 MeV, in contrast to the results from ¥PT which agree with the lattice only up to T = 120
MeV.

* Our value for the chiral crossover temperature 1s 160.1 MeV, which compares favorably to the lattice
result of 157.3 MeV.

* The spontaneous breakdown of the global internal symmetry U(1),, gives rise to a massless
Goldstone boson or phonon.

* Comparing our results for the pressure and the speed of sound with recent lattice simulations with

2+1 flavors, the agreement is very good for i1sospin chemical potentials up to 180-200 MeV.
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1. QCD phase diagram 2, Chiral PT
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