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Quantum Chromodynamics (QCD)
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∗ Runing coupling of QCD. ∗ At low-energy region, Mesons and Baryons are the basic
degrees of freedom of QCD.

[P.D.G. and CERN]
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Baryon as Topological Soliton
∗ Skyrme’s Model with U(x) = exp

(
2iπaTa/fπ

)
∈ SU(Nf) : [T.H.R.Skyrme]

LSkyr =
f 2π
4

tr(∂µU†∂µU) +
1

32e2 tr([U†∂µU,U†∂νU][U†∂µU,U†∂νU]).

∗ There exists static chiral field U(x) : R3 → SU(Nf),Nf ≥ 2 possessing non-trivial topological
soliton structure:

π3(SU(Nf)) = Z, =⇒ Bµ =
1

24π2
ϵµναβ tr(U†∂νUU†∂αUU†∂βU).

The skyrmion is regarded as baryon by the same large Nc behavior.

∗ For Nf = 1 case, baryon has spin Nc
2 , No Nambu-Goldstone boson exists.

∗ Even in the large Nc limit, η′ becomes massless but π3(U(Nf = 1)) = 0, still No non-trivial
topological soliton structure exists.
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Baryon as Hall Droplet on the η′ Domain Wall
∗ Level/Rank duality: For Nf = 1, the domain wall supports a Level −1 and Rank Nc Chern-
Simons (CS) theory about gluon ā ∈ su(Nc), this can be dual to an abelian CS theory a ∈ u(1)
:

SU(Nc)−1, ←→ U(1)Nc .

−1
4π

∫
M3

Tr
(

ā ∧ dā− i2
3

ā3
)
, ←→

∫
M3

Nc
4π

a ∧ da.

spin ∼ Nc
2 . B = 1

2π

∫
∂θϖ

∗ If a boundary is imposed, the sheet is in fact a droplet re-
alizing the fractional quantum hall effect with filling num-
ber 1/N, A Quantum Hall Droplet!

∗ The droplet with one baryon number carried by chiral
mode has spin Nc/2.

[Z. Komargodski, N. Seiberg, D. Gaiotto, A. Kapustin and et al.]
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Baryon as Chiral Bag by CCP
∗ One-flavor baryon also can be understood as a annuls chiral bag using the Cheshire cat
principle (physics is independent on the bag size).

∗ This (2 + 1)-dimensional chiral bag spins Nc/2 and carries one baryon number. In the limit
of the zero bag radius, the bag becomes a Hall Droplet suggested by Komargodski.

←→

2R

+π

−π

x
y

QH droplet

U(1) chiral bag in 1+2

∗ The chiral bag carries quark field with quark number
1, and is clouded by η′ field, so the charge leaks through
the anomaly inflow/outflow. When the radius decreases
to zero, a Chern-Simons thoery emerges

Nc
4π

∫
2+1

ada,

which gives quark fractional spin 1/2Nc.

[Yong-Liang Ma, Maciej A. Nowak, Mannque Rho, and Ismail Zahed.]
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Hall Liquid Theory on η′ Domain Wall
∗ Complete level/rank duality for Nf = 1 (fermion bosonization ψ†ψ ∼ ϕ̄ϕ):

non-abelian SU(Nc)−1 + one fermions ψ ←→ abelian U(1)Nc + one scalars ϕ.

∗ For one-flavor case, we conjecture the effective theory on η′ domain wall should be:

SA[a, ϕ] =
∫

d3x |∂µϕ− iaµϕ|2 − V(ϕ∗ϕ) +
Nc
4π
ϵµνρaµ∂νaρ,

where Higgs-type potential — Chern-Simons-Higgs theory

V(ϕ∗ϕ) = Nc
∑
I∈N

cI(
ϕ∗ϕ

Nc
− v2)I, v > 0,

and the coefficients cI are subject to strong constraints to ensure a non-zero vacuum expec-
tation value of ϕ∗cϕc equal to Ncv2 with a positive v.
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Vortexes are Anyons
∗ The Chern-Simons term brings a topological current:

jµ =
Nc
2π
ϵµνρ∂νaρ.

∗ This theory has non-trivial topological soliton solutions: ϕ(r→∞) = v einθ.

∗ The vortex solutions of this theory carry both flux quanta and topological charges:

Φ =

∫
ϵ0νρ∂νaρdxdy = 2πn, =⇒ Q =

∫
j 0dxdy = nNc.

∗ The object with both charge and flux is Anyon.
If the wave-function of two anyons with charge q and flux ϕ exchanges, a phase angle is generated.

ψ(r2, r2) = e2πsψ(r2, r2), =⇒ induced spin s =
qϕ
4π

Our vortexes have spin s = QΦ
4π

= Nc
2

n2, n ∈ Z; s = Nc
2

for n = ±1.
7 / 15



Baryons as Vortexes
∗ The ϕ depicts the quark density (or quasi-particles density in quantum Hall effct), and the
CS field aµ propagates the quark number. We can consider vortexes with different winding
number n as baryons or multi-baryon structures located on the domain wall.

baryon number : B =
Q
Nc

=
nNc
Nc

= n.

∗ In the large Nc limit, we have demanded that quark density of every color ϕ∗cϕc = ϕ∗ϕ/Nc
keeps finite. In the leading Nc order, the effective action can be expressed as

SA =

∫
d3x Nc

[
|∂µϕc − iaµϕc|2 − Vc(ϕ

∗
cϕc) +

1

4π
ϵµνρaµ∂νaρ

]
,

where

Vc(ϕ
∗
cϕc) = V(ϕ∗ϕ)/Nc =

∑
I∈N+

cI(
ϕ∗ϕ

Nc
− v2)I =

∑
I∈N+

cI(ϕ
∗
cϕc − v2)I, v > 0.
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The Large Nc Behavior of Baryons as Vortexes
∗ The sizes of the vortexes are determined by the masses of ϕ, aµ, which only depend on v2:

Size ∼ max{m−1
ϕ ,m−1

aµ
} ∼ N 0

c .

∗ Furthermore, since effective action SA ∼ Nc, this implies that the energy/mass of the

vortexes behaves
Energy/Mass ∼ HA ∼ SA ∼ Nc.

∗ If the interaction between two vortexes is taken into account, the interaction energy is also

proportional to Nc, meaning that the vortex-vortex scattering amplitudes

M ∼ eSA ∼ SA ∼ Nc.

All large Nc behavior of the vortexes are the same as those of baryons!
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Mesons on the Domain Wall
∗ In large Nc QCD, the meson operators are J (x) =

√
Ncψ̄Fmψ. On the domain wall, the

meson operators should be Ĵ (x) =
√

Ncϕ∗fmϕ.

∗ Estimating the the correlation function of mesons with Higgs-type potential and quark density
relation: ϕ∗ϕ ∼ ψ†ψ

V(ϕ∗ϕ) = Nc
∑

I∈N+

cI(
ϕ∗ϕ

Nc
− v2)I, v > 0,

The relation between two-point function and the first term of the potential

⟨J J ⟩ ∼ N0
c ←→ c2Nc(

ϕ∗ϕ

Nc
− v2)2 ∼ c2(

√
Ncϕ

∗
cϕc)

2 ∼ c2Ĵ Ĵ ,

Similarly, the four-point function of the meson fields is

⟨J JJJ ⟩ ∼ 1

Nc
←→ c4Nc(

ϕ∗ϕ

Nc
− v2)4 ∼ c4

Nc
(
√

Ncϕ
∗
cϕc)

4 ∼ c4
Nc
Ĵ Ĵ Ĵ Ĵ .
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Particle-Vertex Duality
∗ The Chern-Simons-Higgs theory SA on the η′ domain wall:

SA[a, ϕ] =
∫

d3x |∂µϕ− iaµϕ|2 − V(ϕ∗ϕ) +
Nc
4π
ϵµνρaµ∂νaρ.

∗ By the Particle-Vortex duality, a dual description is presented:

SB[ã, ϕ̃] =
∫

d3x |∂µϕ̃− iãµϕ̃|2 − Ṽ(ϕ̃∗ϕ̃) +
1

4πNc
ϵµνρãµ∂ν ãρ.

∗We still demand the potential is Higgs-type. Now the ϕ̃ describes the baryon number density,
and the CS field ãµ propagates the baryon number.

∗ SB[ã, ϕ̃] exactly is Zhang-Hansson-Kivelson theory (ZHK theory), initially proposed to de-
scribe fractional quantum hall effect with filling 1/N .

[S. C. Zhang, T. Hansson and S. Kivelson.]
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Fractional Spin
∗ Dual ZHK theory on the η′ domain wall:

SB[ã, ϕ̃] =
∫

d3x |∂µϕ̃− iãµϕ̃|2 − Ṽ(ϕ̃∗ϕ̃) +
1

4πNc
ϵµνρãµ∂ν ãρ,

∗ ZHK theory also exists similar vortex solutions, but with different topological currents and
charges

j̃µ =
1

2πNc
ϵµνρ∂ν ãρ, Q̃ =

∫
j̃0dxdy =

ñ
Nc

= B (baryon number),

which implies the vortexes carry fractional spin:

s̃ = Q̃Φ

4π
=

ñ2

2Nc
, ñ ∈ N =⇒

s̃ = 1

2Nc
when ñ = ±1 single quark.

s̃ =Nc
2

when ñ = ±Nc single baryon.

[S. C. Zhang, T. Hansson and S. Kivelson.]
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More on the Level/Rank Duality
∗ Hidden local symmetry introduces the vector mesons in chiral effective theory, the most
general hidden Wess-Zumino terms (contracted with ϵ tensor) can be added:

LhWZ =
Nc
16π2

∑
i

ciLi ⊃ ∂νη
′

2π
× Nc

2π
ϵµνρσωµ∂ρωσ ∼ ωµBµ,

the flux of vector meson field ωµ actually measures the baryon density after integrating the η′
derivative.

[T. Kugo, K. Yamawaki, T. Yanagida et al.]
∗ On the η′ domain wall, the Level/Rank duality actually is between non-abelian gluon field
G and abelian vector meson field ω (for Nf = 1).

SU(Nc)−1 ←→ U(1)Nc ,

−1
4π

(
GdG− i2

3
G3

)
←→ Nc

4π
ωdω.

Vector mesons field inherits some topological properties of the gluon field.
[Avner Karasik.]
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Summary: Baryons as Vortexes on the η′ Domain Wall
• A Chern-Simons-Higgs theory lives on the η′ domain wall.

• The vortex solutions with one winding number carry an unit topological charge and induce
a spin of Nc/2.

• All vortex solutions share the same large Nc behavior as the baryons’ mass, radius, and
interaction. Estimation of mesons also coincides.

• Through the particle-vortex duality, the Chern-Simons-Higgs theory is dual to the Zhang-
Hansson-Kivelson theory, implies that quarks on the domain wall obey fractional statistics.

• Skyrmion picture is proper for baryon Nf ≥ 2 case, and the quantum Hall droplet/vortex
is more proper for Nf = 1 case.
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