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Motivation

Analysing the lattice QCD data mπ ̸= 139MeV: mπ = 236MeV,
[Dudek, et al., PRD86,034031]; mπ = 391MeV[Briceno,PRL118,022002]

PKU + crossing using BNR relation: [X. L. Gao,Z.H.Guo,ZX,ZZ, PRD

105 (2022)9,094002]

at mπ = 236MeV:mσ = 610± 11MeV,Γσ = 327± 8MeV;
at mπ = 391MeV: mbound = 774± 6MeV,mvirtual = 716± 28MeV
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Roy equation:[X.H. Cao, et al.,PRD108(2023)3,034009]

at mπ = 236MeV: c√sσ = 543−i250 MeV
at mπ = 391MeV: mbound = 759MeV, √ssub = (269−i211) MeV

Propose the pole trajectory:



The proposed explanation:
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The reason for the appearence of the subthreshold resonance poles:

When the VS move through the threshold and becomes a bound
state, the branch point of the l.h.c. move right.
From the positivity of the residue of the bound state pole, it can be
proved that near the branch point S(s) tends to negative infinty.
The picture is like above. For small mπ, there are two zero point of
S(s) below threshold. For larger mπ, S(s) become smaller, no zero
points → two resonance pole.



Introduction: O(N) sigma model

Lagrangian: a = 1, . . . ,N

L =
1

2
∂µϕa∂

µϕa −
1

2
µ2
0ϕaϕa −

λ0

8N(ϕaϕa)
2 + αϕN ,

Classical level: when α = 0, No explicit breaking
µ2 > 0, no SSB;
µ2 < 0, SSB. ϕ2 = −2µ2N/λ ≡ ⟨ϕ⟩2, ⟨ϕ⟩ > 0

Classical level: when α ̸= 0, vacuum solution

(−µ2
0 −

λ0

4N |ϕ|2)ϕa = 0 ⇒ ϕa = 0, for a = 1, . . . ,N − 1

(−µ2
0 −

λ0

4N |ϕ|2)ϕN + α = 0

⟨ϕN ̸= 0⟩ ∼ O(N1/2), α ∼ O(N1/2).



To count the N order: Introduce an auxiliary field χ,

L →L +
N
2λ0

(
χ− λ0

2Nϕaϕa − µ2
0

)2

=
1

2
∂µϕa∂

µϕa + αϕN +
N
2λ0

χ2 − 1

2
χϕaϕa −

Nµ2
0

λ0
χ ,

Integrate out χ, come back to the previous path integral.
Count the order: χ propagator:iλ0/N ∼ O(1/N); closed ϕ
loop: O(N); ϕ ∼ O(1)

(a)(b)(c)(d) O(1/N),
(e) O(1/N2) not the same
topological structure as (b)
Leading order, only ϕ propa-
gator in loop, 1PI one loop,
No χ loop.



Effective action:

Γ(ϕ, χ) =

∫
d4x

(
1

2
∂µϕa∂

µϕa + αϕN +
N
2λ0

χ2 − 1

2
χϕaϕa − Nµ2

0

λ0
χ

)
+

i
2

NTr log(∂2 + χ− iϵ) , (1)

Effective potential: (ϕ, χ constants)

V(ϕ, χ) = −αϕN − N
2λ0

χ2 +
1

2
χϕaϕa +

Nµ2
0

λ0
χ− i

2
N
∫ d4ℓ

(2π)4
log(−ℓ2 + χ− iϵ) ,

(2)

Renormalization condition:
µ(M)2

λ(M)
=

µ2
0

λ0
+

i
2

∫ d4ℓ

(2π)4
1

ℓ2 + iϵ , (3)

1

λ(M)
=

1

λ0
− i

2

∫ d4ℓ

(2π)4
1

(ℓ2 + iϵ)(ℓ2 − M2 + iϵ) . (4)

After renormalization:

V(ϕ, χ) = −αϕN +
1

2
χϕ2 +

Nµ2(M)

λ(M)
χ− N

64π2
χ2

(
log M2

χ
+

1

2

)
, (5)



∂V
∂χ = 0 and ∂V

∂ϕa
= 0

∂V
∂χ

= 0 ⇒ ϕaϕa =
2N
λ

χ− 2Nµ2

λ
− N

16π2
χ log χ

M2
, (6)

∂V
∂ϕa

= 0 ⇒ χϕa = 0 (a < N), χϕN − α = 0 . (7)

For α ̸= 0, With explicit broken, one solution: χ ̸= 0, ϕa = 0,
for a = 1, . . .N − 1, χ = α

ϕN
̸= 0.

ϕ3
N =

2Nα

λ
− 2Nµ2

λ
ϕN − Nα

16π2
log α

M2ϕN

⟨ϕN⟩ ∼ O(N1/2), ⟨χ⟩ ∼ O(1), α ∼ O(N1/2).



minimum condition is χ > 0 and 32π2ϕN/N
log(M2/χ)−1

+ χ > 0

π mass m2
π = χ.

For N = 4, compared with PCAC: ∂µAa
µ = m2

πfππa, and with
explicit SSB, ∂µAa

µ = απa. From χ = α
ϕN

= m2
π, we see

⟨ϕN⟩ = fπ ∼ O(N1/2).



图: O(N) model leading order ππ amplitude [Coleman,et.al.,PRD10,2491]

ππ amplitude to the leading 1/N order: (σ, τ have mixing)
Tπaπb→πcπd =iDττ (s)δabδcd + iDττ (t)δacδbd + iDττ (u)δadδbc , (8)

D−1(p2) =− i
(

p2 − m2
π −fπ

−fπ N/λ0 + NB0(p2,mπ)

)
, (9)

τ ≡ χ− ⟨χ⟩, B0(p2,mπ) =
−i
2

∫ d4ℓ

(2π)4
1

(ℓ2 − m2
π + iϵ)((ℓ+ p)2 − m2

π + iϵ) .



After renormalization:
1

λ0
+ B0(p2,mπ) =

1

λ(M)
+ B(p2,mπ,M) , (10)

B(s,mπ,M) =
1

32π2

(
1 + ρ(s) log ρ(s)− 1

ρ(s) + 1
− log m2

π

M2

)
,

(11)

After projection to IJ = 00 channel, O(N) amplitude TLO
00 ( define

M such that 1/λ(M) = 0),

TLO
00 (s) = iNDττ (s)

32π
=

N
32π

A(s),

A(s) = m2
π − s

(s − m2
π)B(s,mπ,M)− f2π/N ,

Adler zero: sA = m2
π.

σ pole : solve

(s − m2
π)BII(s,mπ,M)− f2π/N = 0 .



mπ dependence of σ at leading 1/N
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Adjust the M ∼ 550MeV, at mπ = 139MeV, √sσ = 356− i148MeV.
As mπ increases, √sσ moves → real axis → two virtual state poles → one
virtual move left, the other move right → (mc ≃ 337MeV) one virtual, one
bound
No crossing symmetry: σ → bound state, l.h.c brach point → s = 4m2

π − m2
σ .

Direct adding t and u channel contribution: violate unitarity.
Unitarization method: IAM or K matrix, No control of the spurious poles, we
resort to N/D.



N/D: unitarity with partial recovery of
crossing

N/D Method: Basic ideas
T matrix: T(s) = N(s)

D(s) : N(s) only has left-hand cut, D only
has right-hand cut.
Since ImR T−1 = −ρ, we have

ImR D(s) = −ρ(s)N(s) , (12)
ImL N(s) = D(s) ImL T(s) . (13)

Write down the dispersion relation of N(s) and D(s) ( twice
subtracted)

D(s) = s − sA
s0 − sA

+ gD
s − s0

sA − s0
−

(s − s0)(s − sA)

π

∫
R

ρ(s′)N(s′)
(s′ − s)(s′ − s0)(s′ − sA)

ds′ ,

(14)

N(s) = b0
s − sA
s0 − sA

+ gN
s − s0

sA − s0
+

(s − s0)(s − sA)

π

∫
L

D(s′)ImLT(s′)
(s′ − s)(s′ − s0)(s′ − sA)

ds′ ,

(15)



Using the O(N) result ImLT(s).
Subtraction, s0 = 4m2

π, sA = m2
π, D(s0) = 1: require T to

recover O(N) result at the leading 1/N order

b0 = T00(s0) =
N − 1

32π
ALO(s0) + Itu(s0) , (16)

gD =
32πf2πb0

N(s0 − sA)
,

gN
gD

= Re Itu(sA) . (17)

When mπ > mc, we require D(m2
σ) = 0, for the sigma pole to

be consistent with the branch point of the left hand cut.
Solve the integral equation numerically.
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L
=

4
m

2 π
−

m
2 σ

mπ = 240MeV

mπ = 240MeV

mπ = 139MeV

mπ = 391MeV

As mπ increases:
σ approaches the real axis→ two virtual states, →{
l.h.c.

one moving right → first sheet bound state
one moving left

→ another virtual state

}
hit → resonant poles

The VSIII is generated when the Adler zero hit the left-hand
cut



σ pole trajectory with varying mπ
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Physical-sheet S-matrix below threshold
The left graph (mπ = 207 MeV) : two virtual states in the
near threshold region and one additional virtual state pole
generated close to the left-hand cut.
The middle graph (mπ = 283 MeV) : one bound state with
two virtual states.
The right graph (mπ = 391 MeV): two virtual state poles
have become a pair of resonance poles.



Temperature dependence at leading 1/N
It is well known: under high temperature, chiral symmetry
recovers.[R. D. Pisarski and F. Wilczek, PRD 29,338(1984);A. Bazavov et al.,

PRD85,054503(2012)] limT→∞ v(T) → 0

It is expected that mσ → mπ at high temperature.
ChPT: intrincically in broken phase, break down at high
temperature, T ∼ fπ.
In O(N) model: v.e.v. v(T) evolves with T,[J.O.Anderson, et. al.

PRD70,116007]
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No explicit breaking α = 0:at T < Tc ∼ 160MeV, mπ(T) = 0,
v(T) ̸= 0 SSB; at T > Tc, v(T) = 0, mπ(T) ̸= 0.
With α ̸= 0, v(T) → 0.



σ pole trajectory with T
At the leading 1/N order, N = 4:
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From left to right, mπ(0) = 200, 139 and 80 MeV respectively.
Scattering amplitude at T in the center of mass frame.

T
T
00(s) = −

1

32π

s − m2
π(T)(

s − m2
π(T)

)
BT (s, mπ(T), M) − v2(T)/N

,

BT
(s, mπ(T), M) = B (s, mπ(T), M) + BT ̸=0

(s, mπ(T)) ,

BT ̸=0
(s, mπ(T)) =

∫ ∞

0

dk k2

8π2ω2
k

nB(ωk)

(
1

E + 2ωk
−

1

E − 2ωk

)
,

σ resonance on the second sheet, → virtual state, → bound
state → tends to mπ.



N/D with temperature

Unitarity with two particle intermediate states for IJ = 00
channel,

ImTT(s) = ρT(s)
∣∣TT∣∣2 , (18)

Lorentz symmetry is broken by the temperature: Center of
mass system in s channel is different from t channel —
crossing is also broken.
IJ = 00 thermal amplitude:

TT
00(s) = −

1

32π

s − m2
π(T)

(s − m2
π(T)) BT (s,mπ(T),M)− v2(T)/N

,

BT (s,mπ(T),M) = B (s,mπ(T),M) + BT̸=0 (s,mπ(T)) ,

BT̸=0 (s,mπ(T)) =

∫ ∞

0

dk k2

8π2ω2
k

nB(ωk)

(
1

E + 2ωk
−

1

E − 2ωk

)
,

N/D can be done: substitute the corresponding temperature
dependent amplitudes.



N/D with temperature: σ trajectory
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<latexit sha1_base64="tZnXQCKlXOF1qwkL3/4ZtfKpUMM=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXEiZaYW6EYpu3AgV+oLOUDJp2oYmmSHJCGXswl9x40IRt/6GO//GTDsLbT0QOJxzL/fkBBGjSjvOt5VbWV1b38hvFra2d3b37P2DlgpjiUkThyyUnQApwqggTU01I51IEsQDRtrB+Cb12w9EKhqKhp5ExOdoKOiAYqSN1LOPGvAKupWqdw49jvRI8uSOtKY9u+iUnBngMnEzUgQZ6j37y+uHOOZEaMyQUl3XibSfIKkpZmRa8GJFIoTHaEi6hgrEifKTWf4pPDVKHw5CaZ7QcKb+3kgQV2rCAzOZZlSLXir+53VjPbj0EyqiWBOB54cGMYM6hGkZsE8lwZpNDEFYUpMV4hGSCGtTWcGU4C5+eZm0yiW3UirfXxRr11kdeXAMTsAZcEEV1MAtqIMmwOARPINX8GY9WS/Wu/UxH81Z2c4h+APr8weCM5SE</latexit>

T = 0MeV
<latexit sha1_base64="YGARo43H8GT4q/w9E2VOzrcDtnI=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCCykzVdCNUHTjRqjQF3SGkkkzbWiSGZKMUIfir7hxoYhb/8Odf2OmnYW2HggczrmXe3KCmFGlHefbKiwtr6yuFddLG5tb2zv27l5LRYnEpIkjFslOgBRhVJCmppqRTiwJ4gEj7WB0k/ntByIVjURDj2PiczQQNKQYaSP17IMGvIKOdwo9jvRQ8vSOtCY9u+xUnCngInFzUgY56j37y+tHOOFEaMyQUl3XibWfIqkpZmRS8hJFYoRHaEC6hgrEifLTafoJPDZKH4aRNE9oOFV/b6SIKzXmgZnMMqp5LxP/87qJDi/9lIo40UTg2aEwYVBHMKsC9qkkWLOxIQhLarJCPEQSYW0KK5kS3PkvL5JWteKeVar35+XadV5HERyCI3ACXHABauAW1EETYPAInsEreLOerBfr3fqYjRasfGcf/IH1+QONKJQF</latexit>

T =124

MeV
<latexit sha1_base64="SZZZ+ENG3eVgaSgV47+wmA2s1H8=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFcSFlphZ0IxTduBEq9AadoWTStA1NMkOSEcrQjRtfxY0LRdz6Du58GzPtLLT1h8DHf84h5/xBxKjSjvNt5ZaWV1bX8uuFjc2t7R17d6+pwlhi0sAhC2U7QIowKkhDU81IO5IE8YCRVjC6SeutByIVDUVdjyPiczQQtE8x0sbq2od1eHXinUG3XPG8FDyO9FDy5I40J1276JScqeAiuBkUQaZa1/7yeiGOOREaM6RUx3Ui7SdIaooZmRS8WJEI4REakI5BgThRfjK9YgKPjdOD/VCaJzScur8nEsSVGvPAdKY7qvlaav5X68S6f+knVESxJgLPPurHDOoQppHAHpUEazY2gLCkZleIh0girE1wBROCO3/yIjTLJfe8VL6vFKvXWRx5cACOwClwwQWogltQAw2AwSN4Bq/gzXqyXqx362PWmrOymX3wR9bnD9dslkg=</latexit>

T = 60MeV
<latexit sha1_base64="3ngQQjn1H/ESGKj/Xaip4KVY6Mg=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCCykzVdSNUHTjRqjQF3SGkkkzbWiSGZKMUMYu/BU3LhRx62+482/MtLPQ1gOBwzn3ck9OEDOqtON8WwuLS8srq4W14vrG5ta2vbPbVFEiMWngiEWyHSBFGBWkoalmpB1LgnjASCsY3mR+64FIRSNR16OY+Bz1BQ0pRtpIXXu/Dq/guQO9E+hxpAeSp3ekOe7aJafsTADniZuTEshR69pfXi/CCSdCY4aU6rhOrP0USU0xI+OilygSIzxEfdIxVCBOlJ9O8o/hkVF6MIykeULDifp7I0VcqREPzGSWUc16mfif10l0eOmnVMSJJgJPD4UJgzqCWRmwRyXBmo0MQVhSkxXiAZIIa1NZ0ZTgzn55njQrZfe0XLk/K1Wv8zoK4AAcgmPgggtQBbegBhoAg0fwDF7Bm/VkvVjv1sd0dMHKd/bAH1ifP2ErlG8=</latexit>

T = 0, mπ = 139MeV.
T = 60MeV, VSIII generated from
the l.h.c.
σ resonance → virtual states (I, II),
(T=124MeV)

VS1→ BS (T=137MeV),
T = 140MeV, VSII meets VSIII→
subthreshold resonance.
m2

σ → m2
π .



Vacuum structure: mπ dependence
Solve χ(ϕ), insert into V(ϕ, χ), to obtain the effective potential
Veff(ϕ).

V(ϕ, χ) = −αϕN +
1

2
χϕ2 +

Nµ2(M)

λ(M)
χ−

N
64π2

χ2

(
log M2

χ
+

1

2

)
,

∂V
∂χ

= 0 ⇒ ϕ2 = f2π +
N

16π2

(
m2

π log m2
π

M2
− χ log χ

M2

)
,

∂V
∂ϕa

= 0 ⇒ χϕa = 0 (a < N), χϕN − α = 0 .

Two solutions branches:
separated at χb

Left one: With Chiral SSB in
the Chiral limit, determine fπ
fixed, mπ.
Right one : No chiral SSB in
the Chiral limit.
V become complex for
|ϕ|2 > ϕ2

b: the system not
stable. ϕ2 < ϕ2
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¡2 = f 2
º

mº = 0 MeV

mº = 139 MeV

mº = 391 MeV

�b = M2/e
<latexit sha1_base64="rFjB2ky/2uxnjsH/74rDqXFIcUo=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKe5GQS9CwIsXIYJ5QLIJs5PeZMjsg5lZJSz5Dy8eFPHqv3jzb5wke9DEgoaiqpvuLi8WXGnb/rZyK6tr6xv5zcLW9s7uXnH/oKGiRDKss0hEsuVRhYKHWNdcC2zFEmngCWx6o5up33xEqXgUPuhxjG5AByH3OaPaSN0OG/KeR67JXbdyhr1iyS7bM5Bl4mSkBBlqveJXpx+xJMBQM0GVajt2rN2USs2ZwEmhkyiMKRvRAbYNDWmAyk1nV0/IiVH6xI+kqVCTmfp7IqWBUuPAM50B1UO16E3F/7x2ov0rN+VhnGgM2XyRnwiiIzKNgPS5RKbF2BDKJDe3EjakkjJtgiqYEJzFl5dJo1J2zsuV+4tStZrFkYcjOIZTcOASqnALNagDAwnP8Apv1pP1Yr1bH/PWnJXNHMIfWJ8/n0mRRw==</latexit>

�2
b

<latexit sha1_base64="kahmIZDPxdoQzyaPEhVPPHaoSco=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Ae0sWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbG6x0nC/YgOlQgFo2ilTi8ZiYdaP+iXK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342v3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuG1nwmVpMgVWywKU0kwJrPnyUBozlBOLKFMC3srYSOqKUMbUcmG4C2/vEpatap3Ua3dXVbq9TyOIpzAKZyDB1dQh1toQBMYSHiGV3hzHp0X5935WLQWnHzmGP7A+fwBryOPug==</latexit>

�2
min<latexit sha1_base64="sVUNteteRa2++qeeSYCfE2mbGfc=">AAAB+nicbVBNS8NAEN34WetXqkcvwSJ4KkkV9Fjw4rGC/YAmhs120y7d3YTdiVpif4oXD4p49Zd489+4bXPQ1gcDj/dmmJkXpZxpcN1va2V1bX1js7RV3t7Z3du3KwdtnWSK0BZJeKK6EdaUM0lbwIDTbqooFhGnnWh0NfU791RplshbGKc0EHggWcwIBiOFdsVPh+yuHvpAHyEXTE5Cu+rW3BmcZeIVpIoKNEP7y+8nJBNUAuFY657nphDkWAEjnE7KfqZpiskID2jPUIkF1UE+O33inBil78SJMiXBmam/J3IstB6LyHQKDEO96E3F/7xeBvFlkDOZZkAlmS+KM+5A4kxzcPpMUQJ8bAgmiplbHTLEChMwaZVNCN7iy8ukXa95Z7X6zXm10SjiKKEjdIxOkYcuUANdoyZqIYIe0DN6RW/Wk/VivVsf89YVq5g5RH9gff4AptaUQA==</latexit>
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mº = 0 MeV

mº = 139 MeV

Æ2/¬2, mº = 139 MeV

mº = 391 MeV

Æ2/¬2, mº = 391 MeV
�2
b

<latexit sha1_base64="kahmIZDPxdoQzyaPEhVPPHaoSco=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Ae0sWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbG6x0nC/YgOlQgFo2ilTi8ZiYdaP+iXK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342v3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuG1nwmVpMgVWywKU0kwJrPnyUBozlBOLKFMC3srYSOqKUMbUcmG4C2/vEpatap3Ua3dXVbq9TyOIpzAKZyDB1dQh1toQBMYSHiGV3hzHp0X5935WLQWnHzmGP7A+fwBryOPug==</latexit>

�2
min<latexit sha1_base64="sVUNteteRa2++qeeSYCfE2mbGfc=">AAAB+nicbVBNS8NAEN34WetXqkcvwSJ4KkkV9Fjw4rGC/YAmhs120y7d3YTdiVpif4oXD4p49Zd489+4bXPQ1gcDj/dmmJkXpZxpcN1va2V1bX1js7RV3t7Z3du3KwdtnWSK0BZJeKK6EdaUM0lbwIDTbqooFhGnnWh0NfU791RplshbGKc0EHggWcwIBiOFdsVPh+yuHvpAHyEXTE5Cu+rW3BmcZeIVpIoKNEP7y+8nJBNUAuFY657nphDkWAEjnE7KfqZpiskID2jPUIkF1UE+O33inBil78SJMiXBmam/J3IstB6LyHQKDEO96E3F/7xeBvFlkDOZZkAlmS+KM+5A4kxzcPpMUQJ8bAgmiplbHTLEChMwaZVNCN7iy8ukXa95Z7X6zXm10SjiKKEjdIxOkYcuUANdoyZqIYIe0DN6RW/Wk/VivVsf89YVq5g5RH9gff4AptaUQA==</latexit>

�b = M2/e
<latexit sha1_base64="rFjB2ky/2uxnjsH/74rDqXFIcUo=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKe5GQS9CwIsXIYJ5QLIJs5PeZMjsg5lZJSz5Dy8eFPHqv3jzb5wke9DEgoaiqpvuLi8WXGnb/rZyK6tr6xv5zcLW9s7uXnH/oKGiRDKss0hEsuVRhYKHWNdcC2zFEmngCWx6o5up33xEqXgUPuhxjG5AByH3OaPaSN0OG/KeR67JXbdyhr1iyS7bM5Bl4mSkBBlqveJXpx+xJMBQM0GVajt2rN2USs2ZwEmhkyiMKRvRAbYNDWmAyk1nV0/IiVH6xI+kqVCTmfp7IqWBUuPAM50B1UO16E3F/7x2ov0rN+VhnGgM2XyRnwiiIzKNgPS5RKbF2BDKJDe3EjakkjJtgiqYEJzFl5dJo1J2zsuV+4tStZrFkYcjOIZTcOASqnALNagDAwnP8Apv1pP1Yr1bH/PWnJXNHMIfWJ8/n0mRRw==</latexit>

�2 = f2
⇡

<latexit sha1_base64="PC8cesRJKbkvbW0SC2U87d5YHmg=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQTdCwY3LCvYBnWnJpJk2NJMJSUYpQ//DjQtF3Pov7vwb03YW2nrgcg/n3EtuTig508Z1v53C2vrG5lZxu7Szu7d/UD48aukkVYQ2ScIT1QmxppwJ2jTMcNqRiuI45LQdjm9nfvuRKs0S8WAmkgYxHgoWMYKNlXq+HLFe7Sbq+9L2frniVt050CrxclKBHI1++csfJCSNqTCEY627nitNkGFlGOF0WvJTTSUmYzykXUsFjqkOsvnVU3RmlQGKEmVLGDRXf29kONZ6Eod2MsZmpJe9mfif101NdB1kTMjUUEEWD0UpRyZBswjQgClKDJ9Ygoli9lZERlhhYmxQJRuCt/zlVdKqVb2Lau3+slKv53EU4QRO4Rw8uII63EEDmkBAwTO8wpvz5Lw4787HYrTg5DvH8AfO5w+0ypH8</latexit>

(f II
⇡ ,mII

⇡ )
<latexit sha1_base64="LMn0dAWATRUXVevrtxuiJR/EJn4=">AAACAHicbZDLSgMxFIYz9VbrbdSFCzfBIlSQMlMFXbgouLG7CvYC7VgyaaYNTTJDkhHKMBtfxY0LRdz6GO58G9N2EG39IfDxn3M4Ob8fMaq043xZuaXlldW1/HphY3Nre8fe3WuqMJaYNHDIQtn2kSKMCtLQVDPSjiRB3Gek5Y+uJ/XWA5GKhuJOjyPicTQQNKAYaWP17INS0OtG9D6p1dJT/oMnPbvolJ2p4CK4GRRBpnrP/uz2QxxzIjRmSKmO60TaS5DUFDOSFrqxIhHCIzQgHYMCcaK8ZHpACo+N04dBKM0TGk7d3xMJ4kqNuW86OdJDNV+bmP/VOrEOLr2EiijWRODZoiBmUIdwkgbsU0mwZmMDCEtq/grxEEmEtcmsYEJw509ehGal7J6VK7fnxepVFkceHIIjUAIuuABVcAPqoAEwSMETeAGv1qP1bL1Z77PWnJXN7IM/sj6+Ab8Wldc=</latexit>

(f⇡,m⇡)
<latexit sha1_base64="io+GlO4tmwV4g1+1YAyXlftasks=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBItQQcpMFXThouDGZQX7gHYomTTThiaZMckUSul3uHGhiFs/xp1/Y6adhbYeuJfDOfeSmxPEnGnjut9Obm19Y3Mrv13Y2d3bPygeHjV1lChCGyTikWoHWFPOJG0YZjhtx4piEXDaCkZ3qd8aU6VZJB/NJKa+wAPJQkawsZJfDnvdmF2ItJ/3iiW34s6BVomXkRJkqPeKX91+RBJBpSEca93x3Nj4U6wMI5zOCt1E0xiTER7QjqUSC6r96fzoGTqzSh+FkbIlDZqrvzemWGg9EYGdFNgM9bKXiv95ncSEN/6UyTgxVJLFQ2HCkYlQmgDqM0WJ4RNLMFHM3orIECtMjM2pYEPwlr+8SprVindZqT5clWq3WRx5OIFTKIMH11CDe6hDAwg8wTO8wpszdl6cd+djMZpzsp1j+APn8wfL+pFy</latexit>



Two branches of the vacuum
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V I(0, ¡N), mº = 0 MeV

V II(0, ¡N), mº = 0 MeV

V I(0, ¡N), mº = 139 MeV

V II(0, ¡N), mº = 139 MeV

V I(0, ¡N), mº = 240 MeV

V II(0, ¡N), mº = 240 MeV

V I(0, ¡N), mº = 391 MeV

V II(0, ¡N), mº = 391 MeV

saddle point

no extremum

�min
<latexit sha1_base64="uJKHjVJ2ziVcRckS3TkUdfEr0kY=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0mqoMeCF48V7Ae0IWy2m3bp7ibsTsQa+ku8eFDEqz/Fm//GbZuDtj4YeLw3w8y8KBXcgOd9O2vrG5tb26Wd8u7e/kHFPTxqmyTTlLVoIhLdjYhhgivWAg6CdVPNiIwE60Tjm5nfeWDa8ETdwyRlgSRDxWNOCVgpdCv9dMTDPrBHyCVX09CtejVvDrxK/IJUUYFm6H71BwnNJFNABTGm53spBDnRwKlg03I/MywldEyGrGepIpKZIJ8fPsVnVhngONG2FOC5+nsiJ9KYiYxspyQwMsveTPzP62UQXwc5V2kGTNHFojgTGBI8SwEPuGYUxMQSQjW3t2I6IppQsFmVbQj+8surpF2v+Re1+t1ltdEo4iihE3SKzpGPrlAD3aImaiGKMvSMXtGb8+S8OO/Ox6J1zSlmjtEfOJ8/eH+TnA==</latexit>

��min
<latexit sha1_base64="bbSnRIBWgOCqrt5d6tQUDLGfNfk=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4sSRV0GPBi8cK9gOaEDbbbbt0dxN2J8US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8OBXcgOd9O2vrG5tb26Wd8u7e/sGhe3TcMkmmKWvSRCS6ExPDBFesCRwE66SaERkL1o5HdzO/PWba8EQ9wiRloSQDxfucErBS5LqXQTrkUQDsCXLJ1TRyK17VmwOvEr8gFVSgEblfQS+hmWQKqCDGdH0vhTAnGjgVbFoOMsNSQkdkwLqWKiKZCfP55VN8bpUe7ifalgI8V39P5EQaM5Gx7ZQEhmbZm4n/ed0M+rdhzlWaAVN0saifCQwJnsWAe1wzCmJiCaGa21sxHRJNKNiwyjYEf/nlVdKqVf2rau3hulKvF3GU0Ck6QxfIRzeoju5RAzURRWP0jF7Rm5M7L86787FoXXOKmRP0B87nD+R1k9M=</latexit>

�b
<latexit sha1_base64="mOwKrI3p6fyXvOWQUiYXHvW25Fw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHgxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzmw55L+qVyn7Fn4OskiAnZchR75W+un3FsgSlZYIa0wn81IYTqi1nAqfFbmYwpWxEB9hxVNIETTiZXzsl507pk1hpV9KSufp7YkITY8ZJ5DoTaodm2ZuJ/3mdzMY34YTLNLMo2WJRnAliFZm9TvpcI7Ni7AhlmrtbCRtSTZl1ARVdCMHyy6ukWa0El5Xq/VW5VsvjKMApnMEFBHANNbiDOjSAwSM8wyu8ecp78d69j0XrmpfPnMAfeJ8/hj6PFg==</latexit>

��b
<latexit sha1_base64="k0n7EqPus9d3Pn3q4FUVSI7k1s0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBC8GHajoMeAF48RzAOSJcxOOsmQ2dlhZlYISz7CiwdFvPo93vwbJ8keNLGgoajqprsrUoIb6/vf3tr6xubWdmGnuLu3f3BYOjpumiTVDBssEYluR9Sg4BIblluBbaWRxpHAVjS+m/mtJ9SGJ/LRThSGMR1KPuCMWie1LrtqxHtRr1T2K/4cZJUEOSlDjnqv9NXtJyyNUVomqDGdwFc2zKi2nAmcFrupQUXZmA6x46ikMZowm587JedO6ZNBol1JS+bq74mMxsZM4sh1xtSOzLI3E//zOqkd3IYZlyq1KNli0SAVxCZk9jvpc43MiokjlGnubiVsRDVl1iVUdCEEyy+vkma1ElxVqg/X5Votj6MAp3AGFxDADdTgHurQAAZjeIZXePOU9+K9ex+L1jUvnzmBP/A+fwDwbo9N</latexit>
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V I(0, ¡N), mº = 680 MeV

V II(0, ¡N), mº = 680 MeV

V I(0, ¡N), mº = 800 MeV

V II(0, ¡N), mº = 800 MeV

V I(0, ¡N), mº = 1000 MeV

V II(0, ¡N), mº = 1000 MeV

m2
π < χb ∼ 333MeV, solution I: the local minimum on the first

branch, false vacuum. There is a tachyon.
Global minimum: Solution II on the second branch.
As mπ increases, solution I moves towards the second branch.
m2

π > χb, no local minimum on the first branch. Solution I moves
on the second branch → saddle point.
mπ > (32π2f2π/(Ny0))1/2 ∼ 680MeV: solution I ↔ Solution II.



Vacuum structure: Finite temperature
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��b,T
<latexit sha1_base64="EFkAq+eYZLASwXuORW6Ksc/CqMs=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBg5akCnosePFYobWFNJTNdtsu3WzC7kQooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxMpDLrut1NYW9/Y3Cpul3Z29/YPyodHjyZONeMtFstYd0JquBSKt1Cg5J1EcxqFkrfD8d3Mbz9xbUSsmjhJeBDRoRIDwShayb/sJiPRy8KL5rRXrrhVdw6ySrycVCBHo1f+6vZjlkZcIZPUGN9zEwwyqlEwyaelbmp4QtmYDrlvqaIRN0E2P3lKzqzSJ4NY21JI5urviYxGxkyi0HZGFEdm2ZuJ/3l+ioPbIBMqSZErtlg0SCXBmMz+J32hOUM5sYQyLeythI2opgxtSiUbgrf88ip5rFW9q2rt4bpSr+dxFOEETuEcPLiBOtxDA1rAIIZneIU3B50X5935WLQWnHzmGP7A+fwByqmQ7Q==</latexit>
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T increases: |ϕb| and |ϕmin| → smaller.
Tf: there is no solution for the gap equations. Tf ∼ 314MeV
Tb: ϕb = 0.
The two branches: Effective potential V get closer.
Tc < Tf < Tb. T > Tf, no vacuum, the system is already unstable.
Difference Tb − Tf ∼ keV.
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At high temperature: the Solution I will move to the second
branch, becoming a saddle point.



Tachyon: mπ and T dependence
There could be a tachyon for solution I.
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Plays a role of another cutoff of the theory:m2
t ≪ s ≪ s + m2

t . (mt ∼ 1.1GeV
for physical mass, T = 0) [R. S. Chivukula and M. Golden, PLB 267, 233]

s = −m2
t < 0: mt decreases with temperature and mπ .

Tachyon has positive residue in the σ − σ propogator, similar to bound state.
Tachyon → bound state transition ↔ the point of exchanging the two solution.



Summary

σ pole trojectory in leading O(N) and N/D modified O(N):
with varying mπ and temperature.
Subthreshold resonance pole generation: After crossing
symmtry partially recovered.
Vacuum structure: with varying mπ and temperture.
Phenominological favored one is the first branch.
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