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2024复旦大学“QCD与重离子碰撞物理”暑期学校

内容安排

第一部分：自旋状态的描写和高能反应过程的极化测量

Description of Spin States and Polarization 
Measurements in High Energy Reactions

第二部分：部分子分布函数和碎裂函数基础

Basics of Parton Distribution Functions (PDFs) 
and Fragmentation Functions (FFs)
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Contents of Part I
I. Introduction: The concept of spin

II. Description of the spin state in high energy reactions

III. Polarization measurements in high energy reactions

Ø Spin 1/2 particles

Ø Hyperon polarization
Ø Vector meson spin alignment
Ø Successive decays of spin3/2 baryons

l Spin in non-relativistic quantum mechanics
l Dirac equation and spin in relativistic QM
l Helicity and chirality
l Spin density matrix and polarization

Ø Spin-1 particles
l Polarization vector and the spin polarization vector
l Vector meson spin alignment
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Introduction: The concept of electron spin

原子光谱学与量子物理理论发展

分立谱 (Balmer’s formulae)

精细结构 (fine structure)

超精细结构 (hyper-fine structure)

兰姆位移 (Lamb shift)

量子力学

电子自旋

质子自旋

量子场论
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Introduction: The concept of the electron spin

电子自旋的发现

Die Naturwissenschaften 13, 953–954 (1925)

George 
Uhlenbeck Samuel 

Goudsmit
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Introduction: The concept of the electron spin

电子具有（绕自身转
动的）额外的自由度

𝒔 = 𝟏/𝟐

表面速度

远大于光速？

电子磁矩与自身运动
产生的磁场相互作用？

(Bohr)

因子2的差别？

量子效应

(Bohr)

相对运动，外场

(Einstein)
相对论运动学效应

托马斯进动

Thomas precession

自旋轨道耦合

𝑽𝒍𝒔 𝒓 = −
𝟏

𝟐𝒎𝟐

𝒅𝑽
𝒓𝒅𝒓

+⃗𝒍 . /𝒔

自旋磁矩

郎德因子𝒈𝒔 = 𝟐

假设 问题 解答
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Introduction: The concept of the electron spin

Dirac equation: 𝒊𝝏𝒕𝝍 = 4𝑯𝝍 4𝑯 = 𝜶 ⋅ 4𝒑 + 𝜷𝒎

4𝑯, 4𝑳 = −𝒊𝜶×4𝒑 ≠ 𝟎

4𝑯, 𝚺 = 𝟐𝒊𝜶×4𝒑 ≠ 𝟎

4𝑯, /⃗𝑱 = 𝟎 /⃗𝑱 = 4𝑳 +
𝚺
𝟐

𝝍 =
𝝋
𝜼

Even for a free Dirac particle:
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（1）Dirac粒子是自旋1/2的费米子

𝚺 = 𝝈 𝟎
𝟎 𝝈

在相对论量子力学中，这些问题得到完美的解决
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Introduction: The concept of the electron spin

𝝍 4𝑴 𝝍 =
𝒒
𝟐
G 𝒅𝟑𝒓 (𝝋&𝒓×𝝈𝜼 + 𝜼&𝒓×𝝈𝝋 ) =

𝒒
𝑬 + 𝒎

G 𝒅𝟑𝒓 𝝋& 4𝑳 + 𝝈 𝝋

4𝒗 =
𝒅/𝒓
𝒅𝒕

=
𝟏
𝒊
𝒓, 4𝑯 = 𝜶

The magnetic moment:
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（2）Dirac粒子的磁矩𝒈𝒔 = 𝟐

考查自由的Dirac粒子

4𝑯𝝍 = 𝑬𝝍𝝍 =
𝝋
𝜼

4𝑴 =
𝟏
𝟐
𝒒𝒓×4𝒗 =

𝟏
𝟐
𝒒𝒓×𝜶 =

𝒒
𝟐

𝟎 𝒓×𝝈
𝒓×𝝈 𝟎

𝑬 − 𝒎 𝝋 = 𝝈 . 4𝒑𝜼

𝑬 + 𝒎 𝜼 = 𝝈 . 4𝒑𝝋 𝜼 =
𝝈 . 4𝒑
𝑬 + 𝒎

𝝃

Non-relativistic limit: 𝑬~𝒎 ≫ |𝒑|~𝑽(𝒓)
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Introduction: The concept of the electron spin
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（3）Dirac粒子的spin-orbit coupling

考查中心力场中运动的Dirac粒子 4𝑯 = 𝜶 . 4𝒑 + 𝜷𝒎 + 𝑽(𝒓) 4𝑯𝒆𝒇𝒇𝝋 = 𝑬𝝋

4𝑯𝒆𝒇𝒇 = 𝒎 +
4𝒑𝟐

𝑬 + 𝒎 − 𝑽
+ 𝑽 +

𝒅𝑽
𝒓𝒅𝒓

𝝈 . 4𝑳
(𝑬 + 𝒎 − 𝑽)𝟐

− 𝒊
𝒅𝑽
𝒓𝒅𝒓

𝒓 . 4𝒑
(𝑬 + 𝒎 − 𝑽)𝟐

≈ 𝒎 +
4𝒑𝟐

𝟐𝒎
+ 𝑽 +

𝟏
𝟒𝒎𝟐

𝒅𝑽
𝒓𝒅𝒓

𝝈 . 4𝑳 − 𝒊
𝒅𝑽
𝒓𝒅𝒓

𝒓 . 4𝒑
𝟒𝒎𝟐

but this is NOT the non-relativistic equation! 𝝃 is not normalized, 4𝑯𝒆𝒇𝒇 is not Hermitian
The correct form is obtained by using the Foldy-Wouthuysen transformation.
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Introduction: The concept of the electron spin

Orbit angular momentum is non-zero even if the quark is in the ground state.

𝒋 = 𝒍 ± 𝟏
𝟐
, 𝒍 − 𝒍# = ∓𝟏, and 𝝅 = −𝟏 𝒍

The stationary state is taken as the eigenstate of (4𝑯, /⃗𝑱𝟐, /𝑱𝒛, S𝝅) , where S𝝅 is parity:

𝝍𝑬𝒏𝒋𝒎𝝅 𝒓, 𝜽,𝝓, 𝑺 =
𝒇𝒏𝒍(𝒓)𝛀𝒋𝒎

𝒍 (𝜽,𝝓)

−𝟏 (𝒍+𝒍,-𝟏)/𝟐𝒈𝒏𝒍,(𝒓)𝛀𝒋𝒎
𝒍, (𝜽,𝝓)

𝛀𝒋𝒎𝒍 (𝜽,𝝓) is the eigenstate of (/⃗𝑱𝟐, /𝑳𝟐, /𝑱𝒛):  

𝛀𝒋𝒎
𝒍 𝜽,𝝋 =

𝒋 +𝒎
𝟐𝒋

𝒀
𝒍 𝒎+𝟏𝟐

𝜽,𝝋 𝝃
𝟏
𝟐
+

𝒋 −𝒎
𝟐𝒋

𝒀
𝒍 𝒎-𝟏𝟐

𝜽,𝝋 𝝃 −
𝟏
𝟐

𝛀𝒋𝒎
𝒍 𝜽,𝝋 = −

𝒋 −𝒎+ 𝟏
𝟐𝒋 + 𝟐

𝒀
𝒍 𝒎+𝟏𝟐

𝜽,𝝋 𝝃
𝟏
𝟐
+

𝒋 +𝒎+ 𝟏
𝟐𝒋 + 𝟐

𝒀
𝒍 𝒎-𝟏𝟐

𝜽,𝝋 𝝃 −
𝟏
𝟐

𝒋 = 𝒍 +
𝟏
𝟐

𝒋 = 𝒍 −
𝟏
𝟐

:𝑯𝝍 = 𝑬𝝍 :𝑯 = 𝜶 ⋅ :𝒑 + 𝜷𝒎+ 𝑽(𝒓)

11
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Introduction: The concept of the electron spin

𝝍𝟎 ≡𝝍𝑬𝟎
𝟏
𝟐𝒎-

(𝒓,𝜽,𝝋, 𝑺) =
𝒇𝟎𝟎(𝒓)𝛀𝟏

𝟐𝒎
𝟎 (𝜽,𝝋)

−𝒈𝟎𝟏(𝒓)𝛀𝟏
𝟐𝒎
𝟏 (𝜽,𝝋)

Ground state：  𝑬 = 𝑬𝟎 , 𝒋 =
𝟏
𝟐
, 𝝅 = +𝟏 𝒍 = 𝟎 ,𝒎 = ± 𝟏

𝟐

𝝍𝟎
:𝑴 𝝍𝟎 = 𝝁𝝃-(𝒎)𝝈𝝃(𝒎) 𝝁 =−

𝟐
𝟑𝒆H𝒅𝒓𝒓

𝟑𝒇𝟎𝟎(𝒓)𝒈𝟎𝟏(𝒓)

𝛀𝟏
𝟐𝒎
𝟏 𝜽,𝝋 =

𝟑+𝟐𝒎
𝟔 𝒀

𝟏,𝒎-𝟏𝟐
𝜽,𝝋 𝝃 −

𝟏
𝟐 −

𝟑−𝟐𝒎
𝟔 𝒀

𝟏,𝒎+𝟏𝟐
𝜽,𝝋 𝝃

𝟏
𝟐

𝛀𝟏
𝟐𝒎
𝟎 𝜽,𝝋 = 𝒀𝟎𝟎 𝜽,𝝋 𝝃 𝒎 =

𝟏
𝟒𝝅

𝝃 𝒎

The magnetic moment

The average value of the orbital angular momentum

𝝍𝟎
L𝑳𝟐 𝝍𝟎 = 𝟐H𝒅𝒓𝒓𝟐𝒈𝟎𝟏𝟐 𝒓 𝝍𝟎

L𝑳𝒛 𝝍𝟎 =
𝟓𝒎
𝟑 H𝒅𝒓𝒓𝟐𝒈𝟎𝟏𝟐 𝒓

ZTL and Meng Ta-chung（孟大中） , Z. Phys. A344, 177 (1992).
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Spin-orbit coupling in systems under strong interaction

Nuclear shell model

LS-coupling ⟹ “magic numbers”

M.G. Mayer, J.H.D. Jensen（1948）

M.G. Mayer and J.H.D. Jensen, “Elementary Theory of Nuclear Shell Structure” , 
Wiley, New York and Chapman Hall, London, 1955. 

Nobel price 1963

At the hadron level
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Introduction: The concept of electron spin

Three characteristics of spin

l 量子

l 相对论

l 自旋轨道耦合

空间量子化示意图

𝒈 = 𝟐, point-like;  g-2 experiments, test of QED, new physics.
Anomalous magnetic moment:
𝒈 ≠ 𝟐 significantly different from 2, composite nature of particles;
e.g. 𝝁𝒑 = 𝟐. 𝟗𝟕𝝁𝑵 , 𝝁𝒏 = −𝟏. 𝟗𝟏𝝁𝑵 the first signature of structure of nucleon.

By the way
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Contents of Part I
I. Introduction: The concept of spin
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Description of spin states: spin-1/2 particles

单粒子状态,非相对论情形

/𝒔 =
𝟏
𝟐𝝈

𝝈𝒙 =
𝟎 𝟏
𝟏 𝟎 𝝈𝒚 =

𝟎 −𝒊
𝒊 𝟎 𝝈𝒛 =

𝟏 𝟎
𝟎 −𝟏

𝝈𝒛𝝃𝒛 𝒎 =𝒎𝝃𝒛 𝒎 𝝃𝒛 + = 𝟏
𝟎 𝝃𝒛 − = 𝟎

𝟏

For any  𝒏 = sin𝜽cos𝝋𝒆𝒙 + sin𝜽sin𝝋𝒆𝒚 + cos𝜽𝒆𝒛 , we have

𝝈𝒏𝝃𝒏 𝒎 =𝒎𝝃𝒏 𝒎𝝈𝒏 = 𝝈 . 𝒏 𝝃𝒏 + =
cos

𝜽
𝟐

sin
𝜽
𝟐𝒆

𝒊𝝋

For any  𝝃 = 𝒂
𝒃 ,  we have 𝝈𝒏𝝃 = 𝝃 tan

𝜃
2 =

|𝒃|
|𝒂| 𝒆𝒊𝝋 =

|𝒂|𝒃
|𝒃|𝒂

For any  4𝑶, we have 4𝑶 = 4𝑶𝒔𝑰 +
4𝑶𝑽 . 𝝈 4𝑶𝒔 =

𝟏
𝟐𝐓𝐫

4𝑶 4𝑶𝑽 =
𝟏
𝟐𝐓𝐫(𝝈

4𝑶)

16
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Description of spin states: spin-1/2 particles

单粒子状态,相对论情形

𝒖 𝒑, 𝒔 = 𝑵
𝝃𝒛(𝒎)

𝝈 . 𝒑
𝑬+𝒎𝝃𝒛(𝒎)

𝝍𝒑𝑺 𝒙 = 𝒖(𝒑, 𝒔)𝒆𝒊𝒑𝒙
𝝈𝒛𝝃𝒛 𝒎 =𝒎𝝃𝒛 𝒎

Helicity（螺旋度）

𝒖 𝒑, 𝝀 = 𝑵

𝝃𝒉(𝝀)

𝝀
𝑬−𝒎
𝑬+𝒎𝝃𝒉(𝝀)

𝝈 O 𝒑
|𝒑|

𝝃𝒉 𝝀 = 𝝀𝝃𝒉 𝝀

4𝒉 ≡
𝚺 . 𝒑
|𝒑|

4𝒉𝒖 𝒑, 𝝀 = 𝝀𝒖(𝒑, 𝝀)

𝒖 𝒑, 𝝀 =
𝝃𝒉(𝝀)
𝝀𝝃𝒉(𝝀)

𝒎 = 𝟎

𝝃𝒉 + =
𝐜𝐨𝐬 𝜽

𝟐

𝐬𝐢𝐧 𝜽

𝟐
𝒆+𝒊𝝋

𝝃𝒉 − =
𝐬𝐢𝐧 𝜽

𝟐

−𝐜𝐨𝐬 𝜽
𝟐
𝒆+𝒊𝝋

𝚺𝒛𝒖 𝒑, 𝑺 ≠ 𝒎𝒖 𝒑, 𝑺
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Description of spin states: spin-1/2 particles

Helicity（螺旋度） 4𝒉 ≡
𝚺 . 𝒑
|𝒑|

周光召
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Description of spin states: spin-1/2 particles

Helicity（螺旋度） 4𝒉 ≡
𝚺 . 𝒑
|𝒑|

① Only for particles with given 𝒑

② Neither additive nor multiplicative

③ Lorentz invariant for 𝒎 = 𝟎, helicity=chirality

④ Helicity conservation：
l scattering: 𝒉89 = 𝒉:89;<
l pair creation/annihilation: 𝒉=;>?8@<A = −𝒉;9?8=;>?8@<A

𝝍 = 𝝍𝑳 + 𝝍𝑹 𝝍𝑳/𝑹 =
𝟏
𝟐
𝟏 ± 𝜸𝟓 𝝍

𝝍𝝍 = 𝝍𝑳𝝍𝑹 + 𝝍𝑹𝝍𝑳 𝝍𝜸𝝁𝝍 = 𝝍𝑳𝜸𝝁𝝍𝑳 + 𝝍𝑹𝜸𝝁𝝍𝑹

The most well-known example:  𝝈 𝝅G → 𝝁G𝝂𝝁 ≫ 𝝈 𝝅G → 𝒆G𝝂𝒆
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Description of spin states: spin-1/2 particles

Chirality and helicity

{𝜸𝟓, 𝜸𝝁} = 𝟎

（1）Chirality（手征性）定义与性质

𝜸𝟓𝟐 = 𝟏 𝜸𝟓 =
𝟎 𝑰
𝑰 𝟎𝜸𝟓

& = 𝜸𝟓

𝜸𝟓𝝍 = 𝝀𝝍 𝝀 = ±𝟏 𝝍𝑳/𝑹 =
𝟏
𝟐
(𝟏±𝜸𝟓)𝝍 𝝍 = 𝝍𝑳 +𝝍𝑹

𝝍&𝝍 = 𝝍𝑳
&𝝍𝑳 +𝝍𝑹

&𝝍𝑹 𝝍𝑳
&𝝍𝑹 = 𝝍𝑹

&𝝍𝑳 = 𝟎

𝝍𝝍 = 𝝍𝑳𝝍𝑹 +𝝍𝑹𝝍𝑳 𝝍𝑳𝝍𝑳 = 𝝍𝑹𝝍𝑹 = 𝟎

𝝍𝜸𝝁𝝍 = 𝝍𝑳𝜸𝝁𝝍𝑳 +𝝍𝑹𝜸𝝁𝝍𝑹 𝝍𝑳𝜸𝝁𝝍𝑹 = 𝝍𝑹𝜸𝝁𝝍𝑳 = 𝟎

（2）当𝐦 = 𝟎时，  chirality=helicity 

𝜸𝟓 = 𝒊𝜸𝟎 𝜸𝟏 𝜸𝟐 𝜸𝟑

𝒖 𝒑, 𝝀 = 𝝃(𝝀)
𝝀𝝃(𝝀) 𝜸𝟓𝒖 𝒑, 𝝀 = 𝝀𝝃(𝝀)

𝝃(𝝀)

𝒖 𝒑,𝑹 = 𝝃(+)
𝝃(+) = 𝒖 𝒑,+ 𝒖 𝒑, 𝑳 = 𝝃(−)

𝝃(−) = 𝒖 𝒑,−

20
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Description of spin states: spin-1/2 particles

Dirac spinor的bilinear covariants（双线性协变量）

（1）The independent 𝚪-matrices

In the 2x2 case: (𝑰, 𝝈𝒙, 𝝈𝒚, 𝝈𝒛) 𝝈𝒊, 𝝈𝒋 = 𝟐𝜹𝒊𝒋 Tr𝝈𝒊 = 𝟎

For a given 4𝑶: 4𝑶 = 4𝑶𝒔𝑰 +
4𝑶𝑽 . 𝝈 4𝑶𝒔 =

𝟏
𝟐
𝐓𝐫(4𝑶) 4𝑶𝑽 =

𝟏
𝟐
𝐓𝐫(4𝑶𝝈)

Tr(𝝈𝒊𝝈𝒋) = 𝟐𝜹𝒊𝒋

In the 4x4 case: 𝚪𝒏 = {𝑰, 𝜸𝟓, 𝜸𝝁, 𝜸𝟓𝜸𝝁, 𝝈𝝁𝝂} 16 independent 𝚪-matrices

Tr𝚪𝒏 = 𝟎 besides 𝚪𝟏 = 𝑰 𝚪𝒏𝟐 = ±𝑰 𝐓𝐫 𝚪𝒂𝚪𝒃 = ±𝟒𝜹𝒂𝒃

𝜸𝟓
& = 𝜸𝟓,   𝜸𝝁& = 𝜸𝟎𝜸𝝁𝜸𝟎,   (𝜸𝟓𝜸𝝁)&= 𝜸𝟎(𝜸𝟓𝜸𝝁)𝜸𝟎,   𝝈𝝁𝝂& = 𝜸𝟎𝝈𝝁𝝂𝜸𝟎

For a given 4𝑶: 4𝑶 = 4𝑶𝒔𝑰 + 4𝑶𝑷𝜸𝟓 + 4𝑶𝑽𝝁𝜸𝝁 + 4𝑶𝑨𝝁𝜸𝟓𝜸𝝁 + 4𝑶𝑻𝝁𝝂𝝈𝝁𝝂

4𝑶𝒏 = ±
𝟏
𝟒
𝐓𝐫(4𝑶𝚪𝒏)
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Description of spin states: spin-1/2 particles

Dirac spinor的bilinear covariants（双线性协变量）

（2）The bilinear covariants

𝝍𝝍

𝝍𝜸𝟓𝝍

𝝍𝜸𝝁𝝍

𝝍𝜸𝟓𝜸𝝁𝝍

𝝍𝝈𝝁𝝂𝝍

𝝍𝚪𝒏𝝍

scalar

pseudoscalar

vector

axial vector

(anti-symmetric) tensor

4𝑷𝝍𝝍 = 𝝍𝝍
4𝑷𝝍𝜸𝟓𝝍 = − 𝝍𝜸𝟓𝝍

4𝑷𝝍𝜸𝝁𝝍 = 𝝍𝜸𝝁𝝍

4𝑷𝝍𝜸𝟓𝜸𝝁𝝍 = −𝝍𝜸𝟓𝜸𝝁𝝍

4𝑷𝝍𝝈𝝁𝝂𝝍 = 𝝍𝝈𝝁𝝂𝝍

22
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Description of spin states: spin-1/2 particles

Polarization vector of a spin-1/2 particle system

The spin density matrix  S𝝆 =�
𝜶

𝒈𝜶 | ⟩𝜶 ⟨𝜶|

We choose a basis, e.g., the helicity basis | ⟩𝝀 , where 𝝀 = ±𝟏,    

𝝆𝝀𝝀, = 𝝀 S𝝆 𝝀′ =�
𝜶

𝒈𝜶 𝝀 𝜶 𝜶 𝝀′

normalization 𝐓𝐫S𝝆 =�
𝜶

𝒈𝜶 = 𝟏

S𝝆 =
𝝆QQ 𝝆QG
𝝆GQ 𝝆GG is a 2x2 Hermitian matrix.

We decompose it as S𝝆 =
𝟏
𝟐(𝟏+𝑷 . 𝝈)

𝑷 = 𝐓𝐫 S𝝆𝝈 = ⟨𝝈⟩ is the polarization vector of the system.

Average value of 4𝑶: 4𝑶 = 𝐓𝐫 S𝝆4𝑶

Probability in the state |𝝍⟩: 𝑷𝝍 = ⟨𝝍 S𝝆 𝝍⟩

23
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Description of spin states: spin-1/2 particles

Polarization vector of a spin-1/2 particle system in a pure state | ⟩𝒑, 𝒏

𝝆𝝀𝝀, = 𝝀 S𝝆 𝝀′ = 𝝀 𝒏 𝒏 𝝀′

S𝝆 =
𝐜𝐨𝐬𝟐

𝜽
𝟐

𝟏
𝟐𝐬𝐢𝐧𝜽𝒆

𝒊𝝋

𝟏
𝟐𝐬𝐢𝐧𝜽𝒆

𝒊𝝋 𝐬𝐢𝐧𝟐
𝜽
𝟐

𝑷 = 𝐓𝐫 S𝝆𝝈 = 𝒏

𝝈 . 𝒏𝝃 𝒏 = 𝝃(𝒏)

The helicity state is given by 𝝃(𝝀) where
𝝈 . 𝒑
|𝒑| 𝝃𝒉 𝝀 = 𝝀𝝃𝒉(𝝀)

𝝀 𝒏 = 𝝃𝒉
& 𝝀 𝝃 𝒏

take 𝒑 = |𝒑|𝒆𝒛 as an example where we have 𝝃𝒉 + = 𝟏
𝟎 𝝃𝒉 − = 𝟎

𝟏

𝝃 𝒏 =
𝐜𝐨𝐬

𝜽
𝟐

𝐬𝐢𝐧
𝜽
𝟐𝒆

𝒊𝝋

𝝃𝒉
& + 𝝃 𝒏 = 𝐜𝐨𝐬

𝜽
𝟐

𝝃𝒉
& − 𝝃 𝒏 = 𝐬𝐢𝐧

𝜽
𝟐𝒆

𝒊𝝋

Non-relativistic, the spin state is given by the Pauli spinor 𝝃(𝒏)

S𝝆 = | ⟩𝒏 ⟨𝒏|

24
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Description of spin states: spin-1/2 particles

Polarization vector of a spin-1/2 particle system in a pure state | ⟩𝒑, 𝒏

Relativistic, the spin state is given by the Dirac spinor | ⟩𝒑, 𝒏

| ⟩𝒑, 𝒏 = 𝑵
𝝃(𝒏)

𝒑 . 𝝈
𝑬+𝒎𝝃(𝒏)

S𝝆 =
𝐜𝐨𝐬𝟐

𝜽
𝟐

𝟏
𝟐𝐬𝐢𝐧𝜽𝒆

𝒊𝝋

𝟏
𝟐𝐬𝐢𝐧𝜽𝒆

𝒊𝝋 𝐬𝐢𝐧𝟐
𝜽
𝟐

𝑷 = 𝐓𝐫 S𝝆𝝈 = 𝒏

where 𝝈 . 𝒏𝝃 𝒏 = 𝝃(𝒏)

The helicity state | ⟩𝒑, 𝝀 | ⟩𝒑, 𝝀 = 𝑵
𝝃𝒉(𝝀)

𝝀|𝒑|
𝑬+𝒎𝝃𝒉(𝝀)

where 𝝈 . 𝒑
|𝒑| 𝝃𝒉 𝝀 = 𝝀𝝃𝒉(𝝀)

𝝀 𝒏 = 𝒑, 𝝀 𝒑,𝒏 = 𝑵𝟐 𝝃𝒉
& 𝝀 𝝃 𝒏 + 𝝃𝒉

& 𝝀
𝝀|𝒑|
𝑬+𝒎

𝝈 . 𝒑
𝑬+𝒎𝝃 𝒏 = 𝝃𝒉

& 𝝀 𝝃 𝒏

𝝃 𝒏 =
𝐜𝐨𝐬

𝜽
𝟐

𝐬𝐢𝐧
𝜽
𝟐𝒆

𝒊𝝋

average of 𝝈 in the rest 
frame of the particle 

25
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Description of spin states: spin-1/2 particles

Relativistic, the spin state is given by the Dirac spinor | ⟩𝒑, 𝒏

𝑷 = 𝐓𝐫 S𝝆𝝈 = 𝒈𝟏𝐓𝐫 S𝝆𝟏𝝈 +𝒈𝟐𝐓𝐫 S𝝆𝟐𝝈 = 𝒈𝟏𝒏𝟏 +𝒈𝟐𝒏𝟐

average of 𝝈 in the rest frame of the particle 

Suppose the particle is in 𝒑𝟏, 𝒏𝟏 and 𝒑𝟐, 𝒏𝟐 with probabilities 𝒈𝟏 and 𝒈𝟐 respectively 

S𝝆 = 𝒈𝟏|𝒑𝟏, 𝒏𝟏⟩⟨𝒑𝟏, 𝒏𝟏| + 𝒈𝟐|𝒑𝟐, 𝒏𝟐⟩⟨𝒑𝟐, 𝒏𝟐|

𝝆𝝀𝝀, = 𝒈𝟏⟨𝒑, 𝝀|𝒑𝟏, 𝒏𝟏⟩⟨𝒑𝟏, 𝒏𝟏|𝒑, 𝝀S⟩ +𝒈𝟐⟨𝒑, 𝝀|𝒑𝟐, 𝒏𝟐⟩⟨𝒑𝟐, 𝒏𝟐|𝒑, 𝝀S⟩

𝝆𝟏𝝀𝝀, 𝒑 = ⟨𝒑, 𝝀|𝒑𝟏, 𝒏𝟏⟩⟨𝒑𝟏, 𝒏𝟏|𝒑, 𝝀S⟩

= 𝒑𝟏, 𝝀 𝒑𝟏, 𝒏𝟏 𝒑𝟏, 𝒏𝟏 𝒑𝟏, 𝝀S 𝜹𝟒(𝒑−𝒑𝟏) = 𝝆𝟏𝝀𝝀,(𝒑𝟏, 𝒏𝟏)𝜹𝟒(𝒑−𝒑𝟏)

S𝝆(𝒑) = 𝒈𝟏S𝝆𝟏(𝒑𝟏, 𝒏𝟏)𝜹𝟒(𝒑−𝒑𝟏) +𝒈𝟐S𝝆𝟐(𝒑𝟐, 𝒏𝟐)𝜹𝟒(𝒑−𝒑𝟐)

= 𝒈𝟏
𝟏
𝟐(𝟏+𝝈 ⋅ 𝒏𝟏)𝜹

𝟒(𝒑−𝒑𝟏) +𝒈𝟐
𝟏
𝟐(𝟏+𝝈 ⋅ 𝒏𝟐)𝜹

𝟒(𝒑−𝒑𝟐)

26
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For single particle, we decompose

Y𝝆(𝟏) = 𝟏

𝟐
𝕀 + 𝑷𝟏𝒊Y𝝈𝟏𝒊

Y𝝆(𝟏𝟐) = 𝟏

𝟐𝟐
𝕀𝟏 ⊗ 𝕀𝟐 + 𝑷𝟏𝒊Y𝝈𝟏𝒊 ⊗ 𝕀𝟐 + 𝑷𝟐𝒊𝕀𝟏 ⊗ Y𝝈𝟐𝒊 + 𝒕𝒊𝒋

𝟏𝟐 Y𝝈𝟏𝒊 ⊗ Y𝝈𝟐𝒋

Y𝝆(𝟏𝟐) = Y𝝆(𝟏) ⊗ Y𝝆 𝟐 + 𝟏

𝟐𝟐
𝒄𝒊𝒋
(𝟏𝟐)Y𝝈𝟏𝒊 ⊗ Y𝝈𝟐𝒋

For two particle system (12), 

For three particle system (123)

Y𝝆(𝟏𝟐𝟑) = Y𝝆(𝟏) ⊗ Y𝝆 𝟐 ⊗ Y𝝆 𝟑 + 𝟏

𝟐𝟐
𝒄𝒊𝒋
(𝟏𝟐)Y𝝈𝟏𝒊 ⊗ Y𝝈𝟐𝒋 ⊗ Y𝝆 𝟑 + (𝟏 → 𝟐 → 𝟑)

we are used to

we propose

shortage:

𝑷𝟏𝒊 = Y𝝈𝟏𝒊 = 𝐓𝐫[Y𝝆 𝟏 Y𝝈𝟏𝒊]

𝒄𝒊𝒋
(𝟏𝟐) = Y𝝈𝟏𝒊Y𝝈𝟐𝒋 − Y𝝈𝟏𝒊 Y𝝈𝟐𝒋 𝒄𝒊𝒋

𝟏𝟐 = 𝟎 if  Y𝝆(𝟏𝟐) = Y𝝆(𝟏) ⊗ Y𝝆 𝟐

+ 𝟏

𝟐𝟑
𝒄𝒊𝒋𝒌
(𝟏𝟐𝟑)Y𝝈𝟏𝒊 ⊗ Y𝝈𝟐𝒋 ⊗ Y𝝈𝟑𝒌

𝒕𝒊𝒋
𝟏𝟐 = 𝑷𝟏𝒊𝑷𝟐𝒋 ≠ 𝟎 if Y𝝆(𝟏𝟐) = Y𝝆(𝟏) ⊗ Y𝝆 𝟐

Ji-peng Lv, Zi-han Yu, ZTL, Qun Wang and Xin-Nian Wang, PRD109, 114003 (2024)

27

Description of quark spin correlations —— 𝜶-dependence
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Single particle:  Y𝝆 𝟏 (𝜶) = 𝟏

𝟐
𝟏 + 𝑷𝟏𝒊(𝜶)Y𝝈𝟏𝒊

Two particle system A=(12):  Y𝝆 𝟏𝟐 (𝜶𝟏 , 𝜶𝟐) = Y𝝆 𝟏 (𝜶𝟏) ⊗ Y𝝆 𝟐 (𝜶𝟐) +
𝟏

𝟐𝟐
𝒄𝒊𝒋
(𝟏𝟐)(𝜶𝟏 , 𝜶𝟐)Y𝝈𝟏𝒊 ⊗ Y𝝈𝟐𝒋

Suppose A=(12) is in the state |𝜶𝟏𝟐 ⟩,  the 𝜶𝟏𝟐 -dependent spin density matrix for A is

:𝝆 𝟏𝟐 (𝜶𝟏𝟐) = ⟨𝜶𝟏𝟐 | Y𝝆 𝟏𝟐 𝜶𝟏 , 𝜶𝟐 |𝜶𝟏𝟐⟩ = ∑𝜶𝟏𝜶𝟐 𝜶𝟏 , 𝜶𝟐 𝜶𝟏𝟐 𝟐 Y𝝆 𝟏𝟐 𝜶𝟏 , 𝜶𝟐

= :𝝆 𝟏 𝜶𝟏𝟐 ⊗ :𝝆 𝟐 𝜶𝟏𝟐 + 𝟏

𝟐𝟐
𝒄𝒊𝒋
𝟏𝟐 𝜶𝟏𝟐 Y𝝈𝟏𝒊⊗ Y𝝈𝟐𝒋

𝑷𝟏𝒊 𝜶𝟏𝟐 = ∑𝜶𝟏𝜶𝟐 𝜶𝟏 , 𝜶𝟐 𝜶𝟏𝟐 𝟐 𝑷𝟏𝒊 𝜶𝟏 ≡ 𝑷𝟏𝒊(𝜶𝟏)

𝒄𝒊𝒋
(𝟏𝟐) 𝜶𝟏𝟐 ≠ 𝒄𝒊𝒋

𝟏𝟐 (𝜶𝟏 , 𝜶𝟐)However, the correlation

equals to 𝑷𝟏𝒊
averaged inside A

does not equal to 𝒄𝒊𝒋
(𝟏𝟐) averaged inside A

The polarization

instead

average inside A

𝒄𝒊𝒋
(𝟏𝟐) 𝜶𝟏𝟐 = ⟨𝒄𝒊𝒋

(𝟏𝟐) 𝜶𝟏 , 𝜶𝟐 ⟩ + 𝒄𝒊𝒋
(𝟏𝟐;𝟎) 𝜶𝟏𝟐

𝒄𝒊𝒋
(𝟏𝟐;𝟎) 𝜶𝟏𝟐 ≡ 𝑷𝟏𝒊 𝜶𝟏 𝑷𝟐𝒋 𝜶𝟐 − 𝑷𝟏𝒊 𝜶𝟏 𝑷𝟏𝒊(𝜶𝟏)

“effective correlation”  =  “genuine correlation”  +  “induced correlation”
the observed generated from 

the dynamical process
caused by 

the average over 𝜶𝒊

:𝝆 𝟏 𝜶𝟏𝟐 = ∑𝜶𝟏𝜶𝟐 𝜶𝟏 , 𝜶𝟐 𝜶𝟏𝟐 𝟐 Y𝝆(𝟏) 𝜶𝟏 = 𝟏

𝟐
𝟏 + 𝑷𝟏𝒊(𝜶𝟏𝟐)Y𝝈𝟏𝒊

28
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Spin density matrix for V from quark combination

2024年 8月 5-6日复旦大学 29

If only spin degree of freedom is considered

S𝝆𝑽 = 4ℳS𝝆 𝒒𝟏𝒒𝟐 4ℳ &

𝝆𝒎𝒎,
𝑽 = ⟨𝒋𝒎 :ℳY𝝆 𝒒𝟏𝒒𝟐 :ℳ = 𝒋𝒎′⟩

= k
𝒎𝟏𝒎𝟐,𝒎#𝟏𝒎#𝟐

⟨𝒋𝒎| :ℳ 𝒎𝟏𝒎𝟐 ⟨𝒎𝟏𝒎𝟐 |Y𝝆 𝒒𝟏𝒒𝟐 𝒎#
𝟏𝒎#

𝟐 ⟨𝒎#
𝟏𝒎#

𝟐 | :ℳ = |𝒋𝒎′⟩

𝒋𝒎 :ℳ 𝒎𝟏𝒎𝟐 = k
𝒋#𝒎#

𝒋𝒎 :ℳ|𝒋#𝒎#⟩⟨𝒋′𝒎′ 𝒎𝟏𝒎𝟐

= 𝑵 k
𝒎𝟏𝒎𝟐,𝒎#𝟏𝒎#𝟐

⟨𝒋𝒎 𝒎𝟏𝒎𝟐 ⟨𝒎𝟏𝒎𝟐 |Y𝝆 𝒒𝟏𝒒𝟐 𝒎#
𝟏𝒎#

𝟐 ⟨𝒎#
𝟏𝒎#

𝟐 |𝒋𝒎′⟩

①angular momentum conservation 𝒋 = 𝒋# , 𝒎 = 𝒎′
② ⟨𝒋𝒎| :ℳ|𝒋𝒎⟩ is independent of 𝒎

4ℳ : transition matrixFor 𝒒𝟏 + 𝒒𝟐 → 𝑽 , in general

= 𝑵𝒋 𝒋𝒎|𝒎𝟏𝒎𝟐

= 𝒋𝒎 :ℳ|𝒋𝒎⟩⟨𝒋𝒎 𝒎𝟏𝒎𝟐

space rotation invariance demands
since

independent of 4ℳ

𝒊 → 𝒇 = 4ℳ|𝒊⟩,   S𝝆𝒇 = ∑𝜶 𝒈𝜶 |𝒇𝜶⟩⟨𝒇𝜶| = ∑𝜶 𝒈𝜶 4ℳ|𝒊𝜶⟩⟨𝒊𝜶| 4ℳ & = 4ℳS𝝆𝒊 4ℳ &

29
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Description of spin states: spin-1/2 particles

Four dimensional polarization vector and spin projection operator of a spin-1/2 particle

In the rest frame 𝒔 = (𝟎, 𝒔) 𝒑 . 𝒔 = 𝟎

In the moving frame 𝒔 =
𝒑 . 𝒔
𝒎 , 𝒔 +

(𝒑 . 𝒔)𝒑
𝒎(𝑬+𝒎)

Space reflection: 𝒑𝝁 = 𝒑𝟎, 𝒑 → �𝒑𝝁 = 𝒑𝝁 = (𝒑𝟎, −𝒑)

𝒔𝝁 = 𝒔𝟎, 𝒔 → −�𝒔𝝁= −𝒔𝝁 = (−𝒔𝟎, 𝒔)

Longitudinal polarization 𝒔 ∥ 𝒑: 𝒔|| = 𝝀
𝟏
𝒎 𝒑 ,𝑬

𝒑
𝒑 = 𝝀𝒗

𝒑
𝒎+𝝀

𝒎
𝑬 𝟎,

𝒑
𝒑 → 𝝀

𝒑
𝒎

Transverse polarization 𝒔 ⊥ 𝒑: 𝒔V = (𝟎, 𝒔V, 𝟎)

𝒔 = 𝒔|| +𝒔V = 𝝀𝒗
𝒑
𝒎+𝝀

𝒎
𝑬 𝟎,

𝒑
𝒑 + 𝒔V

30
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Description of spin states: spin-1/2 particles

𝒖(𝒑, 𝒔) = 𝑵
𝝃(𝒔)

𝒑 O 𝝈
𝑬 +𝒎𝝃(𝒔)

where 𝝈 O 𝒔𝝃 𝒔 = 𝝃(𝒔)

The spin projection operator

𝝃(𝒔)𝝃=(𝒔) =
𝟏
𝟐 (𝟏 + 𝝈 O 𝒔)

𝒖(𝒑, 𝒔)𝒖(𝒑, 𝒔) = (𝒑+𝒎)
𝟏
𝟐(𝟏+𝜸𝟓𝒔)

𝒖 𝒑, 𝒔 𝒖 𝒑, 𝒔 =
𝝃(𝒔)𝝃=(𝒔) −𝝃 𝒔 𝝃= 𝒔

𝒑 O 𝝈
𝑬+𝒎

𝒑 O 𝝈
𝑬+𝒎𝝃(𝒔)𝝃=(𝒔) −

𝒑 O 𝝈
𝑬+𝒎𝝃(𝒔)𝝃=(𝒔)

𝒑 O 𝝈
𝑬+𝒎

=

𝟏
𝟐(𝟏+𝝈 O 𝒔) −

𝒑 O 𝝈
𝑬+𝒎

𝟏
𝟐[𝟏−𝝈 O 𝒔+

𝟐
𝒑𝟐 𝒑 O 𝝈 𝒔 O 𝝈 ]

𝒑 O 𝝈
𝑬+𝒎

𝟏
𝟐(𝟏+𝝈 O 𝒔) −

𝑬−𝒎
𝑬+𝒎

𝟏
𝟐[𝟏−𝝈 O 𝒔+

𝟐
𝒑𝟐 𝒑 O 𝝈 𝒔 O 𝝈 ]

=
𝟏 −

𝒑 O 𝝈
𝑬+𝒎

𝒑 O 𝝈
𝑬+𝒎 −

𝑬−𝒎
𝑬+𝒎

𝟏
𝟐(𝟏+𝝈 O 𝒔) 𝟎

𝟎
𝟏
𝟐[𝟏−𝝈 O 𝒔+

𝟐
𝒑𝟐 𝒑 O 𝝈 𝒔 O 𝝈 ]

31

322024年 8月 5-6日复旦大学

Description of spin states: spin-1/2 particles

The spin projection operator 𝒖(𝒑, 𝒔)𝒖(𝒑, 𝒔) = (𝒑+𝒎)
𝟏
𝟐(𝟏+𝜸𝟓𝒔)

𝟏 + 𝝈 Y 𝒔 𝟎

𝟎 𝟏 − 𝝈 Y 𝒔 +
𝟐
𝒑𝟐

𝒑 Y 𝝈 𝒔 Y 𝝈 = 𝟏 + 𝜸𝟓𝜸 Y 𝒔 +
−
(𝒑 Y 𝒔)(𝒑 Y 𝝈)
𝒎(𝑬 + 𝒎)

𝒑 Y 𝒔
𝒎

−
𝒑 Y 𝒔
𝒎

(𝒑 Y 𝒔)(𝒑 Y 𝝈)
𝒎(𝑬 − 𝒎)

𝑵𝟐
𝟏 −

𝒑 Y 𝝈
𝑬 + 𝒎

𝒑 Y 𝝈
𝑬 + 𝒎

−
𝑬 − 𝒎
𝑬 + 𝒎

=
𝑵𝟐

𝑬 + 𝒎
𝑬 + 𝒎 −𝒑 Y 𝝈
𝒑 Y 𝝈 −𝑬 + 𝒎

=
𝑵𝟐

𝑬 + 𝒎
(𝜸 Y 𝒑 + 𝒎)

𝜸𝟓 =
𝟎 𝟏
𝟏 𝟎

𝜸𝟓𝜸𝟎 =
𝟎 −𝟏
𝟏 𝟎

𝜸𝟓𝜸 =
−𝝈 𝟎
𝟎 𝝈

𝒔 = (
𝒑 Y 𝒔
𝒎

, 𝒔 +
(𝒑 Y 𝒔)𝒑
𝒎(𝑬 + 𝒎)

)

𝜸𝟓𝜸 Y 𝒔 =
𝝈 Y 𝒔 +

(𝒑 Y 𝒔)(𝒑 Y 𝝈)
𝒎(𝑬 + 𝒎)

−
𝒑 Y 𝒔
𝒎

𝒑 Y 𝒔
𝒎

−𝝈 Y 𝒔 −
(𝒑 Y 𝒔)(𝒑 Y 𝝈)
𝒎(𝑬 + 𝒎)

𝜸 Y 𝒑 + 𝒎
−

𝒑 Y 𝒔 𝒑 Y 𝝈
𝒎 𝑬 + 𝒎

𝒑 Y 𝒔
𝒎

−
𝒑 Y 𝒔
𝒎

𝒑 Y 𝒔 𝒑 Y 𝝈
𝒎 𝑬 − 𝒎

= 𝟎

32
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Description of spin states: spin-1 particles

4𝑺 = 𝚺 𝚺𝒛 =
𝟏 𝟎 𝟎
𝟎 𝟎 𝟎
𝟎 𝟎 −𝟏

𝚺𝒚 =
𝒊
𝟐

𝟎 −𝟏 𝟎
𝟏 𝟎 −𝟏
𝟎 𝟏 𝟎

𝚺𝒙 =
𝟏

𝟐

𝟎 𝟏 𝟎
𝟏 𝟎 𝟏
𝟎 𝟏 𝟎

Spin operator

𝝀 = 𝟏 =
𝟏
𝟎
𝟎

𝝀 = −𝟏 =
𝟎
𝟎
𝟏

𝝀 = 𝟎 =
𝟎
𝟏
𝟎

The helicity basis

The polarization vector 𝜺
𝜺 𝒙 ≡

𝟏
𝟐

𝝀 = −𝟏 − |𝝀 = 𝟏⟩ 𝜺 𝒚 ≡
𝒊
𝟐

𝝀 = −𝟏 + |𝝀 = 𝟏⟩

𝜺 𝒛 ≡ |𝝀 = 𝟎⟩

The basis:

The general form of a pure state: 𝜺 = 𝜺𝒙 𝜺 𝒙 +𝜺𝒚 𝜺 𝒚 +𝜺𝒛 𝜺 𝒛

𝜺 = (𝜺𝒙, 𝜺𝒚, 𝜺𝒛 )The polarization vector is defined as:

𝑺 ≡ 𝑺 = 𝑺𝑻, 𝝀The spin polarization vector 𝑺 in the rest frame of V
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Description of spin states: spin-1 particles

The spin density matrix

Y𝝆 =
𝝆𝟏𝟏 𝝆𝟏𝟎 𝝆𝟏+𝟏
𝝆𝟎𝟏 𝝆𝟎𝟎 𝝆𝟎+𝟏
𝝆+𝟏𝟏 𝝆+𝟏𝟎 𝝆+𝟏+𝟏

Decomposition Y𝝆 =
𝟏
𝟑
𝟏 +

𝟑
𝟐
𝑺𝒊𝚺 𝐢 + 𝟑𝐓 𝐢𝐣𝚺 CD 𝚺 CD =

𝟏
𝟐
𝚺 𝐢𝚺 𝐣 + 𝚺 𝐣𝚺 𝐢 −

𝟐
𝟑
𝑰𝜹𝒊𝒋

𝑻 =
𝟏
𝟐

−
𝟐
𝟑
𝑺𝑳𝑳 + 𝑺𝑻𝑻

𝒙𝒙 𝑺𝑻𝑻
𝒙𝒙 𝑺𝑳𝑻

𝒙

𝑺𝑻𝑻
𝒙𝒚 −

𝟐
𝟑
𝑺𝑳𝑳 − 𝑺𝑻𝑻

𝒙𝒙 𝑺𝑳𝑻
𝒚

𝑺𝑳𝑻
𝒙 𝑺𝑳𝑻

𝒚 𝟒
𝟑
𝑺𝑳𝑳

= −
𝟏
𝟑

𝑺𝑳𝑳 𝟎 𝟎
𝟎 𝑺𝑳𝑳 𝟎
𝟎 𝟎 −𝟐𝑺𝑳𝑳

+
𝟏
𝟐

𝟎 𝟎 𝑺𝑳𝑻
𝒙

𝟎 𝟎 𝑺𝑳𝑻
𝒚

𝑺𝑳𝑻
𝒙 𝑺𝑳𝑻

𝒚 𝟎
+
𝟏
𝟐

𝑺𝑻𝑻
𝒙𝒙 𝑺𝑻𝑻

𝒙𝒙 𝟎
𝑺𝑻𝑻
𝒙𝒚 𝑺𝑻𝑻

𝒙𝒙 𝟎
𝟎 𝟎 𝟎
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Description of spin states: spin-1 particles

Spin density matrix in terms of Lorentz covariants

Spin polarization vector: 𝑺 = 𝟎, 𝑺𝒙 , 𝑺𝒚 , 𝑺𝒛 = (𝟎, 𝑺𝑻
𝒙 , 𝑺𝑻

𝒚 , 𝑺𝑳)

Tensor polarization: Scalar 𝑺𝑳𝑳
Vector 𝑺𝑳𝑻 = (𝟎, 𝑺𝑳𝑻

𝒙 , 𝑺𝑳𝑻
𝒚 , 𝟎)

Tensor 𝑺𝑻𝑻 =

𝟎 𝟎
𝟎 𝑺𝑻𝑻𝒙𝒙

𝟎 𝟎
𝑺𝑻𝑻
𝒙𝒚 𝟎

𝟎 𝑺𝑻𝑻
𝒙𝒚

𝟎 𝟎
𝑺𝑻𝑻
𝒚𝒚 𝟎
𝟎 𝟎

Y𝝆 =

𝟏 + 𝑺𝑳𝑳
𝟑

+
𝑺𝑳
𝟐

𝑺𝑳𝑻𝒙 − 𝒊𝑺𝑳𝑻
𝒚 + (𝑺𝑻𝒙 − 𝒊𝑺𝑻

𝒚)
𝟐 𝟐

𝑺𝑻𝑻𝒙𝒙 − 𝒊𝑺𝑻𝑻
𝒙𝒚

𝟐
𝑺𝑳𝑻𝒙 + 𝒊𝑺𝑳𝑻

𝒚 + (𝑺𝑻𝒙 + 𝒊𝑺𝑻
𝒚)

𝟐 𝟐
𝟏 − 𝟐𝑺𝑳𝑳

𝟑
−𝑺𝑳𝑻𝒙 + 𝒊𝑺𝑳𝑻

𝒚 + (𝑺𝑻𝒙 − 𝒊𝑺𝑻
𝒚)

𝟐 𝟐
𝑺𝑻𝑻𝒙𝒙 + 𝒊𝑺𝑻𝑻

𝒙𝒚

𝟐
−𝑺𝑳𝑻𝒙 − 𝒊𝑺𝑳𝑻

𝒚 + (𝑺𝑻𝒙 + 𝒊𝑺𝑻
𝒚)

𝟐 𝟐
𝟏 + 𝑺𝑳𝑳
𝟑

−
𝑺𝑳
𝟐

transverse 
plane

See e.g. A. Bacchetta, & P.J. Mulders, PRD62, 114004 (2000).
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Description of spin states: spin-1 particles

Relationship between the spin polarization vector 𝑺 and the polarization vector 𝜺

𝑺 = 𝑺 = 𝟎, 𝟎,±𝟏𝜺(±) =
𝟏
𝟐
(∓𝟏,−𝒊, 𝟎)

𝑺 = 𝐈𝐦(𝜺∗×𝜺)

𝑺 = 𝟎 for any pure state with a real 𝜺

𝑺 = 𝑺 = 𝟎, 𝟎, 𝟎𝜺(𝟎) = (𝟎, 𝟎, 𝟏)

pure state with  
𝝆𝟎𝟎 = 𝟏 𝑺 = 𝑺 = 𝟎, 𝟎, 𝟎

𝜺(𝟎) = (𝟎, 𝟎, 𝟏)
in OZ direction

pure state with  
𝝆𝟎𝟎 = 𝟎 𝜺 = (𝐜𝐨𝐬𝜽, 𝐬𝐢𝐧𝜽𝒆𝒊𝝋 , 𝟎)

perpendicular to 
OZ direction

𝑺 = 𝑺 = 𝟎, 𝟎, 𝐬𝐢𝐧𝟐𝜽𝐬𝐢𝐧𝝋

𝝆𝟎𝟎 : vector meson spin alignment 

36
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Description of spin states: spin-1 particles

𝜺 𝒙 =
𝟏
𝟐

−𝟏
𝟎
𝟏

37

𝝀 = 𝟏 =
𝟏
𝟎
𝟎

𝝀 = −𝟏 =
𝟎
𝟎
𝟏

𝝀 = 𝟎 =
𝟎
𝟏
𝟎

𝜺 𝒚 =
𝒊
𝟐

𝟏
𝟎
𝟏

𝜺 𝒛 =
𝟎
𝟏
𝟎

𝜺 = 𝜺𝒙 𝜺 𝒙 + 𝜺𝒚 𝜺 𝒚 + 𝜺𝒛 𝜺 𝒛 =

𝟏
𝟐
(−𝜺𝒙 + 𝒊𝜺𝒚)

𝜺𝒛
𝟏
𝟐
(𝜺𝒙 + 𝒊𝜺𝒚)

⟨𝜺| =
𝟏
𝟐
(−𝜺𝒙∗ − 𝒊𝜺𝒚∗ ) 𝜺𝒛∗

𝟏
𝟐
(𝜺𝒙∗ − 𝒊𝜺𝒚∗ )

The pure state: 

𝚺𝒛 =
𝟏 𝟎 𝟎
𝟎 𝟎 𝟎
𝟎 𝟎 −𝟏

𝚺𝒚 =
𝒊

𝟐

𝟎 −𝟏 𝟎
𝟏 𝟎 −𝟏
𝟎 𝟏 𝟎

𝚺𝒙 =
𝟏

𝟐

𝟎 𝟏 𝟎
𝟏 𝟎 𝟏
𝟎 𝟏 𝟎

𝑺 = 𝑺 = 𝚺𝒙 , 𝚺𝒚 , 𝚺𝒛 =
𝟏
𝟐
𝒊 𝜺𝒛∗𝜺𝒚 − 𝜺𝒚∗𝜺𝒛 , 𝒊 𝜺𝒛∗𝜺𝒙 − 𝜺𝒙∗𝜺𝒛 , 𝒊 𝜺𝒙∗𝜺𝒚 − 𝜺𝒚∗𝜺𝒙 = 𝐈𝐦(𝜺∗×𝜺)
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Description of spin states: spin-1 particles

The spin density matrix: 

38

𝝆𝟎𝟎 = 𝟏 𝑺 = 𝑺 = 𝟎, 𝟎, 𝟎𝜺 = (𝟎, 𝟎, 𝟏)𝜺𝒛 = 𝟏

𝝆𝟎𝟎 = 𝟎 𝜺𝒛 = 𝟎 c𝝆 𝜺 =

𝟏
𝟐
𝜺𝒙 − 𝒊𝜺𝒚

𝟐
𝟎

𝟏
𝟐
(−𝜺𝒙 + 𝒊𝜺𝒚)(𝜺𝒙∗ − 𝒊𝜺𝒚∗)

𝟎 𝟎 𝟎
𝟏
𝟐
(𝜺𝒙 + 𝒊𝜺𝒚)(−𝜺𝒙∗ − 𝒊𝜺𝒚∗) 𝟎

𝟏
𝟐
𝜺𝒙 + 𝒊𝜺𝒚

𝟐

Normalization 𝜺𝒙 𝟐 + 𝜺𝒚
𝟐
= 𝟏 𝜺𝒙 = 𝐜𝐨𝐬𝜽 𝜺𝒚 = 𝐬𝐢𝐧𝜽𝒆𝒊𝝋

𝜺𝒙 = 𝜺𝒚 = 𝟎Y𝝆 𝜺 =
𝟎 𝟎 𝟎
𝟎 𝟏 𝟎
𝟎 𝟎 𝟎

c𝝆 𝜺 =

𝟏
𝟐
(𝟏 + 𝐬𝐢𝐧𝟐𝜽𝐬𝐢𝐧𝝋) 𝟎

𝟏
𝟐
(−𝐜𝐨𝐬𝟐𝜽 + 𝒊𝐬𝐢𝐧𝟐𝜽𝐜𝐨𝐬𝝋)

𝟎 𝟎 𝟎
𝟏
𝟐
(−𝐜𝐨𝐬𝟐𝜽 − 𝒊𝐬𝐢𝐧𝟐𝜽𝐜𝐨𝐬𝝋) 𝟎

𝟏
𝟐
(𝟏 − 𝐬𝐢𝐧𝟐𝜽𝐬𝐢𝐧𝝋)

𝑺 = 𝑺 = 𝟎, 𝟎, 𝐬𝐢𝐧𝟐𝜽𝐬𝐢𝐧𝝋

𝜺 = (𝐜𝐨𝐬𝜽, 𝐬𝐢𝐧𝜽𝒆𝒊𝝋 , 𝟎)

Y𝝆 𝜺 = |𝜺⟩⟨𝜺| =

𝟏
𝟐 𝜺𝒙 −𝒊𝜺𝒚

𝟐 𝟏
𝟐
−𝜺𝒙 +𝒊𝜺𝒚 𝜺𝒛∗

𝟏
𝟐(−𝜺𝒙 +𝒊𝜺𝒚)(𝜺𝒙

∗ −𝒊𝜺𝒚∗)

𝟏
𝟐
𝜺𝒛 −𝜺𝒙∗ −𝒊𝜺𝒚∗ 𝜺𝒛 𝟐 𝟏

𝟐
𝜺𝒛 𝜺𝒙∗ −𝒊𝜺𝒚∗

𝟏
𝟐(𝜺𝒙 +𝒊𝜺𝒚)(−𝜺𝒙

∗ −𝒊𝜺𝒚∗)
𝟏
𝟐
(𝜺𝒙 +𝒊𝜺𝒚)𝜺𝒛∗

𝟏
𝟐 𝜺𝒙 +𝒊𝜺𝒚

𝟐

38
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Description of polarization of the photon

39

Circular polarization of the photon:

in the helicity state 𝝆𝜸𝒄𝒊𝒓𝒄 =
𝟏
𝟐

𝟏 + 𝑷𝒄𝒊𝒓𝒄 𝟎 𝟎
𝟎 𝟎 𝟎
𝟎 𝟎 𝟏 − 𝑷𝒄𝒊𝒓𝒄

Linear polarization of the photon:

in state 𝜺 𝒙 or |𝜺 𝒚 ⟩

𝝆𝜸
𝒍𝒊𝒏(𝒙) =

𝟏
𝟐

𝟏 𝟎 −𝑷𝒍𝒊𝒏
𝟎 𝟎 𝟎

−𝑷𝒍𝒊𝒏 𝟎 𝟏

linearly polarized along OX or OY

𝝆𝜸𝒍𝒊𝒏 =
𝟏
𝟐

𝟏 𝟎 −𝑷𝒍𝒊𝒏𝒆+𝟐𝒊𝜸
𝟎 𝟎 𝟎

−𝑷𝒍𝒊𝒏𝒆𝟐𝒊𝜸 𝟎 𝟏

𝝆𝜸
𝒍𝒊𝒏(𝒚) =

𝟏
𝟐

𝟏 𝟎 𝑷𝒍𝒊𝒏
𝟎 𝟎 𝟎
𝑷𝒍𝒊𝒏 𝟎 𝟏

in OXY plane at an angle 𝜸 to OX

𝝆𝜸𝒍𝒊𝒏 =
𝟏
𝟐

𝟏 𝟎 −𝑷𝒍𝒊𝒏𝒆+𝟐𝒊𝜸
𝟎 𝟎 𝟎

−𝑷𝒍𝒊𝒏𝒆𝟐𝒊𝜸 𝟎 𝟏
→
𝟏
𝟐

𝟏 −𝑷𝒍𝒊𝒏𝒆+𝟐𝒊𝜸

−𝑷𝒍𝒊𝒏𝒆𝟐𝒊𝜸 𝟏
=
𝟏
𝟐
𝟏 − 𝑷𝒍𝒊𝒏(𝝈𝒙𝐜𝐨𝐬𝟐𝜸 + 𝝈𝒚𝐬𝐢𝐧𝟐𝜸)
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Description of polarization of particles with different spins

Spin 3/2 hadrons: Y𝝆 =
𝟏
𝟒 𝟏 +

𝟒
𝟓𝑺

𝒊𝚺𝒊 +
𝟐
𝟑𝑻

𝒊𝒋𝚺𝒊𝒋 +
𝟖
𝟗𝑹

𝒊𝒋𝒌𝚺𝒊𝒋𝒌

Σ𝒙 =
𝟏
𝟐

𝟎 𝟑
𝟑 𝟎

𝟎 𝟎
𝟎 𝟎

𝟎 𝟎
𝟎 𝟎

𝟎 𝟑
𝟑 𝟎

Σ𝒚 =
𝟏
𝟐

𝟎 −𝒊 𝟑
𝒊 𝟑 𝟎

𝟎 𝟎
−𝒊 𝟎

𝟎 𝒊
𝟎 𝟎

𝟎 −𝒊 𝟑
𝒊 𝟑 𝟎

Σ𝒛 =
𝟏
𝟐

𝟑 𝟎
𝟎 𝟏

𝟎 𝟎
𝟎 𝟎

𝟎 𝟎
𝟎 𝟎

−𝟏 𝟎
𝟎 −𝟑

𝚺𝒊𝒋 =
𝟏
𝟐
𝚺𝒊𝚺𝒋 + 𝚺𝒋𝚺𝒊 −

𝟓
𝟒
𝜹𝒊𝒋𝟏

𝑺𝒊 = 𝑺𝑻𝒙 , 𝑺𝑻
𝒚 , 𝑺𝑳

𝑻𝒊𝒋 =
−𝑺𝑳𝑳 + 𝑺𝑻𝑻𝒙𝒙 𝑺𝑻𝑻

𝒙𝒚 𝑺𝑳𝑻𝒙

𝑺𝑻𝑻
𝒙𝒚 −𝑺𝑳𝑳 − 𝑺𝑻𝑻𝒙𝒙 𝑺𝑳𝑻

𝒚

𝑺𝑳𝑻𝒙 𝑺𝑳𝑻
𝒚 𝟐𝑺𝑳𝑳

𝚺𝒊𝒋𝒌 =
𝟏
𝟑 𝚺𝒊𝒋𝚺𝒌 + 𝚺𝒋𝒌𝚺𝒊 + 𝚺𝒌𝒊𝚺𝒋

−
𝟒
𝟏𝟓 𝜹𝒊𝒋𝚺𝒌 + 𝜹𝒋𝒌𝚺𝒊 + 𝜹𝒌𝒊𝚺𝒋

𝚺𝒊 = 𝚺𝒙 , 𝚺𝒚 , 𝚺𝒛

𝑹𝒊𝒋𝒌 =
𝟏
𝟒

−𝟑𝑺𝑳𝑳𝑻
𝒙 + 𝑺𝑻𝑻𝑻

𝒙𝒙𝒙 −𝑺𝑳𝑳𝑻
𝒚 + 𝑺𝑻𝑻𝑻

𝒚𝒙𝒙 −𝟐𝑺𝑳𝑳𝑳 + 𝑺𝑳𝑻𝑻
𝒙𝒙

−𝑺𝑳𝑳𝑻
𝒚 + 𝑺𝑻𝑻𝑻

𝒚𝒙𝒙 −𝑺𝑳𝑳𝑻
𝒙 − 𝑺𝑻𝑻𝑻

𝒙𝒙𝒙 𝑺𝑳𝑻𝑻
𝒙𝒚

−𝟐𝑺𝑳𝑳𝑳 + 𝑺𝑳𝑻𝑻
𝒙𝒙 𝑺𝑳𝑻𝑻

𝒙𝒚 𝟐𝑺𝑳𝑳
−𝑺𝑳𝑳𝑻

𝒚 + 𝑺𝑻𝑻𝑻
𝒚𝒙𝒙 −𝑺𝑳𝑳𝑻

𝒙 − 𝑺𝑻𝑻𝑻
𝒙𝒙𝒙 𝑺𝑳𝑻𝑻

𝒙𝒚

−𝑺𝑳𝑳𝑻
𝒙 − 𝑺𝑻𝑻𝑻

𝒙𝒙𝒙 −𝟑𝑺𝑳𝑳𝑻
𝒚 − 𝑺𝑻𝑻𝑻

𝒚𝒙𝒙 −𝟐𝑺𝑳𝑳𝑳 − 𝑺𝑳𝑻𝑻
𝒙𝒙

𝑺𝑳𝑻𝑻
𝒙𝒚 −𝟐𝑺𝑳𝑳𝑳 − 𝑺𝑳𝑻𝑻

𝒙𝒙 𝟒𝑺𝑳𝑳𝑻
𝒚

−𝟐𝑺𝑳𝑳𝑳 + 𝑺𝑳𝑻𝑻
𝒙𝒙 𝑺𝑳𝑻𝑻

𝒙𝒚 𝟒𝑺𝑳𝑳𝑻
𝒙

𝑺𝑳𝑻𝑻
𝒙𝒚 −𝟐𝑺𝑳𝑳𝑳 − 𝑺𝑳𝑻𝑻

𝒙𝒙 𝟒𝑺𝑳𝑳𝑻
𝒚

𝟒𝑺𝑳𝑳𝑻
𝒙 𝟒𝑺𝑳𝑳𝑻

𝒚 𝟒𝑺𝑳𝑳𝑳

See e.g. Jing Zhao, Zhe Zhang, ZTL, Tianbo Liu, Ya-jin Zhou, PRD106, 094006 (2022)
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Description of polarization of particles with different spins

Spin 1/2 hadrons: 

Spin 1 hadrons: 

The spin density matrix is 3x3:

 

ρ =
ρ11 ρ10 ρ1−1
ρ01 ρ00 ρ0−1
ρ−11 ρ−10 ρ−1−1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
= 1
3
(1 + 3

2
!
S ⋅
!
Σ + 3T ijΣ ij )

Vector polarization:  S
µ = (0,

!
ST ,λ )

Tensor polarization:
8

The spin density matrix is 2x2:
Vector polarization:  S

µ = (0,
!
ST ,λ )

See e.g. A. Bacchetta, & P.J. Mulders, PRD62, 114004 (2000)

independent  
components

3
5

Spin 3/2 hadrons: 

The spin density matrix is 4x4:
Vector polarization: Sµ = (0,

!
ST ,λ )

15 independent  
components

3
5

c𝝆 =
𝝆-- 𝝆-+
𝝆+- 𝝆++

=
𝟏
𝟐
(𝟏 + 𝑺 ⋅ 𝝈)

𝑺𝑻𝑻
𝒊𝒋 =

𝑺𝑻𝑻
𝒙𝒙 𝑺𝑻𝑻

𝒙𝒚

𝑺𝑻𝑻
𝒙𝒚 −𝑺𝑻𝑻

𝒙𝒙𝑺𝑳𝑳 , 𝑺𝑳𝑻𝒊 = (𝑺𝑳𝑻𝒙 , 𝑺𝑳𝑻
𝒚 ) ,

Y𝝆 =
𝟏
𝟒 𝟏 +

𝟒
𝟓𝑺

𝒊𝚺𝒊 +
𝟐
𝟑𝑻

𝒊𝒋𝚺𝒊𝒋 +
𝟖
𝟗𝑹

𝒊𝒋𝒌𝚺𝒊𝒋𝒌

Tensor polarization:
(rank 2)

𝑺𝑻𝑻
𝒊𝒋 =

𝑺𝑻𝑻
𝒙𝒙 𝑺𝑻𝑻

𝒙𝒚

𝑺𝑻𝑻
𝒙𝒚 −𝑺𝑻𝑻

𝒙𝒙𝑺𝑳𝑳 , 𝑺𝑳𝑻𝒊 = (𝑺𝑳𝑻𝒙 , 𝑺𝑳𝑻
𝒚 ) ,

Tensor polarization:
(rank 3) 𝑺𝑳𝑻𝑻

𝒊𝒋 =
𝑺𝑳𝑻𝑻
𝒙𝒙 𝑺𝑳𝑻𝑻

𝒙𝒚

𝑺𝑳𝑻𝑻
𝒙𝒚 −𝑺𝑳𝑻𝑻

𝒙𝒙

𝑺𝑳𝑳𝑳 , 𝑺𝑳𝑳𝑻𝒊 = (𝑺𝑳𝑳𝑻𝒙 , 𝑺𝑳𝑳𝑻
𝒚 ) ,

𝑺𝑻𝑻𝑻
𝒊𝒋𝒙 =

𝑺𝑻𝑻𝑻
𝒙𝒙𝒙 𝑺𝑻𝑻𝑻

𝒚𝒙𝒙

𝑺𝑻𝑻𝑻
𝒚𝒙𝒙 −𝑺𝑻𝑻𝑻

𝒙𝒙𝒙

See e.g. Jing Zhao, Zhe Zhang, ZTL, Tianbo Liu, Ya-jin Zhou, PRD106, 094006 (2022)
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Contents of Part I
I. Introduction: The concept of spin

II. Description of the spin state in high energy reactions

III. Polarization measurements in high energy reactions

Ø Spin 1/2 particles

Ø Hyperon polarization
Ø Vector meson spin alignment
Ø Successive decays of spin-3/2 baryons

l Spin in non-relativistic quantum mechanics
l Dirac equation and spin in relativistic QM
l Helicity and chirality
l Spin density matrix and polarization

Ø Spin-1 particles
l Polarization vector and the spin polarization vector
l Vector meson spin alignment
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Polarization measurements: hyperon polarization

Two body decay 𝑨 → 𝟏 + 𝟐

For unpolarized (or spinless) A, the decay product is isotropic.      

For parity conserved decays of A, the decay product is isotropic.   

𝒑𝑨 = (𝑴𝑨, 𝟎, 𝟎, 𝟎) 𝒑𝟏 = (𝑬𝟏∗ , 𝒑𝟏∗) 𝒑𝟐 = (𝑬𝟐∗ , 𝒑𝟐∗) 𝒑𝟏∗ = −𝒑𝟐∗ = 𝒑∗

𝒑𝑨 = 𝒑𝟏 +𝒑𝟐 𝑬𝟏∗ = (𝑴𝑨
𝟐 +𝒎𝟏

𝟐 −𝒎𝟐
𝟐)/𝟐𝑴𝑨

𝒅𝟑𝑵
𝒅𝟑𝒑𝟏

=
𝟏

𝟒𝝅𝒑∗𝟐 𝜹( 𝒑𝟏 − 𝒑∗ )

In the rest frame of A

𝒅𝑵
𝒅𝛀 =

𝟏
𝟒𝝅

For parity violating decay of the hyperon,    

𝒅𝑵
𝒅𝛀 =

𝟏
𝟒𝝅 𝟏+𝜶𝑷 .

𝒑𝟏∗

|𝒑𝟏∗ |
=

𝟏
𝟒𝝅 (𝟏+𝜶𝑷cos𝜽∗)

Spin self analyzing parity violating weak decay of the hyperon A . 

𝜶: the decay polarization parameter, listed in PDG.

A

𝒑𝟏
∗

𝒑𝟐
∗

𝜽∗𝑷
1

2
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Polarization measurements: hyperon polarization

𝒅𝑵
𝒅𝛀

=
𝟏
𝟒𝝅

(𝟏 + 𝜶𝑷𝑨 cos 𝜽∗) A

𝒑𝟏
∗

𝒑𝟐
∗

𝜽∗𝑷𝑨
1

2

Phys. Rev. 
106, 1645 (1957)

𝜶, 𝜷, 𝜸, 𝝓: decay parameters listed in PDG.

𝑷𝟏 =
𝜶 + 𝑷𝑨 ⋅ 𝒆𝟏 𝒆𝟏 + 𝜷𝒆𝟏×𝑷𝑨 + 𝜸 𝒆𝟏×𝑷𝑨 ×𝒆𝟏

𝟏 + 𝜶𝑷𝑨 ⋅ 𝒆𝟏

𝜶 =
𝟐Re(𝑺∗𝑷)
𝑺 𝟐 + 𝑷 𝟐 𝜷 =

𝟐Im(𝑺∗𝑷)
𝑺 𝟐 + 𝑷 𝟐 𝜸 =

𝑺 𝟐 − 𝑷 𝟐

𝑺 𝟐 + 𝑷 𝟐 𝜶𝟐 + 𝜷𝟐 + 𝜸𝟐 = 𝟏

or using 𝜶, 𝝓 :    𝝓 = tan+𝟏 𝜸

𝜷
, 𝜷 = 𝟏 − 𝜶𝟐

𝟏
𝟐 cos𝝓 , 𝜸 = 𝟏 − 𝜶𝟐

𝟏
𝟐 sin𝝓

Parity conserved: 𝑺 = 𝟎, so that 𝜶 = 𝟎, 𝜷 = 𝟎, 𝜸 = −𝟏

Parity conserved: 𝜶 = 𝟎, 𝝓 = −𝝅/𝟐

More completely

Can also be derived from 𝑴~𝒖 𝑨 𝒂 − 𝜸𝟓𝒃 𝒖(𝟏)
A

2

1

𝑺 ∼ 𝒂, 𝑷 ∼ 𝒃|𝒑𝟏|/(𝑬𝟏 + 𝒎𝟏)

𝑨 → 𝟏 + 𝟐, e.g., 𝚲 → 𝒑𝝅+

44
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Polarization measurements: 𝑨 → 𝟏 + 𝟐

The angular distribution

𝑾 𝜽,𝝋 = 𝑵 k
𝝀𝟏,𝝀𝟐

⟨𝒑; 𝝀𝟏𝝀𝟐| Y𝝆𝟏𝟐 𝒑; 𝝀𝟏𝝀𝟐 = 𝑵 k
𝝀𝟏,𝝀𝟐

⟨𝒑; 𝝀𝟏𝝀𝟐| :𝐔 Y𝝆𝑨 :𝐔= 𝒑; 𝝀𝟏𝝀𝟐

= 𝑵 k
𝝀𝟏,𝝀𝟐;𝑴𝑨,𝑴𝑨

,
⟨𝒑; 𝝀𝟏𝝀𝟐| :𝐔 |𝑺𝑨 ,𝑴𝑨⟩⟨𝑺𝑨 ,𝑴𝑨|Y𝝆𝑨 |𝑺𝑨 ,𝑴𝑨

# ⟩⟨𝑺𝑨 ,𝑴𝑨
# |:𝐔= 𝒑; 𝝀𝟏𝝀𝟐

= 𝑵 k
𝝀𝟏,𝝀𝟐;𝑴𝑨,𝑴𝑨

,
𝑨𝑴𝑨 𝒑; 𝝀𝟏𝝀𝟐 𝑨𝑴𝑨

,
∗ (𝒑; 𝝀𝟏𝝀𝟐) ⟨𝑺𝑨 ,𝑴𝑨|Y𝝆𝑨 |𝑺𝑨 ,𝑴𝑨

# ⟩

Suppose the spin density matrix of A is Y𝝆𝑨 =k
𝑴𝑨

𝒈𝑴𝑨| ⟩𝑺𝑨 ,𝑴𝑨 ⟨𝑺𝑨 ,𝑴𝑨|

The spin density matrix of the system (12) is Y𝝆𝟏𝟐 = :𝐔Y𝝆𝑨 :𝐔=

Consider 𝐀 → 𝟏 + 𝟐 in the rest frame of A

A

𝒑𝟏∗

𝒑𝟐
∗

𝜽∗𝑷
1

2

𝑨𝑴𝑨 𝒑;𝝀𝟏𝝀𝟐 = 𝒑;𝝀𝟏, 𝝀𝟐 4𝐔 𝑺𝑨,𝑴𝑨

helicity state of (12)

the decay amplitude of 𝑨 in the state |𝑺𝑨,𝑴𝑨⟩ to 
(12) in the state |𝒑, 𝝀𝟏, 𝝀𝟐⟩ with helicities 𝝀𝟏 and 𝝀𝟐
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Polarization measurements: 𝑨 → 𝟏 + 𝟐

The decay amplitude is  𝑨𝒎 𝒑;𝝀𝟏, 𝝀𝟐 = 𝒑;𝝀𝟏, 𝝀𝟐 4𝐔 𝑺𝑨,𝑴𝑨

l total angular momentum conservation

𝑨𝒎 𝒑;𝝀𝟏, 𝝀𝟐 = 𝒑;𝝀𝟏, 𝝀𝟐 𝑬, 𝑺𝑨,𝑴𝑨; 𝝀𝟏, 𝝀𝟐 𝑬, 𝑱 = 𝑺𝑨,𝑴 = 𝑴𝑨; 𝝀𝟏, 𝝀𝟐 4𝐔 𝑺𝑨,𝑴𝑨

𝑺𝑨,𝑴𝑨; 𝝀𝟏, 𝝀𝟐 4𝐔 𝑺𝑨,𝑴𝑨 = 𝑺𝑨; 𝝀𝟏, 𝝀𝟐 4𝐔 𝑺𝑨 = 𝑯𝑺𝑨(𝝀𝟏, 𝝀𝟐)

l Wigner-Eckhard theorem

𝑨𝒎 𝒑;𝝀𝟏, 𝝀𝟐 = 𝒑;𝝀𝟏, 𝝀𝟐 𝑬, 𝑺𝑨,𝑴𝑨; 𝝀𝟏, 𝝀𝟐 𝑯𝑺𝑨(𝝀𝟏, 𝝀𝟐)Hence

The angular dependence is determined by

Helicity amplitude, independent of 𝑴𝑨, independent of angles (𝜽,𝝋).

𝒑;𝝀𝟏, 𝝀𝟐 𝑬, 𝑺𝑨,𝑴𝑨; 𝝀𝟏, 𝝀𝟐

Space rotation invariance demands
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Polarization measurements: 𝑨 → 𝟏 + 𝟐
Calculation of 𝒑, 𝜽, 𝝋; 𝝀𝟏 , 𝝀𝟐 𝒑, 𝑱, 𝑴; 𝝀𝟏 , 𝝀𝟐

𝒑, 𝜽, 𝝋; 𝝀𝟏 , 𝝀𝟐 = 4𝑹(𝝋, 𝜽, −𝝋) 𝒑, 𝟎, 𝟎; 𝝀𝟏 , 𝝀𝟐

The rotation operator

(1) a rotation of angle 𝜶 around z-axis (𝒙, 𝒚, 𝒛) → (𝒙S, 𝒚S, 𝒛′)
(2) a rotation of angle 𝛃 around y’-axis 
(3) a rotation of angle 𝜸 around z’’-axis 

4𝑹𝒏 𝜶 = 𝒆G𝒊𝜶o𝑱𝒏

It can be shown that 𝒑, 𝟎, 𝟎; 𝝀𝟏 , 𝝀𝟐 𝒑, 𝑱, 𝑴; 𝝀𝟏 , 𝝀𝟐 =
𝟐𝑱 + 𝟏
𝟒𝝅

𝟏/𝟐

4𝑹𝒚, 𝜷 = 4𝑹𝒛 𝜶 4𝑹𝒚 𝜷 4𝑹𝒛G𝟏 𝜶
4𝑹 𝜶,𝜷, 𝜸 = 4𝑹𝒛 𝜶 4𝑹𝒚 𝜷 4𝑹𝒛 𝜸 = 𝒆G𝒊𝜶o𝑱𝒛𝒆G𝒊𝜷o𝑱𝒚𝒆G𝒊𝜸o𝑱𝒛

(𝒙′, 𝒚′, 𝒛′) → (𝒙SS, 𝒚SS, 𝒛′′)
(𝒙′′, 𝒚′′, 𝒛′′) → (𝒙SSS, 𝒚SSS, 𝒛′′′)

4𝑹 𝜶,𝜷, 𝜸 = 4𝑹𝒛,, 𝜸 4𝑹𝒚, 𝜷 4𝑹𝒛 𝜶

Any rotation can be described by three Euler angles (𝜶, 𝜷, 𝜸)
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Polarization measurements: 𝑨 → 𝟏 + 𝟐
The Wigner rotation matrix 𝒋𝒎′ 4𝑹(𝜶, 𝜷, 𝜸) 𝒋𝒎

:𝑹(𝜶, 𝜷, 𝜸) 𝒋𝒎 = k
𝒎,

𝒋𝒎# ⟨𝒋𝒎#|:𝑹 𝜶, 𝜷, 𝜸 𝒋𝒎 = k
𝒎,

𝑫𝒎𝒎,
𝒋 𝜶, 𝜷, 𝜸 |𝒋𝒎#⟩

𝑫𝒎𝒎,
𝒋 𝜶, 𝜷, 𝜸 = ⟨𝒋𝒎#|:𝑹 𝜶, 𝜷, 𝜸 𝒋𝒎 = 𝒆+𝒊𝒎,𝜶𝒆+𝒊𝒎𝜸 𝒋𝒎# 𝒆+𝒊𝜷O𝑱𝒚 𝒋𝒎 = 𝒆+𝒊𝒎,𝜶+𝒊𝒎𝜸𝒅𝒎𝒎,

𝒋 𝜷

𝒅𝒎𝒎,
𝒋 𝜷 = ⟨𝒋𝒎# 𝒆+𝒊𝜷O𝑱𝒚 𝒋𝒎⟩

= [ 𝒋 + 𝒎 ! 𝒋 − 𝒎 ! 𝒋 + 𝒎# ! 𝒋 − 𝒎# !]𝟏/𝟐

× k
𝒌Q𝒎𝒂𝒙{𝒎+𝒎,,𝟎}

𝒎𝒊𝒏{𝒋-𝒎,𝒋+𝒎,} 𝐜𝐨𝐬 𝜷𝟐
𝟐𝒋

𝐭𝐚𝐧 𝜷𝟐
𝟐𝒌+𝒎-𝒎,

𝒋 + 𝒎 − 𝒌 ! 𝒋 − 𝒎# − 𝒌 ! 𝒌! 𝒌 − 𝒎# + 𝒎 !

𝒅𝟏 𝜷 =

𝟏 + 𝐜𝐨𝐬𝜷
𝟐

−
𝐬𝐢𝐧𝜷
𝟐

𝟏 − 𝐜𝐨𝐬𝜷
𝟐

𝐬𝐢𝐧𝜷
𝟐

𝐜𝐨𝐬𝜷 −
𝐬𝐢𝐧𝜷
𝟐

𝟏 − 𝐜𝐨𝐬𝜷
𝟐

𝐬𝐢𝐧𝜷
𝟐

𝟏 + 𝐜𝐨𝐬𝜷
𝟐

𝒅𝟏/𝟐 𝜷 =
𝐜𝐨𝐬

𝜷
𝟐

−𝐬𝐢𝐧
𝜷
𝟐

𝐬𝐢𝐧
𝜷
𝟐

𝐜𝐨𝐬
𝜷
𝟐

48
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Polarization measurements: 𝑨 → 𝟏 + 𝟐

𝑴𝑨
# = 𝝀𝟏 − 𝝀𝟐 ≡ 𝝀

The inner product

=
𝟐𝑱 + 𝟏
𝟒𝝅

𝟏
𝟐
𝑫𝑴𝑨𝝀
𝑺𝑨 ∗ (𝝋, 𝜽,−𝝋)

⟨𝒑; 𝝀𝟏 , 𝝀𝟐|𝑺𝑨 ,𝑴𝑨 ; 𝝀𝟏 , 𝝀𝟐⟩

=k
𝑴𝑨
,
⟨𝒑, 𝟎, 𝟎; 𝝀𝟏 , 𝝀𝟐 |𝑺𝑨 ,𝑴𝑨

# ; 𝝀𝟏 , 𝝀𝟐⟩⟨𝑺𝑨 ,𝑴𝑨
# ; 𝝀𝟏 , 𝝀𝟐|𝑹= 𝝋,𝜽,−𝝋 |𝑺𝑨 ,𝑴𝑨 ; 𝝀𝟏 , 𝝀𝟐⟩

= ⟨𝒑, 𝟎, 𝟎; 𝝀𝟏 , 𝝀𝟐|𝑹= 𝝋,𝜽,−𝝋 |𝑺𝑨 ,𝑴𝑨 ; 𝝀𝟏 , 𝝀𝟐⟩

= ⟨𝒑, 𝟎, 𝟎; 𝝀𝟏 , 𝝀𝟐|𝑺𝑨 , 𝝀; 𝝀𝟏 , 𝝀𝟐⟩⟨𝑺𝑨 , 𝝀; 𝝀𝟏 , 𝝀𝟐|𝑹= 𝝋,𝜽,−𝝋 |𝑺𝑨 ,𝑴𝑨 ; 𝝀𝟏 , 𝝀𝟐⟩

𝑨𝒎 𝒑; 𝝀𝟏 , 𝝀𝟐 = 𝒑; 𝝀𝟏 , 𝝀𝟐 :𝐔 𝑺𝑨 ,𝑴𝑨

The angular distribution of 1 in 𝑨 → 𝟏+𝟐

= 𝒑; 𝝀𝟏 , 𝝀𝟐 𝑺𝑨 ,𝑴𝑨 ; 𝝀𝟏 , 𝝀𝟐 𝑯𝑺𝑨(𝝀𝟏 , 𝝀𝟐)

=
𝟐𝑱 + 𝟏
𝟒𝝅

𝟏
𝟐
𝑫𝑴𝑨𝝀
𝑺𝑨 ∗ (𝝋, 𝜽,−𝝋)𝑯𝑨(𝝀𝟏 , 𝝀𝟐)

𝑾 𝜽,𝝋 = 𝑵# k
𝝀𝟏,𝝀𝟐;𝑴𝑨,𝑴𝑨

,
𝑯𝑨 𝝀𝟏 , 𝝀𝟐 𝟐 𝑫𝑴𝑨𝝀

𝑺𝑨∗ (𝝋, 𝜽,−𝝋)𝑫𝑴𝑨
, 𝝀

𝑺𝑨 (𝝋, 𝜽,−𝝋)⟨𝑴𝑨|Y𝝆𝑨|𝑴𝑨
# ⟩

The decay amplitude 
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Polarization measurements: vector meson
For 𝑽 → 𝟏+𝟐, where 1 and 2 are two pseudoscalar mesons, we have 𝑺𝑨 = 𝟏, 𝝀𝟏 = 𝝀𝟐 = 𝟎

𝑾(𝜽,𝝋) = 𝑵 �
𝑴𝑨,𝑴𝑨

,

𝑯𝑨 𝟐𝑫𝑴𝑨𝟎
𝟏∗ (𝝋, 𝜽,−𝝋)𝑫𝑴𝑨

, 𝟎
𝟏 (𝝋, 𝜽,−𝝋)⟨𝑴𝑨|S𝝆𝑨|𝑴𝑨

S ⟩

=
𝟑
𝟖𝝅{ 𝟏−𝝆𝟎𝟎 + (𝟑𝝆𝟎𝟎−𝟏)𝐜𝐨𝐬𝟐 𝜽

− 𝟐𝐬𝐢𝐧𝟐𝜽[𝐜𝐨𝐬𝝋(𝐑𝐞𝝆𝟏𝟎 −𝐑𝐞𝝆G𝟏𝟎) − 𝐬𝐢𝐧𝝋(𝐈𝐦𝝆𝟏𝟎 + 𝐈𝐦𝝆G𝟏𝟎)]

−𝟐𝐬𝐢𝐧𝟐 𝜽(𝐜𝐨𝐬𝟐𝝋𝐑𝐞𝝆𝟏G𝟏 + 𝐬𝐢𝐧𝟐𝝋𝐈𝐦𝝆𝟏G𝟏)}

G
𝟎

𝟐𝝅
𝒅𝝋𝑾(𝜽,𝝋) =

𝟑
𝟒[ 𝟏−𝝆𝟎𝟎 + 𝟑𝝆𝟎𝟎 −𝟏 coss 𝜃]

e.g., 𝝆 → 𝝅𝝅

50
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Polarization measurements: vector meson
For 𝑽 → 𝟏+𝟐, where 1 and 2 are two spin-1/2 Fermions, i.e.,  𝑺𝑨 = 𝟏, 𝝀𝟏 = ±

𝟏
𝟐
, 𝝀𝟐 = ±

𝟏
𝟐

𝑾(𝜽,𝝋) =
𝟑

𝟒𝝅 𝟑+𝝀𝜽
[𝟏 + 𝝀𝜽 𝐜𝐨𝐬𝟐 𝜽+𝝀𝝋 𝐬𝐢𝐧𝟐 𝜽𝐜𝐨𝐬𝟐𝝋+𝝀𝜽𝝋 𝐬𝐢𝐧𝟐𝜽𝐜𝐨𝐬𝝋

+𝝀𝝋V 𝐬𝐢𝐧𝟐 𝜽𝐬𝐢𝐧𝟐𝝋+𝝀𝜽𝝋V 𝐬𝐢𝐧𝟐𝜽𝐬𝐢𝐧𝝋]

consider the case: (1) Helicity conservation: 𝝀𝟏 = −𝝀𝟐 , 𝝀 = ±𝟏
(2) Space reflection invariance: 𝑯𝑨(𝝀𝟏, 𝝀𝟐) = 𝑯𝑨(−𝝀𝟏, −𝝀𝟐)

only one independent helicity amplitude 

𝝀𝜽 =
𝟏−𝟑𝝆𝟎𝟎
𝟏+𝝆𝟎𝟎

𝝀𝝋 =
𝟐𝐑𝐞𝝆𝟏G𝟏
𝟏+𝝆𝟎𝟎

𝝀𝜽𝝋 =
𝟐𝐈𝐦𝝆G𝟏𝟏
𝟏+𝝆𝟎𝟎

𝝀𝝋V =
𝟐𝐑𝐞(𝝆𝟎𝟏 −𝝆G𝟏𝟎)

𝟏+𝝆𝟎𝟎
𝝀𝜽𝝋V =

𝟐𝐈𝐦(𝝆𝟎𝟏 −𝝆G𝟏𝟎)
𝟏+𝝆𝟎𝟎

e.g.,  𝐉/𝝍 → 𝒆Q𝒆G
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Polarization measurements: Spin-1/2 Hyperon
For 𝑯→𝑵𝝅,   𝑺𝑨 =

𝟏
𝟐
, 𝝀𝟏 = ±

𝟏
𝟐
, 𝝀𝟐 = 𝟎

𝑾(𝜽,𝝋) =
𝟏
𝟒𝝅(𝟏+𝜶𝑷𝐜𝐨𝐬𝜽+𝜶𝐬𝐢𝐧𝜽𝐜𝐨𝐬𝝋𝐑𝐞𝝆QG +𝜶𝐬𝐢𝐧𝜽𝐬𝐢𝐧𝝋𝐈𝐦𝝆QG)

𝜶 =
𝑯𝑨

𝟏
𝟐

𝟐
− 𝑯𝑨 −𝟏𝟐

𝟐

𝑯𝑨
𝟏
𝟐

𝟐
+ 𝑯𝑨 −𝟏𝟐

𝟐

𝑷 = 𝝆QQ −𝝆GG

If space reflection invariance 𝑯𝑨
𝟏
𝟐

= 𝑯𝑨 −
𝟏
𝟐

𝜶 = 𝟎

52
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Polarization measurements: Spin-3/2 baryon
For 𝐀 → 𝟏+𝟐,   𝑺𝑨 =

𝟑
𝟐
, 𝑺𝟏 =

𝟏
𝟐
, 𝑺𝟐 = 𝟎, e.g.  𝚫 → 𝑵𝝅 or 𝜴 → 𝜦𝑲

If parity conserved, 𝜶𝑨 = 𝟎

See, e.g., the appendix in Zhe Zhang, Ji-peng Lv, Zi-han Yu, ZTL, e-Print: 2407.06480 [hep-ph]

If integrate over  𝝓

only longitudinal components can be measured
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Polarization measurements: Spin-3/2 baryon
Successive decays

For 𝐀 → 𝟏+𝟐, 𝟏 → 𝟑+𝟒,  𝑺𝑨 =
𝟑
𝟐
, 𝑺𝟏 = 𝑺𝟑 =

𝟏
𝟐
, 𝑺𝟐 = 𝑺𝟒 = 𝟎, e.g. 𝜴 → 𝜦𝑲, 𝚲 → 𝒑𝝅G, 

See, e.g., the appendix in Zhe Zhang, Ji-peng Lv, Zi-han Yu, ZTL, e-Print: 2407.06480 [hep-ph]

For 𝐀 → 𝟏+𝟐, 𝟏 → 𝟑+𝟒, 𝟑 → 𝟓+𝟔, 𝑺𝑨 =
𝟑
𝟐
, 𝑺𝟏 = 𝑺𝟑 = 𝑺𝟓 =

𝟏
𝟐
, 𝑺𝟐 = 𝑺𝟒 = 𝑺𝟔 = 𝟎, 

e.g. 𝚵∗ → 𝚵𝝅, 𝚵 → 𝜦𝝅, 𝚲 → 𝒑𝝅G, 
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Two books
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Other references
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https://arxiv.org/abs/2407.06480
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