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Introduction: The concept of electron spin

EFXEFSETMERLLR

43 3L & (Balmer’s formulae) BEFHE

¥ AL # (fine structure) — BTAE

RIS 4mLE # (hyper-fine structure) ————— RFHIEE

Z 3B # (Lamb shift) — EFFi
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Introduction: The concept of the electron spin

BTEENEZR
Die Naturwissenschaften 13, 953-954 (1925) 0

Heit 7. . e .
.11 1915} Zuschriften und vorlaufige Mitteilungen, 953
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inneren
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Modell die folgenden Forderungen stellen: A TURE :
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b) Die verschiedenen Orientierungen vom R zur ik
Bahnebene (oder K) des Elektrons muB, viclleicht in
mit ciner WENTZELSCh
Ges . Spinaing lectro

i the Structure of Spectra

| position of the be expected in the
| dbsence of the spin of ron._As the arrows in

doubletts Fiefern k e
G. cx_und S. Gounswit. In we wish to our indebted
ness to Prof. Niels Bohr for an enlightening discussion,
Instituut voor uurkunde, and for criticisms which helped us distinguish between

Es ist mir ein Bedurfnis, festzustellen, da8 Prof, the essential points and the more technical details of
\\ J. E Haxs mir schon vor cinigen Monaten_die the new interpretation. S E L

tur fGr ein sehr ent zeigte, S Goupsurr,
das Gich ebentalls mit dem Problem der inneren Kot I“Smu“tl_":‘ﬁeiha’g;‘;%’;i Ifa;}wﬂ‘“"de‘
tion des Elektrons beschaftigt. Obwohl mir die be- —Luyten, Devember w2s.
treffenden Ideen von Prof., pr Haas seit lingerer Zeit
bekannt waren, batten die Herren Unienseck und

Havin had the opportunity of reading this inter-

Introduction: The concept of the electron spin

GEORGE UHLENBECK AND THE T

raham Pais is Detlev Bronk Professor Emeritus al
DISCOVERY OF ELECTRON SPIN  ockefetier University, in New York. He based this artile on
his presentation at APS's Uhlenbeck Memorial Symposium,

How 1wo young Dufchmen, one with e el deiced an the sget v Gerge Dk held in Baltimore on 3 May 1989

only a masters degree, the ofher )

i scotof e Thoshld

“important Fndmg T beorce

i 834 PHYSICS TODAY  DECEMBER 1989
tomic physics.

Rig i) &L B

) BA MR EATFHE? (Boh)

B R iE BFHESHSER HxED, S5
BBEEFg, =2 (F’-ﬂ-:?@ﬁii#ﬁﬁ{’ﬁﬁﬁ ? (Einstein)
Bohr

N HxHE 15 3 F W R
RRAERS . . mFaeEsn BT #F it 2

1 dvs .
Vis(r) = — mml .S Thomas precession

Goupsmrt, als sie mir kirzlich die obigen Uber- the correspondence between classical mechanics and

legungen mitteilten, davon keinerlei Kenntnis. the quantum theory. N. BoHR.

—_— P, EHRENFEST ) Copenhagen, Januar -
HERH 20244289 5-6F)

RAKE 20244819 5-6 5

6

Introduction: The concept of the electron spin

HHEFHEERTHFES, XLEESEITERAMR

Dirac equation: g,y = Hy H=a-

<
+
=
3
<
I
—~
=S
N—r

(1) DirachiF A& H 128 %K F

Even for a free Dirac particle:

7

[A.L] = —i@xp = 0
[A,%] =2i@xp=0 T= (§ g)
[mi]=0 =i+l




Introduction: The concept of the electron spin

(2) DiracRi FHIBkSE g, = 2

The magnetic moment:

o~ dF 1. .
V=—0=-[fH| =4
t i
= 1, 1 _, ., q;,0 7xo
M—Eqrxv—fqrxa— 2—(%(3 o )
#72% H rH K9 Dirackt 7
(2N, (E-m)o=30-p -
v=(y) Ayp=-£vp { omop _ok
(E+mm=3-Be M1=Frmt

=\ _ 4 3 too= too= 4 3. (T, =
<¢|M|¢>—2—fd r(@'rxen+n r><a<p)—E+m d’r ¢ (L+a)(p

Non-relativistic limit: E~m > |p|~V (1)

BEKHE 2024485 5-6H 9

Orbit angular momentum is non-zero even if the quark is in the ground state.

Hy=Ey RH=a p+pm+V()
The stationary state is taken as the eigenstate of (ﬁjzjz, ) , where 7 is parity:

fu@) (6, 9) )

Penmar:0:8:5) = <H)“‘"*”“yn,&r)n,’-; ©,9)

j=ltpl-U=Flandm=(-1)!

(8, $) is the eigenstate of G127,

won- B gome(ys [ oon(-h =k

Q. (6, 9) _\/Tylm‘lz(a' 0§ 7+ TYHM;_(B. 0§ 3 J 1*2

! —_fomtt (l) jtmil, (71_) j=1-~

Q) (6,9) = TEY Y,m_;_(ﬂ.qz)f It 772 Y,m;_(ﬂ.«p)f 5 3
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Introduction: The concept of the electron spin

(3) DirackiF HIspin-orbit coupling

EBERLAGFIEHMDIacKF H=3 p+pm+ V(@) H,p=Egp

i . p? v G-L av 7P
=m -
eff E+m-V rdr(E+m—V)? rdr(E+m-V)?
+§2+V+ 1 v AV F-P
ST om ImZfrdr’ Lrardm?

but this is NOT the non-relativistic equation! ¢ is not normalized, fleff is not Hermitian
The correct form is obtained by using the Foldy-Wouthuysen transformation.

HBRE 20244¢ 84 5-6H 10
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Introduction: The concept of the electron spin

Ground state: E = Eg,j = %,n = +1(l=0),m= i;—

m
f oo(T)ﬂ‘l’zm 6,9
—go1 (T)ﬂim 6,9

1
VIR

3+2m 1 3—-2m 1
URODE j—ﬁ v, 100%(-3)- J—G v, 100%(3)

=Yy, (10.9,5) = <

Q;fm(e. @) =Yo(6, 9)§(m) = =—=4{(m)

. =) _, 2
The magnetic moment (¢0|M|up.,) = ug mGEm)  p=-ge f dr 3 foo () gor (1)
The average value of the orbital angular momentum

(wnlEzfn) =2 [ arrgha)  (o[LLfun) =5 [ arrtghico

ZTL and Meng Ta-chung (F K1) , Z. Phys. A344, 177 (1992).
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Spin-orbit coupling in systems under strong interaction

Introduction: The concept of electron spin

At the hadron level Three characteristics of spin

; e EF ﬁ’; fyv g}?
= -:;M% 046% 04%% 1§£§mm
—m— 4= o BHEHERA 1 :; ;g

(6 — (64) -
| 1=1 1=2

Nuclear shell model

< £ :
f]‘ Nobel price 1963

M.G. Mayer, J.H.D. Jensen (1948)

% 2b‘:71‘|:|v‘1:::g;im ﬁl‘ﬂi?ﬂ.’.ﬁ?.’ﬁlﬁ
c—
e By the way
o p 7|p+75:;‘§ S g = 2, point-like; g-2 experiments, test of QED, new physics.

P Anomalous magnetic moment:

LS-coupling = “magic numbers”

I T

M.G. Mayer and J.H.D. Jensen, “Elementary Theory of Nuclear Shell Structure” , g # 2 significantly different from 2, composite nature of particles;

e.g. =2.97uy, = —1.91puy the first signature of structure of nucleon.
Wiley, New York and Chapman Hall, London, 1955. 9K v b Hu 9
RBEKE 2024488 5-6H 13 HER% 202448 5-6H 14
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Contents of Part | Description of spin states: spin-1/2 particles
I. Introduction: The concept of spin BRTRE, AR ERY j
Il. Description of the spin state in high energy reactions 5 1, (01 =(0 i =(1 0
P P gh eneray s=50 % G0 o=G%) =G5
> Spin 1/2 particles 1 0
® Spin in non-relativistic quantum mechanics 0,&,(m) =m§,m)  $() = (0) ()= (1)
o Dirac equation and spin in relativistic QM
@ Helicity and chirality Forany 7 = sin@ cos @ €, + sin @ sin @ €, + cos O €, , we have
® Spin density matrix and polarization osg
> Spin-1 particles o =00 Tngn(m) = mg, (m) Sa(H) = 0 .
® Polarization vector and the spin polarization vector sinze'?
® Vector meson spin alignment
Ill. Polarization measurements in high energy reactions Forany § = (a) we have 6, =¢ tanf L et = lalb J
. 9 ay b)’ 2_|a| |bla
> Hyperon polarization
> Vector meson spin alignment Forany O,wehave 0 =01+ 0y -G 0, = 1Trﬁ Oy = lTr(?rﬁ) J
. . 2 2
> Successive decays of spin3/2 baryons
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Description of spin states: spin-1/2 particles Description of spin states: spin-1/2 particles

SR TFIRAS, TG J Helicity GBI = ¥. TJ ANNALS OF pHYSICS: T, 404-428 (1959)
£,(m) £,(m) £,(m) “pl On the General Theory of Collisions for Particles
. Loz 0,§,(m) = mé,(m _— P ith Spin®
Yps(0) =u@, e u@p,s)=N| -5 - ‘ e
E_'_—mfz(m) u(p,S) = mu(p,S) ‘ M. Jacont axp G. C. Wick
\ This has been done by Stapp (6) for collisions between spin-15 particles and l;y
¢ ﬁgﬁ)ﬁ) f . ﬁ Chao and Shirokov (7)" for particles of arbitrary spin. In either case, the authors
Helicit h=—-—=  hu(pX) =2u{ A
Y Dl @4 @4 7._Ciiou Kuaxg-Crao axp M. L. Suisoxov, J. Exptl. Theoret. Phys. (U.S.S.R) 34, 1230
PR (1958) ; translation: Soviet Phys. JETP T, 851 (1958).
L g-p ) = A8, D) * Note aided in proof. We have recently rrm-'\vcEl acopy rur'.*\ p;.p.:rlmmuxu—n?gfhw
= = = y 7. Expil. Theoret. Phys. (U.8.5.R.) 36,900 (19591|in which a treatment is given which ap-
u(p' A) =N A E- mf (l) 1Bl o i 2 j'ﬁg L]ies \\ﬁ:rn -me:ofltho ilncislom particles haz zere mass, I # '
E + m " OVIET P! N1 5
G = 2 (=)= 0 _, o ) "y q
sm;e‘"” —cos=e™'?
m _ (5@
— we = ;)
K BKE 20244F8 A 5-6H 17 HERE 2024481 565 18
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Description of spin states: spin-1/2 particles Description of spin states: spin-1/2 particles
Y3 Chirality and helicit
Helicity (438 h= Lﬁ ! !
] (1) Chirality (FHEM) EXS5HR
0 I
— t_ = 2 = =
© Only for particles with given p Ys=o¥iv2¥s vi=vs rs¥=0 vs=1 ¥s (I 0)
_1
® Neither additive nor multiplicative Y =24p A=£1 = Yyr=7ALVY  y =y, +yp
® Lorentz invariant for m = 0, helicity=chirality % Yy =yly, + iy Yipg =iy, =0
@ Helicity conservation: Y =Yg+ riby Yy =Prr =0
® scattering: hy, = hgpa _ Yy = Py + Py YLy r = Yry L =0
® pair creation/annihilation: hy, . ticle = —Rantiparticle (2) %m = 0Ff, chirality=helicity
1 Q) ) o)
= -1 Y =( -
R CETo. D)= (zn) v =5
PP =P g + Pry Yy = YLy P + YRy Y + -
L¥YR RVL " LYp¥L RYp ¥R u(p,R) = (§€+§) =u(p,+) u(p, L) = (gg_;) =u(p,-)
The most well-known example: (™ - p™v,) » o(n™ > e v,)
KA KE 20244£81 5-6H 19 HEKFE 20244E8 )1 565 20
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Description of spin states: spin-1/2 particles

Dirac spinorffJbilinear covariants (XU th 2 &)
(1) The independent I'-matrices
Inthe 2x2 case: (I, 04,0y, 0;) {o1,0;} =25 Tro; =0 Tr(oi05) = 25

For a given O:

Qb

0=0,+0,G 0,=3Tr(0) Oy =1Tr(0d)
Inthe dxdcase: T ={L¥5,Yw¥s¥wOumw}  16independent I-matrices
T, =O0besidesTy =1 TZ=+4I  Tr{l,I}} = +48,
Y =75 Vi =vYo¥u¥o s¥)'=vo¥s¥)¥o: Oy =YoOuw¥o
Foragiven0: 0 = 0,1 + 0pys + Oy, y* + 04, ysy* + Og, 0™

0, = £7Tr(0T,)

HBAE 20244F 8 5-6H

Description of spin states: spin-1/2 particles

Polarization vector of a spin-1/2 particle system

The spin density matrix P = Zga |aXal normalization Trp = Z ga=1
a a

Average value of O: (0) = Tr pO
Probability in the state [1): Py, = (¥[pl)
We choose a basis, e.g., the helicity basis |1), where 4 = +1,
pa = GBI = ) g Alaal2)
a

A:(pH p%)

Py P-_ is a 2x2 Hermitian matrix.

1 —
We decomposeitas p = f(l +P-0)

P = Tr(po) = () is the polarization vector of the system.

RAKE 20244819 5-6 5 23

Description of spin states: spin-1/2 particles

Dirac spinorf¥bilinear covariants (X £& ¥R &)
(2) The bilinear covariants T,

Yy scalar [
Pysy pseudoscalar Pyysy = — Py
Yy vector [

Yysy, P axial vector PYysy, ¥ = —dysy*y

Yo, P (anti-symmetric) tensor TJ,I,,,M,I, = Yo'y

HERE 202448 5-6H
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Description of spin states: spin-1/2 particles

Polarization vector of a spin-1/2 particle system in a pure state |p, n)

Non-relativistic, the spin state is given by the Pauli spinor &(n)
N cos2
G- 7in) = §(n) HOE]
0 i
sinz e
oD
The helicity state is given by §(2) where - (D) = 25,1
p=mm)n|  pawr =(APIY) = @AN)n|)  (An) = EWEm)
take p = |p|€, as an example where we have §,(+) = ((1)) En(—) = ((1))

7]
+ _ 2] 1 .
$n(HE@) = cos5 coszi 5sinfe’®

.0, p= P=Tr(po) =17
£.()Em) =sin5e'® %sineeiq’ sin? ; g
HEKH 202448 565 24




Description of spin states: spin-1/2 particles

Polarization vector of a spin-1/2 particle system in a pure state |p, n)

Relativistic, the spin state is given by the Dirac spinor |p, n)

HO) cos
[pn)=N| p-o PO pny| Whered-7iE(n) = £(n) im) = 0 2_
E+m sinx e'?
£ 2.3
The helicity state |p,4) |p,A) =N lIPI (e where Wl—é'h(l) =25, (D)
A
Am) = (p Alpm = N2 € @)5m) + £ ) B Be| = g o)
cos? 9 lsinee"“’ P = Tr(p3) =7
P 2 2 = =
—> p={, * e .
—sinfei? sin? — average of @ in the rest
2 2 frame of the particle
HBAE 20244F8 A 56 H 25

Description of quark spin correlations —— decompositio

For single particle, we decompose
~ 1 ~
pM = ;(H + P1;G1:) Py = (8y) = Tr[pV5y,]
For two particle system (12),
we are used to P02 = S (1, ® I, + Pyy8y ® I, + Pyl ® 8y, + £ 28, ® 8y
27 1 2 1i%1i 2 2it1 2i ij 1i 2j

shortage: tg]_m =PyiP2; #0 if pa» =p @ p@

we propose ﬁ(“) H® p(z) + (12)all ® 6‘21-
a2) _ 5 & (12> P N ~
¢y = (”11‘”2/‘) - <61i) (82) =0if p?» = pM @ p®

For three particle system (123)

(12) »

PU2 = p @ p® @ p® + H[c[ V51, ® Ty ® PO + (152 > 3)]

(123) o
+1cuh 7,070 Gy Q G

Ji-peng Lv, Zi-han Yu, ZTL, Qun Wang and Xin-Nian Wang, PRD109, 114003 (2024)

HEX¥ 20244 8)3 5-6 27

Description of spin states: spin-1/2 particles

Relativistic, the spin state is given by the Dirac spinor |p, n)

Suppose the particle is in |[p;, 1) and |p,, n,) with probabilities g, and g, respectively
P = g1lp1, )P, 1| + g2|p2, n2) (P2, 2|
P = 91D, AP, uXp1, 11 |P, A') + 92(P, Alp2, M2 (P2, M2 D, A')

P ®) = (P, Alp1, N1 Xp1, 14 |p, X')
= (p1, Alpy, 1 X(p1, 11 |p1, 1)6* (0 — p1) = paaw (P2, 1) 8* (@ — P1)

P®) = 9191(P1,M1)8* (P — P1) + 9292 (P2, 12)8* (P — P2)
1 N 1 SN
= 91§(1+3'n1)54(1’—l’1) +gzi(1+0'n2)54(l’—l72)

P =Tr(p5) = g,Tr(p10) + g, Tr(p,0) = g17i; + go7;

average of @ in the rest frame of the particle

HERE 202448 5-6H
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Description of quark spin correlations — a-dependence

Single particle: p(a) = Z[1 + Py,(a)31,)
Two particle system A=(12): 12 (ay, @) = PV (ay) @ PP (az) + ﬁ-c(lz)(al @,)81; ® 8y
Suppose A=(12) is in the state |a;, ), the a;,-dependent spin density matrix for A is
PP (@12) = (12| PP (ay, @) |@sz) = Yaqagl{ar, azlay, )PP (ay, @y)
= 50 (@) ® B () + el (@) 81,@ By averege e £
PP (@ayz) = Noya,llay, ezl ) PP (ay ) = :—[1 + Pyi(@12)5 1]
equals to Py

The polarization Py;(@12) = Yoo, (s, @zl )* Pyyay ) = (Pyy(ay))

(12)

instead uu (12;0)

(12)
(1) = (¢ (ay, @) + ¢} (@y5)
“effectivecorrelatlon = “genuine correlation” + “induced correlation”

the observed generated from caused by
the dynamical process the average over a;

CE;Z'O)(“12) = (Py(@)Pyy(a;)) — (Py(ay)) ( Pyy(ay))

averaged inside A

However, the correlation ¢ (agp) # <c P (ay, ay) does not equal to c(”) averaged inside A

27
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Spin density matrix for V from quark combinatio

Forq, + q, » V ,ingeneral p¥ = Mp1a2)5gt M : transition matrix
1) = 1f) = M1i), P =Tabalfafal = Zaga MiaNia|MT = Mp' ATt
If only spin degree of freedom is considered
p"’"m, = (iml]ﬁﬁ(qmz)ﬁfl]-m')
= GmIAmmy)mmy [P [ 'y (' | ')
mymymigmrz
=N z (jm|m1mz)(m1m2|ﬁ(‘“‘”)|m’1m'2)(m'1m'2\jm')

mqmamiqgmry

independent of

since  (jm|#M|m,;m,) = ZUm|]Vt|j’m’)U’m’|m1mz)

jrme space rotation invariance demands
= (jm|7 |jm)jm|m;m,) ®angular momentum conservation j = j,m = m’
= N;(jm|m,m,) ® (jm|M |jm) is independent of m
HERE 20244£ 85 5-6H 29
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Description of spin states: spin-1/2 particles

1
The spin projection operator  u(p, s)u(p,s) = (p +m) 5(1 + 559

£s) .
= DG G- S = t = - G-
L [ B () =51 +75)
o5 = ( ) ;f(s)ff(s)mm )
L) - et s) o

p-d1 2
-(1+” ) 7E+m7[17 5+F@'3)(§'5')]
9D ~prmgll—¢ 5 DG )
E+m (1+&’-§) 0
fom 0 F1-55+5GDE D)
m  E+m 2 I
RAKE 20244819 5-6 5 31

Description of spin states: spin-1/2 particles

Four dimensional polarization vector and spin projection operator of a spin-1/2 particle

In the rest frame s=(0,5)

P
@-9P
In the moving frame §= <— S+ — mET ™)

Transverse polarizations L p: s, = (0,5,,0)
_ _,p, . m( P
s=s+s. —}mm+1E(0,E-|)+sl

Space reflection: ~ P* = Do, ) > P* = pu = (Po, —P)
s* = (s0,8) =» —§#"= —s, = (—50,5)

. - -
Longitudinal polarization s Il 5: s = 2— (|ﬁ|, E ﬁ.) =wl (o, i’,) -2

HERE 202448 5-6H
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Description of spin states: spin-1/2 particles

- 1
The spin projection operator  u(p, s)u(p,s) = (p + m) —(1 + 589

p-o
1 — — 2 —
E+m N E+m 7p<a)
N? _ = o —( +
<ﬁ. E—m) s y-p+m)

p-o m\p-¢d —-E+m E+m
E+m E+m
0 1 0 -1 S_ (-G 0 p-s. _@B-9p
= = = = (=, 5+
rs=(1 o)  ¥sro G o) v (0 3) =St R T
L B HTD D3
0 'S + =— = —
yey-s= m(E +m) m
5 ps L. @9H@-0)
— —0 5 — —
m m(E +m)

s . @969 B3
< ) _ﬁ-a>:1+y5y~s+ m(E +m) m

0 1—a~s+ﬁ7(p~o)(s<a) p-s @@
T wm m(E —m)
@-5@ ) p-s
TTmETm o _
weerml s 9w |
o m(E —m)
HEKH 202448 565 32
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Description of spin states: spin-1 particles

Spin operator

- 1(0 1 0) i<o -1 0) <1 0 0)
S§=3x IL=—x(1 0 1 I,=—(1 0 -1| Z,=(0 0 o0
Vo 1 0/ 7 VI\g 1 o 00 -1
- . 1 0 0
The helicity basis |a=1)=<0> |A=—1>=<0> |/1=0)=(1>
0 1 (1}

The polarization vector €
The basis: |g,)) = %(m =-1)—|1=1)) leon) = \;—IZ(IA =-1+]A=1)
lew) =12 =0)
The general form of a pure state: &) = &g} + &|2)) + 2] €))
The polarization vector is defined as: € = (¢4, &y, &)

The spin polarization vector § S$=(S)=(S,4) inthe restframe of V

Description of spin states: spin-1 particles

The spin density matrix

P11 Pio P11
p= (Pul Poo  Po-1 )

P-11 P-10 P-1-1

- 1 3 1,2
Decomposition p = 3—[1 +EST + 3T"E”] i = E(z'zl +3izh) - g16,-,

HBAE 20244F 8 5-6H

2
_551.1. + S;; S’;’; SZT
1 . 2
— y Y
T_E sn _:?SLL_S;';' SLT
\ s* s 4_s /
LT LT 3 LL
1/5u 0 0 /0 0 S\ L /siposyoo
=-z(0 s, 0 )y 0 0 S)+AsT 530
3 2 y 2\ °rr
0 0 -25, Sir S 0 0o 0 o0
HER¥ 202448 5-6H 34
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Description of spin states: spin-1 particles

Spin density matrix in terms of Lorentz covariants

Spin polarization vector: s = (0,S5,,S,,5,) = (0,57,5},5,)

0 0 0 0
Tensor polarization: ~ Scalar S, 0 Si o S; 0
Tensor Sy = Xy oyy
Vector S,z = (0,537, 57,,0) 0 Sy Spp O
0 0 0 0
1+Su S (837 — iS},) + (S5 — iS}) S55 — iSpy
3 2 2VZ 2
o= (837 +iS%,) + (S5 +iS)) 1-28,, (=S%p +i83,) + (S5 — iS))
2V2 3 2V2
SH + Sy (=837 —iS),) + (S5 +iS}) 1+5S,, S,
2 22 3 2
transverse - ! v
%= Q- [0] -0~
4 o !

— z Spy=_~ 0 _ 4 / / %
y - 0-0 = 0-0

See e.g. A. Bacchetta, & P.J. Mulders, PRD62, 114004 (2000).
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Description of spin states: spin-1 particles

Relationship between the spin polarization vector S and the polarization vector &
S = Im@E x¥)

S=0for any pure state with a real £

) = o (F1,-1,0) = §= (8)=(0,0,+1)

=001  — 5-(5)=(0,00

pure state with R 20 = (0,0,1)
Poo =1 $=(5)=(0,00) in OZ direction

pure state with  ——; 5 = (5) = (0,0,sin26sing) === &= (cos0 sinde'”,0)
Poo perpendicular to

0Z direction

Poo: vector meson spin alignment

HEKH 202448 565
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Description of spin states: spin-1 particles

The pure state: l 1 0 0
|A=1>=<0) |/1=—1>=(o) I2=0)=<1>
0 1 0
1 /-1 i /1 0
st =359 ) e =35{0) = (1)
1
\/—2_(—.9, +igy)
&) = £:]ec) + &g + &) = €

\712—_(8, +igy)

1 . 1 .
(el = (Tz(—g; —ig) & \ﬁ(“—'; - l“:}))

1(0 1 0) i(o -1 0) 10 0
Z,=—(1 0 1] £, =—(1 0 -1) Z,=(0 0 o
VZ\o 1 o VZo 1 o 00 -1

$=(85) = () () () = ;(i(s;sy —&g,), (58, — £8,),i(ere, — s;sx)) = Im (& x¥)

HBAE 20244F 8 5-6H

Linear polarization of the photon:

linearly polarized along OX or OY <—— in state |£,)) or |g(,y)
1 0 -pP, 1 Py
. 1 lin . 1 lin
tinx) _ 1| Lin(y) _ _|
g e 9 g s )

Py, 0 1 Piin
] 1 0 —Py,e 2
in OXY plane at an angle y to OX p}" = 3 0 0 0

[=R=-1

—P,e? 0 1
1 0 —Pype 2 _2i
o lin 1 1 Pupe 2\ 1 ‘
pin = 3 [ 0 - Z-(—P iy "; = 2—[1 — Pjin(0xc02y + 0ysin2y)]
—Pine*¥ 0 1 lin!
RAKE 20244819 5-6 5 39

Description of spin states: spin-1 particles

The spin density matrix: ‘ | L2
5|e —ig)|
1
p(e) = |eNel = Esz(—é‘; —igy) e, I?

1 . . 1 .
5 (& +ig))(—&; —igy) = (&, tigy)e;

1 1
ﬁ(_s" +ig,)g; 58 +ig) (5 —ig))

0 00 - .
g =1 = — -
po=1= 5@ =1 1 0) == ETL g OO =5-6)- 000
0 0O
1 .2 1 . e
2—‘:,— 1£y| ) E(—zxi-lsy)(‘zx—lzy)
Poo=0—¢g, =0 ple)= 0 0 0
1 1
i(£,+i5y)(—£;—is;,) (] z-|z,‘+i£y|z

. . 2 — — < i 2 — s i
Normalization |, |> + |,gy| =1 & =cosf &, =sinfe? £ = (cos0,sinfe'?,0)

1 .
stz(s; —isg;)

1
2-|s,,+i£y|Z

1 1
f(l + sin26@sing) 0 Z—(—colei + isin2@cosg)
o) = 0 0 0 § =(5) = (0,0, sin26sing)
1 1
5 (—cos20 — isin26cosp) 0 2—(1 — sin26sing)
HERE 20244E 8 5-6H 38

y yxx X xxx

=SurtStrr —Sir — STIT
xy

~28u + Siir Sirr

See e.g. Jing Zhao, Zhe Zhang, ZTL, Tianbo Liu, Ya-jin Zhou, PRD106, 094006 (2022)

) or 50 0
Bl = (£%,37,57) ;(f'g T 3) P:'(u“@' PR \ ‘:;'(: o 1%
, ’ =g 00 o vT T o 0 -wT 00
\oo vr ) Voo w0/
1 5 —Su.+ St S Sir
T = 2-():‘21 +3E) - 791 TV = Sry S-S Sir
Sir s, 25,

-3S§ir + S Sl + Stir —2Su + Sifr
xy
Surr

ik _ = (gliyk 4 yikyi 4 ykiyi
S ) | (St ST sie-sEs sk
ik _ y yxx
,i(sijszr&'k):iJrskizj) RV == *S’L‘Lr;sﬁz‘r 381y — Strr —2S11L — STiT
15 Sir ~281 — Sttt a8y
x
281 + ST Sirr 4§y
x
Spr 28— STr 48T
4Siir aShr 45111

2511
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Description of polarization of particles with different spins

Spin 1/2 hadrons: 1 The spin densitv matrix is 2x2: 5= (Z: z:) = ;-(1 +59)
Vector polarization: s* =(0,5,,4)
Sgin 1 hadrons: 1 See e.g. A. Bacchetta, & P.J. Mulders, PRD62, 114004 (2000)
. . L . Pu Pu P
The spin density matrixis 3x3: _| " " %(H%g,iﬂrw)
e ~ P P Pan
Vector polarization: s*=(0,S,,2)

3 independent
- o srogry i (SH O SH g ndep
Tensor polarization: Si.,Sir = (Sir,Sir)s  Str={ g s 5 components
T

Spin 3/2 hadrons:

See e.g. Jing Zhao, Zhe Zhang, ZTL, Tianbo Liu, Ya-jin Zhou, PRD106, 094006 (2022)
. n Lo 1
The spin density matrix is 4x4: p = Z(

142 gis 2qusy 4 gRifk):iik)
5 3 9
Vector polarization: s* =(0,5,,1)

. . XX SXY
Tensor polarization: S, , Si; = (Sir.5);), St = (SZ 757,2) € .
(rank 2) ™ ST 5 15 independent
Tensor polarization: Sttt Siar = (Siur L) components
(rank 3) s = (Sﬁf 531‘) i _ (Wﬁ St >
T \sir —stir) T \sjr —SHRE
HBKE 20244284 5-6H 41
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Two body decay A — 1 + 2 In the rest frame of A

Pa=(My0,0,0) p1=(ELP1) p2=(EzP3) Pi=
Pa=DP1+D2 Ei = (M5 +m} —m3)/2M,
For unpolarized (or spinless) A, the decay product is isotropic.

d3N 1

. . dv 1
T, = Wéﬂpﬂ )

o im
For parity conserved decays of A, the decay product is isotropic.
For parity violating decay of the hyperon,

dNn 1 ( — D1

1
0= T 1+aP~W>—4?(1+aPcose)

Spin self analyzing parity violating weak decay of the hyperon A.

a: the decay polarization parameter, listed in PDG.

202448/ 5-6 F 3
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Polarization measurements: hyperon polarization

More completely General Partial Wave Analysis of the
B Phys. Rev. Decay of a Hyperon of Spin }

A->1+2e9,A>pm 106, 1645 (1957) T.D. Las* awp C. N, Yave

Institute for Adsanced Study, Princelon, New Jersey

dN 1 . (Received October 22, 1957)
PN F(l + aP, cos @)

5 (a+P,-8,)é; + Bé;xP, +y(é;xP,)x&,
L=

1+aP, &,
2Re(S'P) 2Im(S*P) ISI* —|PI?
a= = = a2+ +yr=1
ST+ 1PI2 SEFIPE YT TETIPE Fey

Parity conserved: s = 0,sothata =0, =0,y = -1

1 1
orusing (a,¢): ¢ =tan! :?, B=(1-a*)cosp,y = (1-a*)fsing
Parity conserved: « = 0,¢ = —m/2

a,B,v, ¢: decay parameters listed in PDG.
A
Can also be derived from M~u(A4)(a — y5b)u(1)

S~a, P ~ b|p1|/(E1 + mq)

20244E8 )1 565
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Polarization measurements: 4 - 1 + 2

ConsiderA - 1 + 2 in the rest frame of A

Suppose the spin density matrix of Ais Pa = Z I alSa MaXSa, Myl

Ma
The spin density matrix of the system (12) is P12 = Up, U*

The angular distribution helicity state of (12)

w(o,¢) =N Z (B; 122| P12|P; 1442) =N Z (B; 1122| 0 Pa ﬁ”ﬁi Ay2,)
1142 A1.42
=N
A1A2,M M)y

SN A Bihad) Ay B Aado) (Sa Malba 14 M))

A1A2,M M)

(B; 2122 0 1S4, MaX(Sa, MalPa 1S, M)y X(Sa, M)y |ﬁ+|§i A1d)

: = P the decay amplitude of A in the state |S 4, M) to
Any @i 0122) = (B; 41, 22[01Sa. Ma) 1) in'the state [5, 4,, 1) with helicities 4, and 4,

20244F8 A 5-6H
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Polarization measurements: 4 - 1 + 2

Calculation of (p, 8, @; 11, 2, |p,J, M; A4, 23)

2] + 1,2
It can be shown that (P, 0,0;24,,2;|p,J, M; 44,2;) = ( )

4m
1P, 0,¢;21,4;) = R(¢,0,—9)|p,0,0; 21, 1,)

/Any rotation can be described by three Euler angles (a, B8,y)

(1) a rotation of angle « around z-axis (x,y,z) - (x',y’,2")
(2) a rotation of angle B around y*axis (x',y’,z') - (x"',y",z") I
(3) a rotation of angle y around z™-axis (x",y",z"") —» (x"",y",2"") _.. '

The rotation operator R, () = e=i%n
R(a,p,7) =R, VR, (PR, ()
Ry (B) = R,(@)R,(B)R; " ()

\ R(@B,y) = R(>ORy(BR,(y) = e"'ze"Flre~t¥): J
£ AKX 20244819 5-6 5 47
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Polarization measurements: 4 - 1 + 2

The decay amplitude is A, (B; 11, 42) = (B; A1, 42| 0]S 4, M,s)

Space rotation invariance demands

@ total angular momentum conservation

A5 1, 22) = B; A1, |E, S, Ma; A1, 12 )(E, ] = Sa, M = My; A1, 2|U0|S 4, M)
® Wigner-Eckhard theorem

(S, Mp; 21, 2,|0|S 4, My) = (Sp; A1, 2,|0S4) = Hy, (A1, 22)

Helicity amplitude, independent of M4, independent of angles (6, ¢).

Hence Am(B; A1, 42) = (B; A1, A2|E, Sa, Ma; A1, A2) Hs, (A1, A2)

The angular dependence is determined by  (; A1, 22 |E, S4, My; 14, 22)

HERE 202448 5-6H
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Polarization measurements: 4 - 1 + 2

The Wigner rotation matrix (jm'|R(a, B,y)|jm)
R(a, B, y)ljm) = Zlim') (m'|R(a, B, Y)ljm) = » D! .(a,B,¥)|jm’)
D) @By) = Gm'IR(@,B,y)ljm) = e~ e~ (jmy'|e~ 81y jm) = em'e-mval ()
), (B) = (im’|e ¥ |jm)
= [+ m)L G —m)LG +m)LG —mO2
mingjtmj-m') (cosg-)zj (tanB)Zk—’Mml

Z)
G+m—Kk)!(G—m —k)k!'(k—m' +m)!

X

k=max{m-m'0}

1+cosf 7sin[t' 1-cosp

coslzi 7sin§ '2 VT 2
di2(g) = H g ai(p) = sin g cos B sin B
1

sin= cos— VT VT
2 2 —cosp sinff  1+cosfB
2 VT 2
HEKE 202448 565 48
48

12



Polarization measurements: 4 - 1 + 2

The inner product
(D521, 4,1S4, My; 21, 4;) =(p,0,0;44, 24, IR (¢, 0, —@)|S4, My; 24, 25)
= Zm 0,0; 44, &3 1S5 My; Ay, Ao)(S 0, Myi Ay, 25 1R (9,6,~9)[S 0, Myi Ay, 2z)
My
My=2d -4, =1
=(P,0,0;41,4,|54, 4 41, 4, (S0, 4; }-1'AZ|RJr (0,0, —9)|S4, My; 11, 27)

1
2+ 1T ..
=( o ) DA (9,0,—0)

The decay amplitude
Ay @541, 42) = (B; 41,42 |01Sa, Ma) = (B A1, 22150, Ma; Ar, A2) Hi g (A4, 22)

- o

1
7 *
) DA 9.6, @)H,(ha, 2)

The angular distributionof 1in4 —» 1+ 2

WO.0) =N ) |HaG )P DY, (9,6,-9)D3,, (9.6,~0)(MalpaIM})
A1AzM M)

HBAE 20244F 8 5-6H
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Polarization measurements: vector meson

ForV — 1 + 2, where 1 and 2 are two spin-1/2 Fermions, i.e., S; =1,4; = + ;— A = i:—
consider the case: (1) Helicity conservation: 4, = —4, ,4 = +1
(2) Space reflection invariance: H4 (11, 4;) = Hy(—244,—43)

only one independent helicity amplitude

eg., J/Y - ete”

wo,p) = ") [1+ 4 cos? @ + 4, sin” 0 cos 2¢ + A4, 5in 26 cos ¢

3
4n(3 + A,
+2;; sin® 0 sin 2¢ + Ag,, sin 20 sin @]

_1-3poo 1= 2Rep;_q A = %

T e— = O —
Ao 1+ poo ? 1+ poo ? 1+poo

_ VZRe(po1 — P—10) Y VZIm(po; — p_10)

AJ.
1+ poo oo 1+ poo

(4

RAKE 20244819 5-6 5
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Polarization measurements: vector meson

For V — 1 + 2, where 1 and 2 are two pseudoscalar mesons, we have S, = 1,4; =4, =0
eg,p > Tmw

W©O.@) =N ) Hal* D o(@,6,~9)D}y (0.0, ~0)MalPalM})
Ma,M)

3
= §{(1 = Poo) + (3poo—1) cos? &
—VZ sin 26 [cos ¢ (Rep1o — Rep_1¢) — sin @ (Impyo + Imp_y0)]
—2sin? 0 (cos 2@ Rep;_; +sin2¢Imp;_;)}

2m 3
deW(6,¢) = I [(1 = poo) + (3pgo — 1) cos? 6]
o

HERE 202448 5-6H
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ForH-Nm, Sy=3,4=%5, 4, =0
W@, p) = 4_1—11_(1 +aPcos@ +asinfcosgRep,_+asinBsinglmp,_)
2 2
[ @)+ (=2)]
P=p, —p__
- . 1 1
If space reflection invariance H, (f) =H, (— 2_) a=0
HEKE 20244E8 )1 565 52
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Polarization measurements: Spin-3/2 baryon

FrA—>1+2, S4=3 S1=7, 5, =0,eg. A>Nmor2 - AK

1
Q{2 + (1 —3cos®0)SLr — (ST1 cos ¢ + S¥yp sin ¢) sin 20 — sin® O(SF5 cos 26 + Syor
4
+aa [g(SL cos + S5 sinf cos ¢ + S¥ sin O'sin @)

Wb, p) =

- é(.‘icosl? +5c0s30)SpLL — %(Sinﬁ +5c0s30)(SFpcos¢ + 87,1 sing)
— 3sin® 0 cos §(SE5y cos 2¢ + S7hp sin 2¢) — sin’ O(SFE%, cos 3¢ + Syay. sin 3¢)} }
If integrate over ¢
1 ) 4 1
W) = 1{2 4 (1—3cos?6)Sps +aa [gsL cos0 - 5(3cos0 + 5cos 39)SLLL] }

only longitudinal components can be measured

If parity conserved, s =0 W (9) = 3{2 + (1 — 3cos? G)SLL}

See, e.g., the appendix in Zhe Zhang, Ji-peng Lv, Zi-han Yu, ZTL, e-Print: 2407,06480 [hep-ph]

sin 2¢)

HBAE 20244F 8 5-6H
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Two books

ELEMENTARY THEORY

OF ANGULAR MOMENTUM Spin in
M. E. ROSE Particle Physics

ELLIOT LEADER

CAMBRIDGE MONOGRAPHS
ON PARTICLE PHYSICS, NUCLEAR PHYSICS
AND COSMOLOGY

New York - JOHN WILEY § SONS, Inc. 13
London - CHAPMAN § HALL, Ltd.
1957
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Polarization measurements: Spin-3/2 baryon

Successive decays

FOrA—>1+2,1-53+4,S1=5 S1=S3=7 5,=5,=0,e9.0 - AK,A - prr",

W (6:,03) :i{(l + g cos3)[1 — %SLL(l +3cos201)] + ;SL c0s 61 (s + g cosf3)
- AllSLLL(3COS¢91 +5c083601)(aa + a1 cos€3)}A
FOrA—>1+2,153+4,355+6,5,=% S;=5=55=5 5,=5,=5=0,
eg.8" > Em, E > Am, A > pn”,
W(0=,04,0,) :%{1 + apazcosby, + gSL(ag + a cos 0)) cos Oz cos Op
- 1SLL(I +3c0s20=)(1 + araz cosb,)

4

_ iSLLL(DlE + ap cos Bp) cos 04 (3 cos O= + 5005305)}.

See, e.g., the appendix in Zhe Zhang, Ji-peng Lv, Zi-han Yu, ZTL, e-Print: 2407,06480 [hep-ph]

HERE 202448 5-6H
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