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TMD PDFs defined via quark-quark correlator

The quark-quark correlator
 
Φ̂ (0)(k; p, S) = d 4z∫ eikz 〈 p,S |ψ (0)L(0, z)ψ (z) | p,S〉

 

Φ̂ (0)(x,k⊥; p, S) = 1
2

 Φ (0)(x,k⊥; p, S)⎡⎣

                              + iγ 5  !Φ (0)(x,k⊥; p,S)
                              + λα  Φα

(0)(x,k⊥; p,S)

                              + γ 5λ
α  !Φα

(0)(x,k⊥; p,S)

                              + iγ 5σ
αβ  Φαβ

(0)(x,k⊥; p,S)⎤⎦

 

Φα
(0)(x,k⊥; p, S) = 1

2
Tr γ α Φ̂

(0)(x,k⊥; p, S)⎡⎣ ⎤⎦

                         = d 4z∫ eikz 〈 p,S |ψ (0)L(0, z)γ α

2
ψ (z) | p,S〉

scalar

pseudo-scalar

vector

axial vector

tensor

e.g.:

integrate over     :k −

  
Φ̂ (0)(x,k⊥; p, S) = dz −d 2z⊥∫ ei(xp

+z− −
!
k⊥ ⋅
!
z⊥ ) 〈 p,S |ψ (0)L(0, z)ψ (z) | p,S〉

Expansion in terms of the Γ-matrices
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TMD PDFs defined via quark-quark correlator

The Lorentz decomposition

ΦS
(0)(x,k⊥; p, S) = M e(x,k⊥ ) +

ε⊥ρσk⊥
ρST

σ

M
eT
⊥ (x,k⊥ )

⎡

⎣
⎢

⎤

⎦
⎥

Φα
(0)(x,k⊥; p, S) = p+nα f1(x,k⊥ ) +

ε⊥ρσk⊥
ρST

σ

M
f1T
⊥ (x,k⊥ )

⎡

⎣
⎢

⎤

⎦
⎥

                      +  k⊥α f
⊥ (x,k⊥ ) + Mε⊥ασST

σ fT (x,k⊥ ) + ε⊥αρk⊥
ρ λ fL

⊥ (x,k⊥ ) + k⊥ ⋅ST
M

fT
⊥ (x,k⊥ )⎡

⎣⎢
⎤
⎦⎥

                      + M
2

p+ nα f3(x,k⊥ ) +
ε⊥ρσk⊥

ρST
σ

M
f3T
⊥ (x,k⊥ )

⎡

⎣
⎢

⎤

⎦
⎥

p = p+n + M
2

2p+ n, S = λ p
+

M
n + ST − λ M

2

2p+ n

totally 8(twist 2)+16(twist 3)+8(twist 4) components

twist-2

twist-3

twist-4

See e.g.,  K. Goeke, A. Metz, M. Schlegel, PLB 618, 90 (2005);
P. J. Mulders, lectures in 17th Taiwan nuclear physics summer school, August, 2014.
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TMD PDFs defined via quark-quark correlator

The Lorentz decomposition

 

!Φ (0)(x,k⊥; p, S) = M λeL(x,k⊥ ) +
k⊥ ⋅ST
M

eT (x,k⊥ )
⎡
⎣⎢

⎤
⎦⎥

 

!Φα
(0)(x,k⊥; p, S) = p+nα λg1L(x,k⊥ ) + k⊥ ⋅ST

M
g1T
⊥ (x,k⊥ )⎡

⎣⎢
⎤
⎦⎥

                      − MSTα gT (x,k⊥ ) − k⊥α λgL
⊥ (x,k⊥ ) + k⊥ ⋅ST

M
gT
⊥ (x,k⊥ )⎡

⎣⎢
⎤
⎦⎥
+ ε⊥αβk⊥

β g⊥ (x,k⊥ )

                     + M
2

p+ nα λg3L(x,k⊥ ) + k⊥ ⋅ST
M

g3T
⊥ (x,k⊥ )⎡

⎣⎢
⎤
⎦⎥

totally 8(twist 2)+16(twist 3)+8(twist 4) components

twist-2

twist-3

twist-4

Φρα
(0) (x,k⊥; p, S) = p+n[ρSTα ]h1T (x,k⊥ ) +

p+n[ρk⊥α ]

M
λh1L

⊥ (x,k⊥ ) + k⊥ ⋅ST
M

h1T
⊥ (x,k⊥ )⎡

⎣⎢
⎤
⎦⎥
+
p+n[ρε⊥α ]βk⊥

β

M
h1

⊥ (x,k⊥ )

                      +  ST [ρk⊥α ]hT
⊥'(x,k⊥ ) + Mε⊥ραh(x,k⊥ ) − n[ρnα ] MλhL(x,k⊥ ) − (k⊥ ⋅ST )hT

⊥ (x,k⊥ )⎡⎣ ⎤⎦

                     + M
2

p+ n[ρSTα ]h3T (x,k⊥ ) +
n[ρk⊥α ]

M
λh3L

⊥ (x,k⊥ ) + k⊥ ⋅ST
M

h3T
⊥ (x,k⊥ )⎡

⎣⎢
⎤
⎦⎥
+
n[ρε⊥α ]βk⊥

β

M
h3

⊥ (x,k⊥ )
⎧
⎨
⎩

⎫
⎬
⎭
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Twist-2 TMD PDFs defined via quark-quark correlator
Leading twist (twist 2)

f1(x,k⊥ )

f1T
⊥ (x,k⊥ )

h1T
⊥ (x,k⊥ )

g1L(x,k⊥ )

h1T (x,k⊥ )

g1T
⊥ (x,k⊥ )

h1
⊥ (x,k⊥ )

f ,  g,  h : quark un-, longitudinally, transversely polarized

0

0

q(x)

Δq(x)

δ q(x)

×

×

×

×h1L
⊥ (x,k⊥ )

number density

Sivers function

pretzelocity
worm gear/
longi-transversity

worm gear/trans-helicity

helicity distribution

transversity distribution

Boer-Mulders function

quark nucleon pictorially k⊥
if no 
gauge link   

integrated 
over  name

U

U

T

L

T
L

T

U

T(//)

T(⊥)

L

TMD PDFs (8) 
polarization
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Twist-3 TMD PDFs defined via quark-quark correlator
Next to the leading twist (twist-3)

number density

Sivers function

pretzelocity
worm gear/
longi-transversity

worm gear/trans-helicity

helicity distribution

transversity distribution

Boer-Mulders function

if no 
gauge link   k⊥

integrated 
over  nameTMD PDFs (16) quark nucleon pictorially 

U

U

L

T

L

T

U

T(//)

T(⊥)

L

polarization

T

L

U

hL(x,k⊥ )

hT
⊥'(x,k⊥ )

hT
⊥ (x,k⊥ )

h(x,k⊥ )

e(x,k⊥ ),     f ⊥ (x,k⊥ )

eT
⊥ (x,k⊥ ),

eL(x,k⊥ ),    gL
⊥ (x,k⊥ )

gT (x,k⊥ ),    gT
⊥ (x,k⊥ )

0

0

e(x),  ×

0

×

fT (x)

g'T (x)
×

h(x)

×

×

0
0

0

hL(x)

eL(x),  ×

fT (x,k⊥ ),    fT
⊥ (x,k⊥ )

g1L(x,k⊥ )
x

h1T
⊥ (x,k⊥ )
x

k⊥
2h1L

⊥ (x,k⊥ )
M 2x

g1T (x,k⊥ )
x

0

k⊥
2h1T

⊥ (x,k⊥ )
M 2x

0

fL
⊥ (x,k⊥ ) 0 ×

g⊥ (x,k⊥ ) 0 ×

they are NOT probability distributions but 
contribute in different polarization.

e'T
⊥ (x,k⊥ ),
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TMD PDFs defined via quark-quark correlator

Twist-2 TMD PDFs

Twist-3 TMD PDFs

quark polarization
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TMD PDFs defined intuitively (equivalent to twist-2)

 fq (x,Sq; p,S) = fq (x) + λqλ  Δfq (x) + (
!
S⊥q ⋅

!
ST ) δ fq (x)

In the 1-dimensional case:

In the 3-dimensional case:

 fq (x,k⊥ ,Sq; p,S) = fq (x,k⊥ ) + λqλ  Δfq (x,k⊥ ) + (
!
S⊥q ⋅

!
ST ) δ fq (x,k⊥ )

 
+
!
ST ⋅ ( p̂ × k̂⊥ )Δ

N f (x,k⊥ ) +
1
M
!
S⊥q ⋅ ( p̂ ×

!
k⊥ )h1

⊥ (x,k⊥ )

 
+ 1
M 2 (

!
S⊥q ⋅

!
k⊥ )(
!
ST ⋅
!
k⊥ )h1T

⊥ (x,k⊥ ) + 1
M

(
!
S⊥q ⋅

!
k⊥ ) λ  h1L

⊥ (x,k⊥ )

 
+λq

1
M

(
!
ST ⋅
!
k⊥ ) g1T

⊥ (x,k⊥ )

 
ΔN f (x,k⊥ ) = − |

!
k⊥ |
M

f1T
⊥ (x,k⊥ )δ fq (x,k⊥ ) = h1T (x,k⊥ ),
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Twist-2 TMD FFs defined via quark-quark correlator

Leading twist (twist 2) quark un-, longitudinally, transversely polarized

quark hadron pictorially kF⊥integrated over  name

U

U

T

L

T
L

T

U

T(//)

T(⊥)

L

TMD FFs (8) 
polarization

number density

Sivers-type functionD1T
⊥ (z,kF⊥ )

H1T
⊥ (z,kF⊥ )

spin transfer (longitudinal)

spin transfer (transverse)

G1L(z,kF⊥ )

H1T (z,kF⊥ )

G1T
⊥ (x,k⊥ )

H1
⊥ (z,kF⊥ )

G1L(z)

H1T (z)

×

×

×

×

D1 (z,kF⊥ ) D1 (z)

H1L
⊥ (z,kF⊥ )

D,  G,  H :

Collins function
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Twist-2 TMD FFs defined via quark-quark correlator (spin-1)

Quark pol Hadron pol TMD FFs (2+6+10=18) integrated over name
number density

Sivers-type functionD1T
⊥ (z,kF⊥ )

H1T
⊥ (z,kF⊥ )

spin transfer (longitudinal)

spin transfer (transverse)

G1L(z,kF⊥ )

H1T (z,kF⊥ )

G1T
⊥ (z,kF⊥ )

H1
⊥ (z,kF⊥ )

G1L(z)

H1T (z)

×

×

×

×

D1 (z,kF⊥ ) D1 (z)

H1L
⊥ (z,kF⊥ )

D1LL(z,kF⊥ )

D1TT
⊥ (z,kF⊥ )

D1LT
⊥ (z,kF⊥ )

G1LT
⊥ (z,kF⊥ )

G1TT
⊥ (z,kF⊥ )

H1LL
⊥ (z,kF⊥ )

H1LT (z,kF⊥ ),   H1LT
⊥ (z,kF⊥ )

H1TT
⊥ (z,kF⊥ ),   H '1TT

⊥ (z,kF⊥ )

U

U

T

LL
LT
TT

L
T

LT
TT

L

T

U
T(//)

LT
TT

T(⊥)

LL

L

Collins function

spin alignmentD1LL(z)

kF⊥

H1LT (z)

×

×

×
×

×

×,  ×

See e.g., K.B. Chen, S.Y. Wei, W.H. Yang, & ZTL, PRD94, 034003 (2016).
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Twist-2 TMD FFs defined via quark-quark correlator (spin-1)

Classified according to the polarization of the quark:

D1 ,  D1T
⊥ ,  D1LL ,  D1LT

⊥ ,  D1TT
⊥

G1L ,  G1T
⊥ ,  G1LT

⊥ ,  G1TT
⊥

H1
⊥ ,  H1T ,  H1T

⊥ ,  H1L
⊥ ,  H1LL

⊥ ,  H1LT ,  H1LT
⊥ ,  H1TT

⊥ ,  H '1TT
⊥

Unpolaried quark

Longitudinally polarized quark

Transversely polarized quark

number density:
induced polarization: D1T

⊥

G1L; H1T ,  H1T
⊥

G1T
⊥ ; H1L

⊥

D1 ,  H1
⊥

D1LL ,  D1LT
⊥ ,  D1TT

⊥

G1LT
⊥ ,  G1TT

⊥ ; H1LL
⊥ ,  H1LT ,  H1LT

⊥ ,  H1TT
⊥ ,  H '1TT

⊥“worm gear”:

Classified according to the polarization of the hadron:

Ξ̂(z,kF⊥; p, S) =  Ξ̂(z,kF⊥; p |Upol) + Ξ̂(z,kF⊥; p |Vpol) + Ξ̂(z,kF⊥; p |Tpol)

Their contributions to the cross section are additive.

spin transfer

12
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Access TMDs via semi-inclusive high energy reactions

Semi-inclusive reactions

p

p

l

l
f

f

ŝ

p + p→ l + l + XDrell-Yan:

-e
-e

N
f

ŝ

D

 e + N → e + h + XDIS:

TMD PDFs:

TMD PDFs:

TMD FFs:

BNL
JPARCFNAL

TMD FFs:
  f1, f1T

⊥ , g1L , g1T , h1, h1
⊥ , h1L

⊥ , h1T
⊥ ...

  D1, H1
⊥ , ...

  f1, f1T
⊥ , g1L , g1T , h1, h1

⊥ , h1L
⊥ , h1T

⊥ ...

  D1, H1
⊥ , ...

e− + e+ → h1 + h2 + X
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Semi-inclusive high energy reactions: Kinematics

Semi-inclusive reactions: general form of the hadronic tensors and cross sections

18 independent 
“structure functions” 
for spinless hadron h

48 independent 
“structure functions” 

36 independent “structure 
functions” for spin-1/2 hadrons 

p

p

l

l
f

f

ŝ

p + p→ l + l + XDrell-Yan:

-e
-e

N
f

ŝ

D

e− + e+ → h1 + h2 + X

 e + N → e + h + XDIS:

Gourdin, NPB 49, 501 (1972); 
Kotzinian, NPB 441, 234 (1995);
Diehl, Sapeta, EPJ C41, 515 (2005); 
Bacchetta, Diehl, Goeke, Metz, Mulders, 
Schlegel, JHEP 02, 093 (2007);
……

Pitonyak, Schlegel, Metz,
PRD89, 054032 (2014). 

Arnold, Metz, Schlegel, 
Phys. Rev. D79 ,034005 (2009). 

81 independent “structure 
functions” for spin-1 hadrons 

K.B. Chen, W.H. Yang, S.Y. Wei, 
& ZTL, PRD94, 034003 (2016). 
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Kinematic analysis for 𝒆!𝒆" → 𝒁 → 𝑽𝝅𝑿

2E1E2
d 3p1d

3p2
= α 2

sQ4
χLµν (l1, l2 )W

µν (q, p1,S, p2 )

Lµν (l1, l2 ) = c1
e l1µ l2ν + l1ν l2µ − (l1 ⋅ l2 )gµν⎡⎣ ⎤⎦ + ic3

eε µνρσ l1
ρl2

σ

 
= Wσ i

S  hσ i
Sµν

σ ,i
∑ + !Wσ j

S  !hσ j
Sµν

σ , j
∑

 
+i Wσ i

A  hσ i
Aµν

σ ,i
∑ + i !Wσ j

A  !hσ j
Aµν

σ , j
∑

𝒆!𝒆" → 𝒁 → 𝑽 𝒑𝟏 , 𝑺 𝝅 𝒑𝟐 𝑿: the best place to study tensor polarization dependent FFs

the basic Lorentz tensors:

Constraints： W µν* =Wνµ qµW
µν = qνW

µν = 0(hermiticity), (current conservation)

Wµν (q, p1,S, p2 ) =W
Sµν (the Symmetric part) +iW Aµν (the Anti-symmetric part)

space reflection P-even:
space reflection P-odd:

    P̂
!hµν = − !hµν

   P̂ hµν = hµν  hσ i
Sµν = hσ i

Sνµ ,   hσ i
Aµν = −hσ i

Aνµ

   
!hσ i

Sµν = !hσ i
Sνµ ,   !hσ i

Aµν = − !hσ i
Aνµ

polarization
  σ =U ,V , SLL , SLT , STT

The hadronic tensor:

e− (l1 )

e+ (l2 )

V(p1,S)
π (p2 )

X(pX )

Z0 (q)

The differential cross section:

K.B. Chen, W.H. Yang, S.Y. Wei, & ZTL, PRD94, 034003 (2016) (spin-1).
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Kinematic analysis for 𝒆!𝒆" → 𝒁 → 𝑽𝝅𝑿

The basic Lorentz tensor sets for the hadronic tensor

  
hUi

Sµν = g µν − qµqν

q2 ,   p1q
µ p1q

ν ,   p2q
µ p2q

ν ,   p1q
{µ p2q

ν }⎧
⎨
⎩

⎫
⎬
⎭

   
!hUi

Sµν = ε {µqp1 p2 ( p1q
ν },   p2q

ν } ){ }
  hU

Aµν = p1q
[µ p2q

ν ]

   
!hUi

Aµν = ε µνqp1 ,   ε µνqp2{ }

unpolarized: 5+4=9

Vector polarization S-dependent: 13+14=27

  

hLi
Sµν

!hLi
Sµν

hLi
Aµν

!hLi
Aµν

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

= λ

!hUi
Sµν

hUi
Sµν

!hUi
Aµν

hU
Aµν

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

A regularity:

   

hTi
Sµν

!hTi
Sµν

hTi
Aµν

!hTi
Aµν

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

= ( p2 ⋅ S)

!hUi
Sµν

hUi
Sµν

!hUi
Aµν

hU
Aµν

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

, ε Sqp1 p2

hUi
Sµν

!hUi
Sµν

hU
Aµν

!hUi
Aµν

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

⎫

⎬

⎪
⎪⎪

⎭

⎪
⎪
⎪

longitudinal polarization 𝜆 ∼ 𝑝⃗% ⋅ 𝑆 transverse polarization 

  

hUi
Sµν

!hUi
Sµν

hUi
Aµν

!hUi
Aµν

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

Unpolarized
5+4=9

  
pq ≡ p − p ⋅q

q2 q
  ε

µνα p ≡ ε µναβ pβ ,  ε⊥
µν ≡ ε µναβnα nβ

  ( pq ⋅q = 0)

spin dependent 
Lorentz tensor set

spin dependent 
Lorentz (pseudo)scalar the unpolarized set= ×

𝒂[𝜶𝒃𝜷] ≡ 𝒂𝜶𝒃𝜷 − 𝒂𝜷𝒃𝜶

𝒂{𝜶𝒃𝜷} ≡ 𝒂𝜶𝒃𝜷 + 𝒂𝜷𝒃𝜶

symmetric (S), P-even

symmetric (S), P-odd

anti-symmetric (A), P-even

anti-symmetric (A), P-odd
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The basic Lorentz tensor sets for the hadronic tensor (continued)

SLL-dependent part: 5+4=9

SLT-dependent part: 9+9=18

STT-dependent part: 9+9=18

  p1 ⋅ SLT = 0,   q ⋅ SLT = 0

  SLT = (0, SLT
x , SLT

y , 0)

  STT
p1β = STT

α p1 = 0

  

STT =

0 0 0 0
0 STT

xx STT
xy 0

0 STT
xy −STT

xx 0
0 0 0 0

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

  STT
qβ = STT

αq = 0

 STT
pβ ≡ pα STT

αβ

   

hLTi
Sµν

!hLTi
Sµν

hLTi
Aµν

!hLTi
Aµν

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

= ( p2 ⋅ SLT )

hUi
Sµν

!hUi
Sµν

hU
Aµν

!hUi
Aµν

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

, ε SLT qp1 p2

!hUi
Sµν

hUi
Sµν

!hUi
Aµν

hU
Aµν

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

⎫

⎬

⎪
⎪⎪

⎭

⎪
⎪
⎪

   

hTTi
Sµν

!hTTi
Sµν

hTTi
Aµν

!hTTi
Aµν

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

= STT
p2 p2

hUi
Sµν

!hUi
Sµν

hU
Aµν

!hUi
Aµν

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

, ε STT
p2qp1 p2

!hUi
Sµν

hUi
Sµν

!hUi
Aµν

hU
Aµν

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

⎫

⎬

⎪
⎪⎪

⎭

⎪
⎪
⎪

  SLTµ
P = SLT

µ

  STTµν
P = STT

µν

  SLL
P = SLL

  

hLLi
Sµν

!hLLi
Sµν

hLLi
Aµν

!hLLi
Aµν

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

= SLL

hUi
Sµν

!hUi
Sµν

hU
Aµν

!hUi
Aµν

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

 ε
abcd ≡ εαβγδaαbβcγ dδ

K.B. Chen, W.H. Yang, S.Y. Wei, & ZTL, PRD94, 034003 (2016).

Kinematic analysis for 𝒆!𝒆" → 𝒁 → 𝑽𝝅𝑿
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Kinematic analysis for 𝒆!𝒆" → 𝒁 → 𝑽𝝅𝑿

The cross section in Helicity-GJ-frame: unpolarized and longitudinally polarized parts

    

2E1E2dσ
U

d 3 p1d
3 p2

= α 2

s2 χ (FU + !FU )

   

FU = (1 + cos2θ )F1U + sin2θF2U + cosθF3U

     + cosϕ[sinθF1U
cosϕ + sin2θF2U

cosϕ ]

     + cos2ϕ sin2θFU
cos2ϕ

    

!FU = sinϕ[sinθ !F1U
sinϕ + sin2θ !F2U

sinϕ ]

     + sin2ϕ sin2θ !FU
sin2ϕ

    

2E1E2dσ
L

d 3 p1d
3 p2

= α 2

s2 χλ(FL + !FL )

    

!FL = (1 + cos2θ ) !F1L + sin2θ !F2 L + cosθ !F3 L

     + cosϕ[sinθ !F1L
cosϕ + sin2θ !F2 L

cosϕ ]

     + cos2ϕ sin2θ !FL
cos2ϕ   

FL = sinϕ[sinθF1L
sinϕ + sin2θF2 L

sinϕ ]

     + sin2ϕ sin2θFL
sin2ϕ

   
FjL

xxx ↔ !FjU
xxx ,     !FjL

xxx ↔ FjU
xxx

   
FjLL

xxx ↔ FjU
xxx ,     !FjLL

xxx ↔ !FjU
xxx

 

1
cosϕ
cos2ϕ

 

sinϕ
sin2ϕ

    FL ↔ !FU ,    !FL ↔ FU

    FLL ↔ FU ,    !FLL ↔ !FU

    

2E1E2dσ
LL

d 3 p1d
3 p2

= α 2

s2 χSLL(FLL + !FLL )

   

FLL = (1 + cos2θ )F1LL + sin2θF2 LL + cosθF3 LL

      + cosϕ[sinθF1LL
cosϕ + sin2θF2 LL

cosϕ ]

      + cos2ϕ sin2θFLL
cos2ϕ     

!FLL = sinϕ[sinθ !F1LL
sinϕ + sin2θ !F2 LL

sinϕ ]

      + sin2ϕ sin2θ !FLL
sin2ϕ

The structure functions:    
Fjxx

yy = Fjxx
yy (s,ξ1,ξ2 , p2T )

   
!Fjxx

yy = !Fjxx
yy (s,ξ1,ξ2 , p2T )

19
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General kinematic analysis for 

The cross section in Helicity-GJ-frame: transverse polarization dependent parts

e+e− →VπX

    

2E1E2dσ
T

d 3 p1d
3 p2

= α 2

s2 χ |
!
ST | (FT + "FT )

   

FT = sinϕ S[sinθF1T
sinϕS + sin2θF2T

sinϕS ]

     + sin(ϕ S +ϕ )sin2θFT
sin(ϕS +ϕ )

     + sin(ϕ S −ϕ )[(1 + cos2θ )F1T
sin(ϕS −ϕ ) + sin2θF2T

sin(ϕS −ϕ ) + cosθF3T
sin(ϕS −ϕ ) ]

     + sin(ϕ S − 2ϕ )[sinθF1T
sin(ϕS −2ϕ ) + sin2θF2T

sin(ϕS −2ϕ ) ]

     + sin(ϕ S − 3ϕ )sin2θFT
sin(ϕS −3ϕ )

    

!FT = cosϕ S[sinθ !F1T
cosϕS + sin2θ !F2T

cosϕS ]

     + cos(ϕ S +ϕ )sin2θ !FT
cos(ϕS +ϕ )

     + cos(ϕ S −ϕ )[(1 + cos2θ ) !F1T
cos(ϕS −ϕ ) + sin2θ !F2T

cos(ϕS −ϕ ) + cosθ !F3T
cos(ϕS −ϕ ) ]

     + cos(ϕ S − 2ϕ )[sinθ !F1T
cos(ϕS −2ϕ ) + sin2θ !F2T

cos(ϕS −2ϕ ) ]

     + cos(ϕ S − 3ϕ )sin2θ !FT
cos(ϕS −3ϕ )

   |
!
ST |2= (ST

x )2 + (ST
y )2

  tanϕ S = ST
x / ST

y

  

cosϕ S

cos(ϕ S +ϕ )
cos(ϕ S −ϕ )
cos(ϕ S − 2ϕ )
cos(ϕ S − 3ϕ )

  

sinϕ S

sin(ϕ S +ϕ )
sin(ϕ S −ϕ )
sin(ϕ S − 2ϕ )
sin(ϕ S − 3ϕ )

20
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General kinematic analysis for 

The cross section in Helicity-GJ-frame: transverse polarization dependent parts

e+e− →VπX

    

2E1E2dσ
T

d 3 p1d
3 p2

= α 2

s2 χ |
!
ST | (FT + "FT )

   

FT = sinϕ S[sinθF1T
sinϕS + sin2θF2T

sinϕS ]

     + sin(ϕ S +ϕ )sin2θFT
sin(ϕS +ϕ )

     + sin(ϕ S −ϕ )[(1 + cos2θ )F1T
sin(ϕS −ϕ ) + sin2θF2T

sin(ϕS −ϕ ) + cosθF3T
sin(ϕS −ϕ ) ]

     + sin(ϕ S − 2ϕ )[sinθF1T
sin(ϕS −2ϕ ) + sin2θF2T

sin(ϕS −2ϕ ) ]

     + sin(ϕ S − 3ϕ )sin2θFT
sin(ϕS −3ϕ )

    

!FT = cosϕ S[sinθ !F1T
cosϕS + sin2θ !F2T

cosϕS ]

     + cos(ϕ S +ϕ )sin2θ !FT
cos(ϕS +ϕ )

     + cos(ϕ S −ϕ )[(1 + cos2θ ) !F1T
cos(ϕS −ϕ ) + sin2θ !F2T

cos(ϕS −ϕ ) + cosθ !F3T
cos(ϕS −ϕ ) ]

     + cos(ϕ S − 2ϕ )[sinθ !F1T
cos(ϕS −2ϕ ) + sin2θ !F2T

cos(ϕS −2ϕ ) ]

     + cos(ϕ S − 3ϕ )sin2θ !FT
cos(ϕS −3ϕ )

   |
!
ST |2= (ST

x )2 + (ST
y )2 ,

  tanϕ S = ST
x / ST

y

    

2E1E2dσ
TT

d 3 p1d
3 p2

= α 2

s2 χ |
!
STT | (FTT + "FTT )    |

!
STT |2= (STT

xx )2 + (STT
xy )2 ,

  tan2ϕTT = STT
xx / STT

xy    (2ϕTT −ϕ ) ↔ϕ LT ;  

   

FTT = cos2ϕTT sin2θFTT
cos2ϕTT

     + cos(2ϕTT −ϕ )[sinθF1TT
cos(2ϕTT −ϕ ) + sin2θF2TT

cos(2ϕTT −ϕ ) ]

     + cos(2ϕTT − 2ϕ )[(1 + cos2θ )F1TT
cos(2ϕTT −2ϕ ) + sin2θF2TT

cos(2ϕTT −2ϕ ) + cosθF3TT
cos(2ϕTT −2ϕ ) ]

     + cos(2ϕTT − 3ϕ )[sinθF1TT
cos(2ϕTT −3ϕ ) + sin2θF2TT

cos(2ϕTT −3ϕ ) ]

     + cos(2ϕTT − 4ϕ )sin2θFTT
cos(2ϕTT −4ϕ )

    

!FTT = sin2ϕTT sin2θ !FTT
sin2ϕTT

     + sin(2ϕTT −ϕ )[sinθ !F1TT
sin(2ϕTT −ϕ ) + sin2θ !F2TT

sin(2ϕTT −ϕ ) ]

     + sin(2ϕTT − 2ϕ )[(1 + cos2θ ) !F1TT
sin(2ϕTT −2ϕ ) + sin2θ !F2TT

sin(2ϕTT −2ϕ ) + cosθ !F3TT
sin(2ϕTT −2ϕ ) ]

     + sin(2ϕTT − 3ϕ )[sinθ !F1TT
sin(2ϕTT −3ϕ ) + sin2θ !F2TT

sin(2ϕTT −3ϕ ) ]

     + sin(2ϕTT − 4ϕ )sin2θ !FTT
sin(2ϕTT −4ϕ )

    

2E1E2dσ
LT

d 3 p1d
3 p2

= α 2

s2 χ |
!
SLT | (FLT + "FLT )    |

!
SLT |2= (SLT

x )2 + (SLT
y )2 ,

  tanϕ LT = SLT
x / SLT

y

    

 FT ↔ !FLT ,  !FT ↔ FLT

 FjT
xxx ↔ !FjLT

xxx ,  !FjT
xxx ↔ FjLT

xxx

   

FLT = cosϕ LT[sinθF1LT
cosϕLT + sin2θF2 LT

cosϕLT ]

     + cos(ϕ LT +ϕ )sin2θFLT
cos(ϕLT +ϕ )

     + cos(ϕ LT −ϕ )[(1 + cos2θ )F1LT
cos(ϕLT −ϕ ) + sin2θF2 LT

cos(ϕLT −ϕ ) + cosθF3 LT
cos(ϕLT −ϕ ) ]

     + cos(ϕ LT − 2ϕ )[sinθF1LT
cos(ϕLT −2ϕ ) + sin2θF2 LT

cos(ϕLT −2ϕ ) ]

     + cos(ϕ LT − 3ϕ )sin2θFLT
cos(ϕLT −3ϕ )

    

!FLT = sinϕ LT[sinθ !F1LT
sinϕLT + sin2θ !F2 LT

sinϕLT ]

     + sin(ϕ LT +ϕ )sin2θFLT
sin(ϕLT +ϕ )

     + sin(ϕ LT −ϕ )[(1 + cos2θ ) !F1LT
sin(ϕLT −ϕ ) + sin2θ !F2 LT

sin(ϕLT −ϕ ) + cosθ !F3 LT
sin(ϕLT −ϕ ) ]

     + sin(ϕ LT − 2ϕ )[sinθ !F1LT
sin(ϕLT −2ϕ ) + sin2θ !F2 LT

sin(ϕLT −2ϕ ) ]

     + sin(ϕ LT − 3ϕ )sin2θ !FLT
sin(ϕLT −3ϕ )

    

 FTT ↔ FLT ,  !FTT ↔ !FLT

FjTT
xxx ↔ FjLT

xxx ,  FjTT
xxx ↔ FjLT

xxx

   ϕ S ↔ϕ LT ;
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General kinematic analysis for 

Integrated over

e+e− →VπX

ϕ inclusive e+e− →VX

22
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General kinematic analysis for 

Azimuthal asymmetries in the unpolarized case

e+e− →VπX

  

〈cosϕ 〉U = [sinθF1U
cosϕ + sin2θF2U

cosϕ ] / 2FUt

〈cos2ϕ 〉U = sin2θFU
cos2ϕ / 2FUt

   

〈sinϕ 〉U = [sinθ !F1U
sinϕ + sin2θ !F2U

sinϕ ] / 2FUt

〈sin2ϕ 〉U = sin2θ !FU
sin2ϕ / 2FUt

    
FUt =

dϕ
2π∫ (FU + !FU ) = (1 + cos2θ )F1U + sin2θF2U + cosθF3U

parity conserved:

parity violated:

Hadron polarizations

E.g.:

In practice, often integrated over the azimuthal angle φ

   
λave =

FL + !FL

FU + !FU     
SLL,ave =

1
2

FLL + !FLL

FU + !FU     
SLT ,ave

i = 2
3

FLT
i + !FLT

i

FU + !FU

23
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General kinematic analysis for 

Integrated over the azimuthal angle φ

e+e− →VπX

   〈FU 〉 = (1 + cos2θ )F1U + sin2θF2U + cosθF3U

    〈
!FU 〉 = 0

   〈FL 〉 = 0

    〈
!FL 〉 = (1 + cos2θ ) !F1L + sin2θ !F2 L + cosθ !F3 L

   〈FT 〉 = sinϕ S (sinθF1T
sinϕS + sin2θF2T

sinϕS )

    〈
!FT 〉 = cosϕ S (sinθ !F1T

cosϕS + sin2θ !F2T
cosϕS )

   〈FLT 〉 = cosϕ LT (sinθF1LT
cosϕLT + sin2θF2 LT

cosϕLT )

    〈
!FLT 〉 = sinϕ LT (sinθ !F1LT

sinϕLT + sin2θ !F2 LT
sinϕLT )

   〈FLL 〉 = (1 + cos2θ )F1LL + sin2θF2 LL + cosθF3 LL

    〈
!FLL 〉 = 0

   〈FTT 〉 = cos2ϕTT sin2θFTT
cos2ϕTT

    〈
!FTT 〉 = sin2ϕTT sin2θ !FTT

sin2ϕTT

P-even,  T-even

P-odd,    T-odd

P-even,  T-odd

P-odd,    T-even

P-even,  T-even

P-odd,    T-odd

P-even,  T-odd

P-odd,    T-even

P-even,  T-even

P-odd,    T-odd

P-even,  T-even

P-odd,    T-odd

19 “structure functions” left, 11 parity conserved, 8 parity violated.

    

dϕ
2π

2E1E2d
6σ

d 3 p1d
3 p2

∫ = α 2

s2 χ 〈FU 〉 + 〈 !FU 〉( ) + λ 〈FL 〉 + 〈 !FL 〉( )⎧
⎨
⎩

    
+SLL 〈FLL 〉 + 〈 !FLL 〉( ) + |

"
ST | 〈FT 〉 + 〈 !FT 〉( )

    
+ |
!
SLT | 〈FLT 〉 + 〈 "FLT 〉( ) + |

!
STT | 〈FTT 〉 + 〈 "FTT 〉( )⎫⎬

⎭

inclusive e+e− →VX

   FU ,in = (1 + cos2θ )F1U ,in + sin2θF2U ,in + cosθF3U ,in

    
!FU ,in = 0

   FL,in = 0

    
!FL,in = (1 + cos2θ ) !F1L,in + sin2θ !F2 L,in + cosθ !F3 L,in

   FT ,in = sinϕ S (sinθF1T ,in
sinϕS + sin2θF2T ,in

sinϕS )

    
!FT ,in = cosϕ S (sinθ !F1T ,in

cosϕS + sin2θ !F2T ,in
cosϕS )

   FLT ,in = cosϕ LT (sinθF1LT ,in
cosϕLT + sin2θF2 LT ,in

cosϕLT )

    
!FLT ,in = sinϕ LT (sinθ !F1LT ,in

sinϕLT + sin2θ !F2 LT ,in
sinϕLT )

   FLL,in = (1 + cos2θ )F1LL,in + sin2θF2 LL,in + cosθF3 LL,in

    
!FLL,in = 0

   FTT ,in = cos2ϕTT sin2θFTT ,in
cos2ϕTT

    
!FTT ,in = sin2ϕTT sin2θ !FTT ,in

sin2ϕTT

    

2E1d
3σ in

d 3 p1

= α 2

s2 χ FU ,in + !FU ,in( ) + λ FL,in + !FL,in( )⎧
⎨
⎩

    
+SLL FLL,in + !FLL,in( ) + |

"
ST | FT ,in + !FT ,in( )

    
+ |
!
SLT | FLT ,in + "FLT ,in( ) + |

!
STT | FTT ,in + "FTT ,in( )⎫⎬

⎭

  
Fxxx ,in

yy =
dp2T

2 dp2z

2E2
∫ Fxxx

yy

24
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General kinematic analysis for 

Hadron polarizations averaged over the azimuthal angle φ

e+e− →VπX

Longitudinal components

Transversal components
w.r.t. the hadron-hadron plane

   
〈λ 〉 = 2

3FUt

[(1 + cos2θ ) !F1L + sin2θ !F2 L + cosθ !F3 L]

  
〈SLL 〉 =

1
2FUt

[(1 + cos2θ )F1LL + sin2θF2 LL + cosθF3 LL]

  
〈ST

n 〉 = 2
3FUt

[(1 + cos2θ )F1T
sin(ϕS −ϕ ) + sin2θF2T

sin(ϕS −ϕ ) + cosθF3T
sin(ϕS −ϕ ) ]

   
〈ST

t 〉 = 2
3FUt

[(1 + cos2θ ) !F1T
cos(ϕS −ϕ ) + sin2θ !F2T

cos(ϕS −ϕ ) + cosθ !F3T
cos(ϕS −ϕ ) ]

   
〈SLT

n 〉 = 2
3FUt

[(1 + cos2θ ) !F1LT
sin(ϕLT −ϕ ) + sin2θ !F2 LT

sin(ϕLT −ϕ ) + cosθ !F3 LT
sin(ϕLT −ϕ ) ]

  
〈SLT

t 〉 = 2
3FUt

[(1 + cos2θ )F1LT
cos(ϕLT −ϕ ) + sin2θF2 LT

cos(ϕLT −ϕ ) + cosθF3 LT
cos(ϕLT −ϕ ) ]

   
〈STT

nt 〉 = 2
3FUt

[(1 + cos2θ ) !F1TT
sin(2ϕTT −2ϕ ) + sin2θ !F2TT

sin(2ϕTT −2ϕ ) + cosθ !F3TT
sin(2ϕTT −2ϕ ) ]

  
〈STT

nn 〉 = 2
3FUt

[(1 + cos2θ )F1TT
cos(2ϕTT −2ϕ ) + sin2θF2TT

cos(2ϕTT −2ϕ ) + cosθF3TT
cos(2ϕTT −2ϕ ) ]

parity conserved

parity violated

w.r.t. the lepton-hadron plane

   
〈ST

x 〉 = 2
3FUt

[sinθ !F1T
cosϕS + sin2θ !F2T

cosϕS ]

  
〈ST

y 〉 = 2
3FUt

[sinθF1T
sinϕS + sin2θF2T

sinϕS ]

  
〈SLT

x 〉 = 2
3FUt

[sinθF1LT
cosϕLT + sin2θF2 LT

cosϕLT ]

   
〈SLT

y 〉 = 2
3FUt

[sinθ !F1LT
sinϕLT + sin2θ !F2 LT

sinϕLT ]

  
〈STT

xx 〉 = 2
3FUt

sin2θF1TT
cos2ϕTT

   
〈STT

xy 〉 = 2
3FUt

sin2θ !F1TT
sin2ϕTT
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General kinematic analysis for 

Hadron polarizations averaged over the azimuthal angle φ

e+e− →VπX

Longitudinal components

Transversal components

   
〈λ 〉 = 2

3FUt

[(1 + cos2θ ) !F1L + sin2θ !F2 L + cosθ !F3 L]

  
〈SLL 〉 =

1
2FUt

[(1 + cos2θ )F1LL + sin2θF2 LL + cosθF3 LL]

w.r.t. the lepton-hadron plane

   
〈ST

x 〉 = 2
3FUt

[sinθ !F1T
cosϕS + sin2θ !F2T

cosϕS ]

  
〈ST

y 〉 = 2
3FUt

[sinθF1T
sinϕS + sin2θF2T

sinϕS ]

  
〈SLT

x 〉 = 2
3FUt

[sinθF1LT
cosϕLT + sin2θF2 LT

cosϕLT ]

   
〈SLT

y 〉 = 2
3FUt

[sinθ !F1LT
sinϕLT + sin2θ !F2 LT

sinϕLT ]

  
〈STT

xx 〉 = 2
3FUt

sin2θF1TT
cos2ϕTT

   
〈STT

xy 〉 = 2
3FUt

sin2θ !F1TT
sin2ϕTT

 e
+e− →VX

Longitudinal components

Transversal components

   
〈λ 〉 in = 2

3FUt ,in

[(1 + cos2θ ) !F1L,in + sin2θ !F2 L,in + cosθ !F3 L,in]

  
〈SLL 〉 in = 1

2FUt ,in

[(1 + cos2θ )F1LL,in + sin2θF2 LL,in + cosθF3 LL,in]

w.r.t. the lepton-hadron plane

   
〈ST

x 〉 in = 2
3FUt ,in

[sinθ !F1T ,in
cosϕS + sin2θ !F2T ,in

cosϕS ]

  
〈ST

y 〉 in = 2
3FUt ,in

[sinθF1T ,in
sinϕS + sin2θF2T ,in

sinϕS ]

  
〈SLT

x 〉 in = 2
3FUt ,in

[sinθF1LT ,in
cosϕLT + sin2θF2 LT ,in

cosϕLT ]

   
〈SLT

y 〉 in = 2
3FUt ,in

[sinθ !F1LT ,in
sinϕLT + sin2θ !F2 LT ,in

sinϕLT ]

  
〈STT

xx 〉 in = 2
3FUt ,in

sin2θF1TT ,in
cos2ϕTT

   
〈STT

xy 〉 in = 2
3FUt ,in

sin2θ !F1TT ,in
sin2ϕTT

For the inclusive process e
+e− →Vπ XFor the semi-inclusive process
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General kinematic analysis for 

Hadron polarizations averaged over the azimuthal angle φ and the polar angle θ

e+e− →VπX

Longitudinal components

w.r.t. the lepton-hadron plane
Transversal components

w.r.t. the hadron-hadron plane

    λ = 4(2 !F1L + !F2 L ) / 9FU

   SLL = (2F1LL + F2 LL ) / 3FU

   ST
n = 4(2F1T

sin(ϕS −ϕ ) + F2T
sin(ϕS −ϕ ) ) / 9FU     ST

x = π !F1T
cosϕS / 6FU

   ST
y = πF1T

sinϕS / 6FU

   SLT
x = πF1LT

cosϕLT / 6FU

    SLT
y = π !F1LT

sinϕLT / 6FU

   STT
xx = 4F1TT

cos2ϕTT / 9FU

    STT
xy = 4 !F1TT

sin2ϕTT / 9FU

    ST
t = 4(2 !F1T

cos(ϕS −ϕ ) + !F2T
cos(ϕS −ϕ ) ) / 9FU

    SLT
n = 4(2 !F1LT

sin(ϕLT −ϕ ) + !F2 LT
sin(ϕLT −ϕ ) ) / 9FU

   SLT
t = 4(2F1LT

cos(ϕLT −ϕ ) + F2 LT
cos(ϕLT −ϕ ) ) / 9FU

    STT
nt = 4(2 !F1TT

sin(2ϕTT −2ϕ ) + !F2TT
sin(2ϕTT −2ϕ ) ) / 9FU

   STT
nn = 4(2F1TT

cos(2ϕTT −2ϕ ) + F2TT
cos(2ϕTT −2ϕ ) ) / 9FU

 e
+e− →Vπ X  e

+e− →VX

w.r.t. the lepton-hadron plane

    λin = 4(2 !F1L,in + !F2 L,in ) / 9FU ,in

    
ST ,in

x = π !F1T ,in
cosϕS / 6FU ,in

   ST ,in
y = πF1T ,in

sinϕS / 6FU ,in

   
SLT ,in

x = πF1LT ,in
cosϕLT / 6FU ,in

    SLT ,in
y = π !F1LT ,in

sinϕLT / 6FU ,in

   
STT ,in

xx = 4F1TT ,in
cos2ϕTT / 9FU ,in

    
STT ,in

xy = 4 !F1TT ,in
sin2ϕTT / 9FU ,in

   SLL,in = (2F1LL,in + F2 LL,in ) / 3FU ,in
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Semi-inclusive DIS 𝒆! 𝝀𝒍 + 𝑵 𝝀, 𝑺𝑻 → 𝒆! + 𝒉 + 𝑿 : Kinematics

The differential cross section:

  
dσ = α 2

sQ4 Lµν (l,λe , l ')W µν (q, p, S, p') d 3l '
2El

'(2π )3
d 3 p'

2Eh
' (2π )3

   
hUi

Sµν = g µν − qµqν

q2 , !pµ !pν , !p{µ !p'ν }, !p'µ !p'ν
⎧
⎨
⎩

⎫
⎬
⎭

   
!hUi

Sµν = ε {µqpp'( !pν }, !p'ν } ){ }

   hU
Aµν = !p[µ !p'ν ]

   
!hUi

Aµν = ε µνqp ,ε µνqp'{ }

   hVi
Sµν = (q ⋅ S), ( p'⋅ S)⎡⎣ ⎤⎦ !hUi

Sµν ,ε Sqpp'hUj
Sµν{ }

   
!hVi

Sµν = (q ⋅ S), ( p'⋅ S)⎡⎣ ⎤⎦hUi
Sµν ,ε Sqpp' !hUj

Sµν{ }

   hVi
Aµν = (q ⋅ S), ( p'⋅ S)⎡⎣ ⎤⎦ !hUi

Aµν ,ε Sqpp'hU
Aµν{ }

   
!p = p − p ⋅q

q2 q

unpolarized part: 5+4=9 spin dependent part: 13+5=18

basic Lorentz tensors

-e
-e

N
f

ŝ

D

   
!hVi

Aµν = (q ⋅ S), ( p'⋅ S)⎡⎣ ⎤⎦hU
Aµν ,ε Sqpp'hU

Aµν{ }

 
Wµν (q, p,S, p' ) = Wσ i

S  hσ i
Sµν

σ ,i
∑ + !Wσ j

S  !hσ j
Sµν

σ , j
∑

 
+i Wσ i

A  hσ i
Aµν

σ ,i
∑ + i !Wσ j

A  !hσ j
Aµν

σ , j
∑

polarization  σ =U ,V :

The basic Lorentz sets

28
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Semi-inclusive DIS 𝒆! 𝝀𝒍 + 𝑵 𝝀, 𝑺𝑻 → 𝒆! + 𝒉 + 𝑿 : Kinematics

lepton plane

hp


*g

-e

^hp


z
x

-e

lepton plane

φs
 

SN

φh

production plane

General form of the differential cross section

  

dσ
dxdydzdφSd 2 ph⊥

= α 2

xyQ2

y2

2(1 − ε )
(1 + γ 2

2x
) ×

  
FUU ,T + εFUU ,L + 2ε (1 + ε ) cosφhFUU

cosφh + ε cos2φhFUU
cos2φh{

  +λl 2ε (1 − ε ) sinφhFLU
sinφh

  
+λ 2ε (1 + ε ) sinφhFUL

sinφh + ε sin2φhFUL
sin2φh⎡

⎣
⎤
⎦

   
+ |
!
ST | sin(φh − φS ) FUT ,T

sin(φh−φS ) + εFUT ,L
sin(φh−φS )( )⎡

⎣   +ε sin(φh + φS )FUT ,T
sin(φh+φS ) + ε sin(3φh − φS )FUT ,T

sin(3φh−φS )

  
+ 2ε (1 + ε ) sinφSFUT

sinφS + 2ε (1 + ε ) sin(2φh − φS )FUT
sin(2φh−φS ) ⎤

⎦

  
+λlλ 1 − ε 2 FLL + 2ε (1 − ε ) cosφhFLL

cosφh⎡
⎣

⎤
⎦

   
+λl |

!
ST | 1 − ε 2 cos(φh − φS )FLT

cos(φh−φS ) + 2ε (1 − ε ) cosφSFLT
cosφS + cos(2φh − φS )FLT

cos(2φh−φS )( )⎡
⎣

⎤
⎦}

  
ε = (1 − y − 1

4
γ 2 y2 ) / (1 − y + 1

2
y2 + 1

4
γ 2 y2 ), γ = 2Mx

Qelectron
nucleon 2x3=6 combinations

29
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Semi-inclusive DIS: LO & Leading twist parton model results

for the structure functions (8 non-zero F ’s)

   
w1 = − 2(

!̂
ph⊥ ⋅

!
kF⊥ )(

!̂
ph⊥ ⋅

!
k⊥ ) −

!
k⊥ ⋅
!
kF⊥

⎡
⎣

⎤
⎦ / MMh ,    w2 =

!̂
ph⊥ ⋅

!
k⊥ / M ,    w3 =

!̂
ph⊥ ⋅

!
kF⊥ / Mh

   FUU ,T = C f1D1⎡⎣ ⎤⎦   FUU ,L = 0
  FUU

cosφh = 0    FUU
cos2φh = C w1h1

⊥H1
⊥⎡⎣ ⎤⎦

   FUL
sin2φh = C w1h1L

⊥ H1
⊥⎡⎣ ⎤⎦  FUL

sinφh = 0  FLU
sinφh = 0

   FLL = C g1LD1
⎡⎣ ⎤⎦

   FUT ,T
sin(φh−φS ) = −2C w2 f1T

⊥ D1
⎡⎣ ⎤⎦

  FLL
cosφh = 0

  FUT
sinφS = 0

   FUT
sin(φh+φS ) = −2C w3h1T H1

⊥⎡⎣ ⎤⎦  FUT ,L
sin(φh−φS ) = 0

  FUT
sin(2φh−φS ) = 0    FUT

sin(3φh−φS ) = C w4h1T
⊥ H1

⊥⎡⎣ ⎤⎦

   FLT
cos(φh−φS ) = C w2g1T D1

⎡⎣ ⎤⎦   FLT
cosφS = 0   FLT

cos(2φh−φS ) = 0

    
C wi f D⎡⎣ ⎤⎦ ≡ x eq

2

q
∑ d 2k⊥∫ d 2kF⊥δ

(2) (
!
k⊥ −

!
kF⊥ −

!
ph⊥ / z) wi  fq (x, k⊥ )Dq (z, kF⊥ )

  e(λl ) + N (λ , ST ) → e + h + X

electron
nucleon

See e.g., Bacchetta, Diehl, Goeke, Metz, Mulders, Schlegel, JHEP 0702, 093 (2007); ....
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Semi-inclusive DIS: LO & Leading twist parton model results

for the cross section

  

dσ
dxdydzd 2 ph⊥

= α 2

xyQ2 ×

   
(1 − y + 1

2
y2 )C f1D1⎡⎣ ⎤⎦ + (1 − y)cos2φhC w1h1

⊥H1
⊥⎡⎣ ⎤⎦

⎧
⎨
⎩

    
+ |
!
ST | (1 − y + 1

2
y2 )sin(φh − φS )C w2 f1T

⊥ D1
⎡⎣ ⎤⎦

⎛
⎝⎜

   
+ 2(1 − y)sin(φh + φS )C w3h1T H1

⊥⎡⎣ ⎤⎦ + 2(1 − y)sin(3φh − φS )C w4h1T
⊥ H1

⊥⎡⎣ ⎤⎦
⎞
⎠⎟

   
+λlλ y(1 − 1

2
y)C g1LD1⎡⎣ ⎤⎦

   +λ(1 − y)sin2φhC w1h1L
⊥ H1

⊥⎡⎣ ⎤⎦

Boer-Mulders Collins⊗

longi-transversity Collins⊗

Sivers    unpolarized FF⊗

    
+λl |

!
ST | y(1 − 1

2
y)cos(φh − φS )C w2g1T D1

⎡⎣ ⎤⎦
⎫
⎬
⎭

trans-helicity     unpolarized FF⊗

transversity    Collins⊗

pretzelosity    Collins⊗

  e(λl ) + N (λ , ST ) → e + h + X

electron
nucleon

31

for the azimuthal asymmetries (6 leading twist asymmetries)
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Semi-inclusive DIS: LO & Leading twist parton model results

   
AUU

cos2φh = cos2φh UU
= (1 − y)

A( y)
C w1h1

⊥H1
⊥⎡⎣ ⎤⎦

C f1 D1
⎡⎣ ⎤⎦

Boer-Mulders Collins⊗

longi-transversity Collins⊗

Sivers    unpolarized FF⊗

  A( y) ≡ 1 + (1 − y)2

trans-helicity     unpolarized FF⊗

transversity    Collins⊗

pretzelosity    Collins⊗

   
AUL

sin2φh = sin2φh UL
= (1 − y)

A( y)
C w1h1L

⊥ H1
⊥⎡⎣ ⎤⎦

C f1 D1
⎡⎣ ⎤⎦

   
AUT

sin(φh−φS ) = sin(φh − φS )
UT

= 1
2

C w2 f1T
⊥ D1

⎡⎣ ⎤⎦
C f1 D1

⎡⎣ ⎤⎦
≡ ASivers

   
AUT

sin(φh+φS ) = sin(φh + φS )
UT

= (1 − y)
A( y)

C w3h1T H1
⊥⎡⎣ ⎤⎦

C f1 D1
⎡⎣ ⎤⎦

≡ ACollins

   
AUT

sin(3φh−φS ) = sin(3φh − φS )
UT

= (1 − y)
A( y)

C w4h1T
⊥ H1

⊥⎡⎣ ⎤⎦
C f1 D1

⎡⎣ ⎤⎦

   
ALT

cos(φh−φS ) = cos(φh − φS )
LT

= y(2 − y)
2A( y)

C −w2g1T D1
⎡⎣ ⎤⎦
C f1 D1

⎡⎣ ⎤⎦

electron
nucleon

32
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Collinear expansion in high energy reactions

where collinear expansion was first formulated.)(le-
)'(le-

)( pN X

γ *(q) −q2 =Q2

Inclusive DIS e−N→ e−X

R. K. Ellis, W. Furmanski and R. Petronzio, 
Nucl. Phys. B207,1 (1982);   B212, 29 (1983).

Yes!  

-e
-e

N
f

ŝ

D

Yes!
ZTL & X.N. Wang, 
PRD (2007)；

X '

  e + N → e + q( jet) + X

e− (l1 )

e+ (l2 )
γ * / Z0 (q)

h(p,S)

X

q(k)

e− + e+ → h + X

Yes! 
S.Y. Wei, Y.K. Song, ZTL, 
PRD (2014)；

e− + e+ → h + q( jet) + X

Yes!
S.Y. Wei, K.B. Chen, Y.K. Song, 
ZTL, PRD (2015).

Inclusive Semi-InclusiveSemi-Inclusive DIS

Successfully to all processes where only ONE hadron is explicitly involved.

33
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Collinear expansion in semi-Inclusive DIS 𝒆! + 𝑵 → 𝒆! + 𝒒(𝒋𝒆𝒕) + 𝑿

Semi-Inclusive DIS 𝒆! + 𝑵 → 𝒆! + 𝒒(𝒋𝒆𝒕) + 𝑿 with QCD interaction: 

...)',,,()',,,()',,,( ),2(),1(),0( +++= kSpqWkSpqWkSpqW sisisi
µnµnµn

c.f.:

…+ + +

Wµν
(si )(q, p,S,k ') = 〈 p,S | Jµ (0) | k ',X〉〈k ',X | Jν (0) | p,S〉

X
∑ (2π )4δ 4 (p + q − k '− pX )

Wµν
(0,si )(q, p,S,k ') = d 4k

(2π )4 Tr Ĥµν
(0,si )(k,k ',q) φ̂ (0)(k, p,S)⎡⎣ ⎤⎦∫

Ĥµν
(0,si )(k,k ',q) = γ µ ( /k + /q)γ ν (2π )

4δ 4 k '− k − q( )

Wµν
(0)(q, p,S) = d 4k

(2π )4 Tr Ĥµν
(0)(k,q) φ̂ (0)(k, p,S)⎡⎣ ⎤⎦∫

Ĥµν
(0)(k,q) = γ µ ( /k + /q)γ ν (2π )δ + (k + q)

2( )
𝑾𝝁𝝂

𝟏,𝒔𝒊,𝑳 𝒒,𝒑, 𝑺, 𝒌′ = ∫ 𝒅𝟒𝒌𝟏
𝟐𝝅 𝟒

𝒅𝟒𝒌𝟐
𝟐𝝅 𝟒𝐓𝐫 /𝑯𝝁𝝂

𝟏,𝒔𝒊,𝑳 𝝆 𝒌𝟏, 𝒌𝟐, 𝒌3, 𝒒 /𝝓𝝆
𝟏(𝒌𝟏, 𝒌𝟐, 𝒑, 𝑺)

/𝑯𝝁𝝂
𝟏,𝒔𝒊,𝑳 𝝆 𝒌𝟏, 𝒌𝟐, 𝒌3, 𝒒 = 𝜸𝝁

𝒌𝟐 +𝒒 𝜸𝝆(𝒌𝟏+𝒒)
𝒌𝟐 +𝒒 𝟐 −𝒊𝝐 𝜸𝝂 𝟐𝝅 𝟒𝜹𝟒(𝒌3 −𝒌𝟏 −𝒒)

∕ ∕ ∕ ∕
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Collinear expansion in semi-Inclusive DIS 𝒆! + 𝑵 → 𝒆! + 𝒒(𝒋𝒆𝒕) + 𝑿

An identity:

We obtain:

 
(2π )4δ 4 (k '− k − q) = (2π )δ + (k − q)

2( )(2π )3(2Ek ' )δ
3
!
k '−
!
k − !q( )

 
Ĥµν

(0,si )(k,k ',q) = Ĥµν
(0)(k,q)(2π )3(2Ek ' )δ

3
!
k '−
!
k − !q( )

 
Ĥµν

(1, c,si )ρ (k1,k2,k ',q) = Ĥµν
(1, c)ρ (k1,k2,q)(2π )3(2Ek ' )δ

3
!
k '−
!
kc −
!q( )

 
Wµν

(0,si )(q, p,S,k ') = d 4k
(2π )4 Tr Ĥµν

(0)(k,q)φ̂ (0)(k, p,S)⎡⎣ ⎤⎦∫  (2π )3(2Ek ' )δ
3
!
k '−
!
k − !q( )

 
Wµν

(1,si )(q, p,S,k ') = d 4k1

(2π )4
d 4k2

(2π )4 Tr
c=L ,R
∑ Ĥµν

(1,c)ρ (k1,k2,q)φ̂ρ
(1)(k1,k2, p,S)⎡⎣ ⎤⎦∫  (2π )3(2Ek ' )δ

3
!
k '−
!
kc −
!q( )

Hence:

Wµν
(0)(q, p,S)

Wµν
(1)(q, p,S)

a common factor!

35

 

Wµν
(1,si )(q, p,S,k ') = d 4k1

(2π )4∫
d 4k2

(2π )4 Tr
c=L,R
∑ [Φ̂ ρ'

(1)(k1 , k2 , p, S) Ĥµν
(1,c)ρ (x1,x2 ) ωρ

ρ']

 
Wµν
(0,si )(q, p,S,k ') = d 4k

(2π )4∫ Tr[Φ̂ (0)(k, p, S)Ĥµν
(0)(x)]

362024年 8月 5-6日复旦大学

Semi-Inclusive DIS

 
Φ̂ (0)(k, p, S) = d 4z∫ eikz 〈 p,S |ψ (0)L(0, z)ψ (z) | p,S〉

 
Φ̂ ρ
(1)(k1 , k2 , p, S) = d 4z∫ d 4yeik1y+ik2 (z− y) 〈 p,S |ψ (0)L(0, y)Dρ (y)L(y, z)ψ (z) | p,S〉

  e
− + N → e− + q( jet) + X

...)',,,(~)',,,(~)',,,(~)',,,( ),2(),1()0( +++= kSpqWkSpqWkSpqWkSpqW si
μν

si
μν

,si
μν

(si)
μν

 (2Ek ' )(2π )
3δ 3(

k '−

k −

q)

 (2Ek ' )(2π )
3δ 3(
!
k '−
!
kc −
!
q)

twist-3, 4 and 5 contributions

A consistent framework for                                            at LO pQCD including 
higher twists

  e
−N → e− + q( jet) + X

twist-2, 3 and 4 contributions

ZTL & X.N. Wang, PRD (2007); Y.K. Song, J.H. Gao, ZTL & X.N. Wang, PRD (2011) & PRD (2014).

depends on x only!

36
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Semi-Inclusive DIS 

twist-2, 3 and 4

twist-3, 4 and 5 

three-dimensional gauge invariant quark-quark correlator

the involved three-dimensional gauge invariant quark-gluon-quark correlator

The “collinearly expanded hard parts” take the simple forms such as:
Ĥµν
(0)(x) = ĥµν

(0)δ (x − xB ),

 
!Wµν

(0,si )(q, p,S;k⊥ ) = Tr Φ̂ (0)(xB ,k⊥ ) hµν
(0)⎡⎣ ⎤⎦

ĥµν
(0) = γ µ nγ ν

Ĥµν
(1,L)ρ (x1,x2 )ωρ

  ρ ' = π
2q ⋅ p

ĥµν
(1)ρω ρ

  ρ 'δ (x1 − xB ), ĥµν
(1)ρ = γ µ nγ

ρ nγ ν ,

 
Φ̂ (0)(x,k⊥ )=

p+dz −

2π∫ d 2z⊥e
ixp+z− −ik⊥ ⋅z⊥ 〈N |ψ (0)L(0, z)ψ (z) | N〉

 
!Wµν

(1,si )(q, p,S;k⊥ ) = π
2q ⋅ p

Tr ϕ̂ ρ '
(1)(xB ,k⊥ ) hµν

(1)ρω ρ
   ρ '⎡⎣ ⎤⎦

Simplified expressions for hadronic tensors

  e
− + N → e− + q( jet) + X

ϕ̂ ρ
(1)(x,k⊥ ) ≡

d 4k1
(2π )4

d 4k2
(2π )4

δ (x − k1
+

p+ )δ
2 (k1⊥ − k⊥ )Φ̂ ρ

(1)(k1,k2 )∫

  
= p+dz −

2π∫ d 2z⊥e
ixp+z− −i

!
k⊥ ⋅
!
z⊥ 〈N |ψ (0)Dρ (0)L(0, z)ψ (z) | N〉

depends only on x1 !where

THREE dimensional, depend only on ONE parton momentum!
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Semi-Inclusive e+e- annihilation: 

 
Ξ̂(0)(k, p, S) = 1

2π X
∑ d 4ξ∫ e− ikξ 〈0 | L †(0,∞)ψ (0) | hX〉〈hX |ψ (ξ )L(ξ ,0) | 0〉

 
!Wµν
(0,si )(q, p,S,k ') = d 4k

(2π )4∫ Tr Ξ̂(0)(k, p, S)Ĥµν
(0)(z)⎡⎣ ⎤⎦

 Wµν
(si )(q, p,S,k ' ) = !Wµν

(0,si )(q, p,S,k ' ) + !Wµν
(1,si )(q, p,S,k ' ) + !Wµν

(2,si )(q, p,S,k ' ) + . . .

 
Ξ̂ρ

(1,L)(k1 , k2 , p, S) = 1
2π X
∑ d 4ξ∫ d 4ηe− ik1ξ −i(k2−k1 )η 〈0 | L(0, y)Dρ (η)L †(y, z)ψ (0) | hX〉〈hX |ψ (ξ )L(ξ ,∞) | 0〉

twist-2, 3 and 4 contributions

twist-3, 4 and 5 contributions

)()( ygAiyD ρρρ +¶-=

  e
+ + e− → h + q( jet) + X

A consistent framework for                                           at LO pQCD including higher 
twists.

 (2Ek ' )(2π )
3δ 3(

k '−

k −

q)

 (2Ek ' )(2π )
3δ 3(
!
k '−
!
kc −
!
q)

 
!Wµν

(1,L,si )(q, p,S,k ') = d 4k1

(2π )4
d 4k2

(2π )4∫ Tr Ξ̂(1,L)(k1 , k2; p, S)Ĥµν
(1,L)ρ (z1, z2 )ωρ

   ρ '⎡⎣ ⎤⎦

  e
−e+ → h + q( jet) + X

S.Y. Wei, K.B. Chen, Y.K. Song,& ZTL, PRD (2015).
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Semi-Inclusive DIS: 

Complete results for structure functions up to twist-4

  
WUU ,T = xf1 + 4x2κ M

2 f+3dd ,    WUU ,L = 8x3κ M
2 f3

  WUU
cos2φ = −2x2κ M

2 k⊥
2 f−3d

⊥

  WUL
sin2φ = 2x2κ M

2 k⊥
2 f+3dL

⊥

  WLL = xg1L + 4x2κ M
2 f+3ddL

  
WUT ,T

sin(φ−φS ) = k⊥ (xf1T
⊥ + 4x2κ M

2 f+3ddT ),    WUT ,L
sin(φ−φS ) = 8x3κ M

2 k⊥ f3T
⊥

  WUT
sin(φ+φS ) = −x2κ M

2 k⊥
3( f+3dT

⊥4 + f−3dT
⊥2 )

  WUT
sin(3φ−φS ) = −x2κ M

2 k⊥
3( f+3dT

⊥4 − f−3dT
⊥2 )

  WLT
cos(φ−φS ) = k⊥ (xg1T

⊥ + 4x2κ M
2 f+3ddT

⊥3 )

  WUU
cosφ = −2x2κ M k⊥ f ⊥

  WUL
sinφ = −2x2κ M k⊥ fL

⊥

  WLU
sinφ = 2x2κ M k⊥g⊥

  WLL
cosφ = −2x2κ M k⊥gL

⊥

  WUT
sinφS = −2x2κ M fT

  WUT
sin(2φ−φS ) = −x2κ M k⊥

2 fT
⊥

  WLT
cosφS = −2x2κ M gT

  WLT
cos(2φ−φS ) = −x2κ M k⊥

2gT
⊥

twist-3 odd number
of ϕ and ϕS

(1) twist 2 and 4 even number 
of ϕ and ϕS

(2) Wherever there is twist-2 contribution, there is a twist-4 addendum to it. 

  
κ M ≡ M

Q
,

   
k⊥ ≡

|
!
k⊥ |
M

S.Y. Wei, Y.K. Song, K.B. Chen, & ZTL, PRD95, 074017  (2017). 

e− + N → e− + q( jet)+ X
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Summary

l (Gauge invariant) PDF is not merely

+ + …+
i.e., it always contains “intrinsic motion” and “multiple gluon scattering”.

but 

l “Multiple gluon scattering” gives rise to the gauge link.

l Collinear expansion is the necessary procedure to obtain the correct formulism 
in terms of gauge invariant parton distribution functions (PDFs).

l Collinear expansion has been proven to be applicable to all processes where 
one hadron is explicitly involved. 
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