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TMD PDFs defined via quark-quark correlator

The quark-quark correlator (AI)“})(k;p)S) = Id‘ze"’“(p,s 17(0)£(0,2)y (2)| p,S)
integrate over k= & (x,k;p,S)= Idz‘d’zle"‘“’*""*‘*'?”(p,sIW(O)A(O,z)w(z)Ip,S)

Expansion in terms of the M-matrices

& (x,k,5p, )= %[ @ (x,k,;p,S) —— scalar
+iy, ©V(x,k ;p,S) — pseudo-scalar
+4% @ (x k3 p,S) ——— vector
+75A% O (x,k,3p,S) ———— axial vector
+iy % <I)‘£(x,kL;p,S):| — ftensor

. 1 a
091 @ (ek,ip,8) = Tr[y, 8w ki, S)]

= [d'%"(p.S 19020, Loy @)1 p.5)
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TMD PDFs defined via quark-quark correlator

The Lorentz decomposition totally 8(twist 2)+16(twist 3)+8(twist 4) components
kPSY .
0 (x,k,3p,5) = Ml:e(x,kl) + L”ML u ei‘(x,kl):| twist-3
€,,.k0SY :
@Y (xk,3p,S) = pA, [fl(x,km%fé(x,ku] twist-2

k.S,
+ ko [ Ceky )+ ME, o, ST fr (x,k, ) + € g kT |:l le(x,kJ_)+7lM z f#(x,kl)]

Mm? e, ,.klST
+— nl,[f,(x,le e LT fr (k) | e twist4
P M
M o M
=p'n+—n, S=A—-n+S,-A—n
p=pE Y n, S Ay

See e.g., K. Goeke, A. Metz, M. Schlegel, PLB 618, 90 (2005);
P. J. Mulders, lectures in 17t Taiwan nuclear physics summer school, August, 2014.
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TMD PDFs defined via qu ark correlator Twist-2 TMD PDFs defined via quark-quark correlator
The Lorentz decomposition totally 8(twist 2)+16(twist 3)+8 (twist 4) components Leading twist (twist 2) f & h: quark un- longitudinally, transversely polarized
. polarization if no integrated
<i>“”(x,kl:p,S)=M[)-e,(x,k;)+kl;;" er(x’kl):| twist-3 quark nucleon pictorially  TMD PDFs (8) gauge link ~over k. fame
v ® £Gesky) q(x) number density
~ k. -S i
B (x,ky5p,5) = P, | gy, (xk,) + L g (x k twist-2 v , ,
o (Xky3p,S)=p'R [ 8. (x,ky) ] & (x J.):I T é_@ fr(x,k,) 0 X Sivers function
K-S,
—MS, g, (x,k —k,,),l(x,k)+* L *(xk)i|+e H(x,ky) T
ra8r (%K) =k, |: 81 (x,ky Lap$18 LL S == 2, (x,k,) Ag(x) helicity distribution
M k,-S, -
+7"u[131,_tx,kll+ lM & x5k )]  twist-4 T é-é g (x,k,) X worm gear/trans-helicity
. . Pkl ks, gk l’ v ®=® Bt (x,ky) 0 x Boer-Mulders function
Bk i30,8) = P S g ok, )+ 7! |:/’l,h (o) =P ok, )] Th (x,k) —
L) (f)_é) By (x,k,) transversity distribution
Sk Lt (esky ) + M, ygh(x k) = gy [ MAR, (6 k) = (K, - S, (x k)] / T L s )
1pK Lar pa 1M1 q(x)
o A L . v W é_ é it (x,k,) pretzelocity
+— { sm,h”u.leM[Mli(.\-.le L "/;f,(.v.kL;]+M/zﬁx.kl>} worm gear/
I M M M L Pw=@=  hi(xk) X longi-fransversity
HBRE 20244E8 4 5-6H 5 HERE 20244E 8 5-6H 6
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Twist-3 TMD PDFs defined via quark-quark correlator
Next to the leading twist (twist-3) they are NOT .;;frobability distributions but quark polarization —
- contribute in different polarization. Twist-2 TMD PDFs U L T
polarization ifno integrated t Sk ®@=® n*
quark nucleon pictorially TMDPDFs (16)  gaugelink ~over k, sU %mberdensity B e fon
v ® e(xiky)y fHuk,) 0 e(x), x  number density g L SO 800k | B @ B (k)
‘—g helicity distribution Worm-gear/longi-transversity
L O==O fink) 0 x 8 -
Sy " - (k)
U é etk 0 7 Sivers function 81 é.@ frok)| dod) gk trang\?grs'\{?dgmbuﬁon
T @ Sk, k) g 0 fr(x) § Sivers function Worm-gearitrans-helicity é)-tzél lt;,‘,u,kl)
pretzelosi
U ©=0 gk 0 %3 jld e
L L @G k), ghok) 0 SuBRL a,x Reldl dsibilon Twist:3 TMD PDFs U L | T
e'r(x,k,), 0 : Cf " .
o é-é g, (k). ghtek,) 0 k) (;""*) g(x)  Worm gearfirans-helicity 'g U | Drtersonsty ™ €0 rwk) Sze:ﬁﬁ;ﬁcmn
U @=@®  hx,k) 0 h(x) Boer-Mulders function ‘g e S S~=n @ =@~ Iy k)
* n s L | O=-O~fitwh) ;'e“;";*d’;f"”gu’:;n’ Worm gear/ longi-transversity
TU) d) (f) hi(x,k,) hip(eky) X transversity distribution = o ok Y ot O3 ver)
q : i 2 f 8 - ;,“(;,;t;),j,“‘(x,kl) <& (k) gtwh) | ansversiy ditributon
T) é-é b (k) klhx,l(::kl) X pretzelociy = T S\vevs?mchon Worm gear trans-helicity - 2,(:,’9)
kephi (x,ky) worm gear/ pretzelosity
L Gmem@m Mxk) e Iy (x) longi- tgansve(am
£ AKX 20244819 5-6 5 7 HEKE 202448 565 8




TMD PDFs defined intuitively (equivalent to twist-2) Twist-2 TMD FFs defined via quark-quark correlator
In the 1-dimensional case: Leading twist (twist 2) D, G, H: quarkun-, longitudinally, transversely polarized
FE ezl integrated over k, name
S,(x0,8,;5p,8) = f, )+ A, A Af, () +(S,,-S;) 6£, (x) quark hadron pictorially ~ TMD FFs (8) 9 i
U ® D, (z,kp,) D, (z) number density
In the 3-dimensional case: ‘ U 0
T é- C;) Dy (z5k;) x Sivers-type function
(xk1,8,39,) = f, (x,k, )+ A A Af, (x,k, ) +(S,, -5,) 8f, (x,k,)
JierkisSyipiS)=J, ek, )+ A4 B, (xoky ) 20°51) 0, (vsk, L ©==G= G, (zk) G, (2) spin transfer (longitudinal)
48, - (DX kDAY fx k) +—8, - (PXk ht(x,k,) L
T L L M g 1y L 7 é_é GILT(x’kL} o
1 2 = = = 1. -
77 S kG, <k i (k) + 2 Sk A Iy (xky) v ®=-® Hi (2,kp,) x Collins function
1 - = )
+ lqﬁ(sl' &) glll'(x’kj_) ; T d).é) H,,(z,k;,) . spin transfer (transverse)
. o é-é Hi (2., )
. 1k, 1 L
8f, (k) =l (oky), AV fCok) == f (rky) L @@~ Hulzhy) x
K BKE 20244F8 A 5-6H 9 HERE 2024481 565 10
9 10
Twist-2 TMD FFs defined via quark-quark correlator (spin-1)
Quark pol Hadron pol TMD FFs (2+6+10=18) integrated over k. name Classified according to the polarization of the quark:
v © Di(@okrs) e number density Unpolaried quark Dy, Dy, Dyyys Diir, Dy
T é-@ Dy (z,kyy) x Sivers-type function e } 6 bt Gt
U i DG D@ spin aignment Longitudinally polarized quark 1 Gips Giirs Gigy
L
ar D‘f’ @ k) x Transversely polarized quark HY,H,,H:, H:, H:, H,,, B HE  HY
T Dy (25kpy) x
z Salcd Gy (2:ky,) Gu(@ spin transfer (longitudinal) Classified according to the polarization of the hadron:
L r 4.8 GL(@ky,) x
LT Glir(zokesy) " B(,ky,3p,S) = E@kyy3p1Upol) + B(z,ky 5 p 1 Vpol) + Ekyy 3 p | Tpol)
T Girr (2okgy) x
U ®=® Hi (zokyy) X Collins function number density: D,, Hy
T/ &4 H, (z,kpy) " spin transfer (transverse) induced polarization: Dy Dy Disry Dy
) b HiGk) v “direct’ Gyy3 Hyy, H
T L @ =@  H(2:k;,) x spin transfer = ’
LL H, (k) x worm gear- G Hy, Gl Gloys Hisy Hoyg By Hisy Hy
LT H,yp (zokpy)y Hisp(25ky,) H,,;(2)
T Hir (2kpy)y H'trp 2ok, RX Their contributions to the cross section are additive.
See e.g., K.B. Chen, S.Y. Wei, W.H. Yang, & ZTL, PRD94, 034003 (2016).
RBKE 20244E8H 5-6 1" R 20244815-6 11 12
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Semi-inclusive high energy reactions: Kinematics

Semi-inclusive reactions: general form of the hadronic tensors and cross sections

Gourdin, NPB 49, 501 (1972);
Kotzinian, NPB 441, 234 (1995);

Diehl, Sapeta, EPJ C41, 515 (2005);
Bacchetta, Diehl, Goeke, Metz, Mulders,
Schlegel, JHEP 02, 093 (2007);

18 independent
“structure functions”
for spinless hadron h

e +et >h+h+X

Arnold, Metz, Schlegel,
Phys. Rev. D79 ,034005 (2009).

Pitonyak, Schlegel, Metz,
PRD89, 054032 (2014).

K.B. Chen, W.H. Yang, S.Y. Wei,
& ZTL, PRD94, 034003 (2016).

48 independent
“structure functions”

36 independent “structure

functions” for spin-1/2 hadrons

81 independent “structure

functions” for spin-1 hadrons

RAKE

20244£81 5-6H
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Access TMDs via semi-inclusive high

gy reactions

Semi-inclusive reactions

TMD PDFs:

TMD FFs: D, H;,..

TMD PDFs:

TMD FFs: D,, Hy,...

()

e +et s h+h+X

f;’f;JT-’glL’ng’hl’hIJ-’hIJ-L’hlJ-T"

f;’f;JT-’glL’ng’hl’hll’hlJ;.’hlJ;"

HERE 202448 5-6H
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Kinematic analysis fore*e™ - Z - VrrX

e"et > Z - V(py, S)m(p2)X: the best place to study tensor polarization dependent FFs

The differential cross section:

- V(p,.S)
2EE, @ LW (g, Sap) L E )
Fpdp, ~ sgt ¥lwllioh 4,9,,5,p, @
Ly () =i [ hyby + byl = (1) gy, [+i€5€00nelPIE /
et () )

The hadronic tensor:
W, (,p,,S,p,) = W (the Symmetric part) +iW"*" (the Anti-symmetric part)

SO NARGES W ARSAET) WIAN ) W AN O=UV8,,8,055r,
o o i Ex] polarization

the basic Lorentz tensors: i =i, h** =—h™  space reflection P-even: Zp= = hy,

hgt" = I, It == space reflection P-odd: 27 =i,
Constraints: W#* =w" (hermiticity),  ¢,W*"=4,W*" =0 (current conservation)

K.B. Chen, W.H. Yang, S.Y. Wei, & ZTL, PRD94, 034003 (2016) (spin-1).

HEKH 202448 565
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Kinematic analysis foree™ —» Z - VX

unpolarized: 5+4=9 0w = {g‘w _a'

al“bl = a%bb — abbe
al®b) = a<bP + aPbe

Apv _ B V]
e mgm =g, | Y= POy,
P4 -
p=p=q (pa=0) ~
" a 2 :M-V - { PL Euw;m}

A regularity: [

f,iﬂv - {E{ww.m (p‘va), p;;)}

The basic Lorentz tensor sets for the hadronic tensor

e php, PPy, p.‘,‘,‘p{;} symmetric (S), P-even

symmetric (S), P-odd
anti-symmetric (A), P-even

anti-symmetric (A), P-odd

spin dependent } _ [spin dependent

Lorentz tensor set | = | Lorentz (pseudo)scalar } X [the unpolarized set }
Unpolarized Vector polarization S-dependent: 13+14=27
5+=9 - . L ..
longitudinal polarization 2 ~ B, - S transverse polarization
e i) (e i 2 i
,‘I'.suv P R g P e
l{rw :,‘N =1 .r ‘.‘N Z,w = (Pz -S) ~l :“v 55411.112 l;m
Iy hy; hy; Iy hy; I
i e e i o i
HBAE 20244F8 A 56 H 17

Kinematic analysis foree™ - Z - VrrX

2E Edc’ o -
R LG

The cross section in Helicity-GJ-frame: unpolarized and longitudinally polarized parts

The structure functions: £ = F (656, 22r)

dspldjpz Ff;‘\ Fjﬁ(svgwgpl’u)
F, =(1+cos*@)F,, +sin*OF,, +cosOF,, 1 F =singlsin0F:"® +sin2070)  Sin
+cos@[sin@F® +sin20F°® | cos@ +sin2@sin’ eﬁ;inzg sin2@
+cos2@sin’ F;"*® N cos2¢ SN
2EEds" o - 55 DL 4, S0
& pd’p, _s_zﬂ(]:,_ +.7,) v o Fr by, Frors
& A ~ ~ =~
. . i 2 .2
F, =sinp[sin@F"? +sin20 F;" F, = (1+cos*@)F,, +sin*@F,, +cos@F,,
+sin2@sin® oFLsinZV - Kl -:I-cos Q[sin@F,® +sin20 F;;"%]
+cos2@sin® OF
2E E,do"" 2 ~ : £ =2
LT S (FuvE) L FLoF, B eof
S . v e S v FreFRs Frelr
F, = +cos’@)F,,, +sin*OF,,, +cosOF, ]_:IL =sin¢[sinei‘l‘j';"+sin29F-‘;j","|
. 5@ ot cosp =
+cos@[sin@F,;,® +sin20F,})%) +sin 2(psin26F,f;f'2"
+cos2@sin’ §F;;*?
RAKE 20244819 5-6 5 19
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Kinematic analysis fore*e™ - Z - VrX

The basic Lorentz tensor sets for the hadronic tensor (continued)
S = ST
v sww
Sy -dependent part: 5+4=9 ’_'m fv e =gy b d,
h:tw Ill\ﬂv ks
s? =5 =S, )
e e e
ity i
S S| 75,
S 1-dependent part: 9+9=18 [ag 34 el
by L I Y g
8,7 =(0,5;,57,,0) w |21 @Sl L e -
e e i
PS8 =0, q:S5,=0 Shu=St P iy G
L1i Ui !
Str-dependent part: 9+9=18 e r ow
TTi Ui 1(.
K ot nB _ gen h* o [ i
0 sz ooss 0 SpP =g =0 M v vi
00 0 o S =sp=0 g it [
K.B. Chen, W.H. Yang, S.Y. Wei, & ZTL, PRD94, 034003 (2016).
HERE 20244E 8 5-6H 18
18

General kinematic analysis for ¢’¢” — VX

The cross section in Helicity-GJ-frame: transverse polarization dependent parts

1S, P=(S2) +(8)
tangp, =S;/S;

2EEds” _o’

&pdip s_xx‘sr‘(]:r"'}-r)
1 2

F, =sin@[sin@F;"" +sin20F,% |

sing;
+sin(@, +@)sin’ OF,"**" sin(@, + @)
+sin(@, — @)[(1+cos’ Q) F"*® +sin’ OF," %™ + cos O F, | sin(@ — @)
+sin(@, —20)[sin@F. "% 1 sin 20 F 09| sin( —29)
+sin(@, —3@)sin’ OF," ¥ sin(@; —30)
F, =cos@ [sin@F ;"% +sin20F,;"%| cosQ
+cos(@, + @)sin’ GF; O cos(@ +@)
+cos(@, — @)[(1+ cos’ 6)17“";“”‘_" +sin® 913;;’“"") +cos 91:;":“'»""] cos(@; — @)
+eos(@, —2@)[sin@F %7 +sin20F; 7] cos(@; —20)
+cos(@, — 3@)sin’ ei;cos(y\—lp) cos(@, —39)

HEKH 202448 565
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General kinematic analysis for ¢’e” — VX

The cross section in Helicity-GJ-frame: transverse polarization dependent parts

2EEds’ _a’
Ipdp, 5
F, =sin@[sin@F,;"" +sin20F,;"* |
+sin(@, +@)sin’ §F;" " +cos(@, +@)sin’ 8F"*:

IS, P= (850 +(S))%
tan@ =S, /S;

ZIS (7 +F)

F, =cos@,[sin@F" +sin20F0% ]

4 5in? OF TP 4 cosOF
in 2070

+5in20F; )
o)

+sin(@, — @)[(1+cos’ ) +cos(@, —@)I(1 +cos

+cos(@, — 2)[sin@F,®

+sin(@, —3p)sin’ 6F) 7 +cos(@, —3p)sin’ OF ™

o .
2EEds" _a FeF . FeF,

Tod'p, =T XIS F+ Fy) [ A o -
: Fr e b Fr oy
F,p=cosp, [Sin@FF +sin20F,7 77| . F, =sing,,Isin@F 0 +sin 200 |

+cos(p,, +@)sin’GF L
+cos(@,, = @)I(1+cos’ @) F\3 P +sin’ BF ™ +cos@F "]

+cos(p,, — 29)IsiNBEI P 45in 20|

+sin(@,, +@)sin’ OF, 0+
+sin(@,, —@)I(1+cos’ )y Fu®n® 4 cosOF n#r®))
+sin(@,, —2@)[sinBF 1 +sin20F,1® 7%

S

— 0)sin? GE® p
oo, = 3@)sin’ OF A A sin(@,, —3@)sin’ Fnes~e

2E,E dc”" azl\in (Fyt By IS, P=(S5)+S5)?, 0, - 0,5 T T Frp 9 F

oo : =

&*pd’p, i tan2e, =S7/S; : " R SRR ol SRS

N v
Fyp =cos2@,, sin’ B

+cos2p,, —@)ISin@F, 3 "7 +sin 20 F;1n * ™|

+cos(29,, —29)[(1 + cos Q) F, 12 *#77** + sin’ G F 4 cosQF, P70 4 sin(2@,, — 2@)[(1+cos’ @) Ft P 4 cosQF e

O 4sin20F 00 ) 4 sin 20 F 80|

+cos(2p,, —39)ls +sin(2p,, - 3@)[sin8F,

+sin(2@,, - d@)sin’ OF,"

+cos(2@,, —4@)sin’ BF

HBKE 20244284 5-6H 21
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General kinematic analysis for e¢'¢” — VX

Azimuthal asymmetries in the unpolarized case

parity conserved:  {cos@), =[sin@F;"® +sin26F, *]/2F,
{cos2¢), =sin’@F;"*? /| 2F,,

(sin@), =[sin@F"® +sin20 F;"*|/ 2F,,
(sin2@), =sin’@F;"** / 2F,,

parity violated:

F, =J’%’:(};+i; )=(1+cos* ) F,,, +sin’ OF,, +cosOF,

Hadron polarizations

o a4 TtE g AFEsFL o _2FGFE
‘ave .}: +£ LL.ave Z -Fl+.Fl LT ave 3 .;: +£

In practice, often integrated over the azimuthal angle ¢ ———>

RAKE 20244819 5-6 5 23

6-dep. | 1+cos’8 sin’ @ cosf sinf sin26 sin> 4 sinf sin 26 sin> 9
@-dep. 1 cosg cos 2¢ sing sin2¢
COS ¢ COS 08 2 psing fsing j=sin2¢
U Fi Fay Fsy F o FS B Fin b
& & P fcosp oo =cos2p sing sing sin2p
L Fu Fau Fy Fi Fy L Fu. Fy Fr
cosp cosp cos2p Fsing Fsing =sin2p
LL Fus Fo Fap Fyy Fy Frp Fir Fof Fi
sin(gs —p) sin(es —p) sinps —¢) sinps—2¢)  psinies—2¢) sin(es —3¢) sings sings sinlgs +¢)
TPC | Fir For Fyr Fir For Fr Fir For Fr
@-dep. sin(es —¢) sin(es — 2¢) sin(gs — 3¢) sings sin(gs +¢)
FCOSlgs—p) | 7Coslgs—p) | oOslgs—p) | poosles-2¢)  cosies—2¢) =cos(gs—3¢) cos s Fcosgs £C0s(05 +9)
TPV | Fi7 Fy Fyr Fir Fy Fr Fr Fy Fr
-dep. cos(ps — ¢) cos(es — 2¢) cos(ps — 3¢) COS @5 cos(gs +¢)
0s(¢1.7—) oS (¢17—¢) sleLr-¢) s(err-2¢)  peoslorr-2¢) cos(eLr—3¢) 08 LT COS QLT FoosteLr +¢)
LL-PC| Fyjy Fyy Fipy Fiy Fr Fir Fiiy Fyr r

@-dep. cos(err — @) cos(prr — 2¢) cos(err —3¢) cos@ir cos(err +¢)
psinlgrr—¢)  psin(err—¢)  psinlerr—¢) | psinlerr-2¢)  pEsin(err—2¢) sinlerr—3¢) gsingLr Fsingrr fsinlerr +¢)
LT-PV Fl LT FZI.T FBIJ P‘H,T FZLT FLT F|LT FZI.T P‘LT
@-dep. sin(err — ) sin(grr — 2¢) sin(err — 3¢) singrr sin(grr +¢)
C0sQer7—20) OS2 7—-26) SQer7-2¢) | Cos2prr-3¢) 1-COS2err—3¢) cos(2er—4¢) P R p—) 08 2077
TI-PC FITT FZTT F‘;'T' -~ F| T FZTT FTT FITT FZTT FTT
¢-dep. cos(2err — 2¢) cos(2rr — 39) cos(2err — 4¢) cos(2err — ¢) cos 2¢rr
=Sin2orr-2¢) psinCerr-2¢) EsnerT-2¢) | msnQerr-3¢) psinerr—3¢) | psinerr—4¢) | gsinerr—¢)  sinCerr—) =sin 277
TT-PV FITT FITT F.‘TT FTT I'ZT'I ,77& I.I'IT FZTT ’ "T[
¢-dep. sinQerr — 2¢) sin(2¢rr — 3¢) sin(2¢rr — 4¢) sinQerr — @) sin 2¢r7
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General kinematic analysis for ¢’¢” — VX

Integrated over the azimuthal angle ¢ inclusive e*e” — VX

(F, )y =sin@(sin8F,;"® +sin28F,"*

%
P-even, T-odd Z
7

19 “structure functions” left, 11 parity conserved, 8 parity violated.

, =sin@ (Sin8F"® +sin20F)"

P

-]

| ‘2’—:1["”&;;?;6 =%:z (FIHEN+A(F+AY) % z{(f}_”,+f;.W)+J.(f,m+ﬁ,M)
N (CA S h A AR e ' R CAE A LA A

+w5,,w(<f,,>+<ﬁ,,>)+w§,,w(<f,,>+<f',,>)} A CoAEA LA

(F, y=(1+cos’O)F,, +sin’ OF, , +cosOF,, P-even, T-even Fyw=(+c0s’0)F,, , +sin’OF,  +cosOF,,

(_}: )= 0 P-odd, T-odd _}:J" =

{(F.)=0 P-even, T-odd =0

(F)=(1+cos’0)F;, +sin’OF,, +cosOF,, P-odd, T-even F, . =(+cos’0)F,  +sin’OF, , +cosbF,,

(F,)=(+cos’O)F,, +sin’@F, , +cos@F, P-even, T-even Fymw=(+c0s’@)F,,  +sin*@F, , , +cosOF,

(F,)=0 P-odd, T-odd =0

5 17
(F, ) =cosp (sin@F;"% +sin20F5%) P-odd, T-even "= cosq)s(sinel‘-]‘,"}:‘ +sin 2817‘;:::’)
(F,,)=cosp, (sinOF7,"" +sin20F,;"") P-even, T-even F o rin =€08Q, (SINOF P +5in20F,777'7)
(F,,)=sing,, Sin0F P +sin20F,70) P-odd, T-odd Firia=5ing,, GINOFE +5in20F,700)
(F,,)=cos2@,, sin’ OF ;" Peven, T-even Fpp i = €082, sin’ OF
(F,,)=sin2@, sin’ OF 1% bodd, Todd Frpp iy =Sin20@, sin® oF e

2
2
2

dpy,dp,. o
El

)

3LLin

HEKH 202448 565
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General kinematic analysis for ¢’e” — VX

Hadron polarizations averaged over the azimuthal angle ¢

Transversal components

w.r.t. the hadron-hadron plane

()= T ; [(1+cos® )F;"®™® +sin’ OF,"® ™ +cos O F, *?
,,
2 oy - o9y

(s;):F [(1+4 cos® ) F®™® +sin* OF P + cos OF, "]
w

n 2 Fince,, L3 o Eine, Zsin(p -
(S”)=3F, [(1+cos* §)F,"®® +sin’ BF,\*"® + cosOF,, 7|

2

(Sid=sp [(1+cos* O)F1x %7~ +sin’ OF, 73" + cos O F i~
u
o2 2 g\ GO0 i 2 g e, -20) g, -2)
(S”)=i[(l+cos OV 27 sin® OF,; 20779 4 cos O F P77

2 Fnas, - fas, - rsine, =
(S77) =5 [(1+cos” @)F 7020 4 sin® 077+ cos@F 177!
“

Lonaitudinal components  {4) = 3%l(l +cos’O)F,  +sin’ OF,, +cosOF, | parity violated
u

1 ) .
(S,,)= ALY +cos’@)F,,, +sin’OF,,, +cosOF,,,]  parity conserved
w

w.r.t. the lepton-hadron plane
(s7y= %[sin BF"% 45in20F5%]
u

2

(S7y= 33— lsnBF " +5in20F% ]
u
N g,
(S,,)—F[slnel’”, +sin26F,77]
u

L7

82y =73; [Sin@F1®r +sin26 78]
"

xx 2 . cn2g,,
)= Esm’ OF ™
‘

- 2 )i
(S,’,):—SF sin’ @F,"*"
u

RBERE
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General kinematic analysis for ¢'e” — VX

Hadron polarizations averaged over the azimuthal angle ¢

25

General kinematic analysis for e¢'¢” — VX

Hadron polarizations averaged over the azimuthal angle ¢ and the polar angle 6

ete” VX ete” VX
apabdral arenzenls X=4Q2F  +F,)/97, k,=4QF,, +F, )97,
5, =QF,, +F,)/37, S =CQF,,,+Fy, )37,

Transversal components

w.rt. the hadron-hadron plane w.r.t. the lepton-hadron plane w.r.t. the lepton-hadron plane

51 =4QFOP £ Fe®) 9 F S;=mFo |67, Sy, =aFTY 67,

51 = 4QFe® 4 e 9 7 8! =mF;}% | 6F, 8, =T I6F,,

81, = AQRmeP L o) 9 7, 5y =TEP 167, Siran =T 67

51, —AQESS D 4 F0e D) o F §: = /6 F, Strw=nELT 167,

S = AQEGE T 4 Firioene) 19 £ Sy =4FTI 9F, S =BG 19F

83 = a@Rmon) y s o 7 Sy =absen 197, St =aBnl 197,

HAAE

20244£81 5-6H 27

For the semi-inclusive process ete~ VX For the inclusive process ete~ —¥Xx
2 - ipr - 2 = R =
(&) =51 +cos* O)F,, +sin’ OF,, +cos6F, | (AY, =35I +cos’O)F, , +sinOF, , +cosOF,, |
i
(S“)=—2:_ [(1+cos’8)F,,, +sin’ OF,, +cosBF,,, | (S,), = I [(1+cos*O)F,,, , +sin’OF,,, , +cosbF,,,
Transversal components Transversal components
w.rt. the lepton-hadron plane w.r.t. the lepton-hadron plane
(57 =5 Isn0F™ +sin20F7%) (813, =35 — IS0 +sin20F0 |
(ShH= %[sin OF,"" +sin20F,"| (82, = 3 [Sin@F,"% +sin20F,"%
(sir) =%Isin0ﬁ‘,"3"' +sin20 77 (Sirdy = 35 SO +sin20F, 7]
(51,) =5 lsinOF 57 +sin20F0) (510 = 5 snOF 0, +sin20F00, )
- 2 g, oy 22 peng,
(S)= g sin' Oy (S Y =3 S OF 7
) 2 s - 2 oz,
(S5y=gpsin® OF 170 Sihu=3 F sin* OF
HERE 20244E 8 5-6H 26
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The differential cross section:

az llll' dspv
do ==L (LA, I"W*(q,p,S,p)——————
sQ* w2 DV (4. .5,p )ZE,(zn)s 2E,(27)3

W, (4,0:8,p") = X W b3+ WS i +iy Woy byt +iY W, byt
o )

o,
o=U,V: polarization

basic Lorentz tensors
The basic Lorentz sets

unpolarized part: 5+4=9
B = { oI a ug e p} n# ={[(q-5),(p* )] € i+ }
q

i ={e (3,5} i = {0 $)]nr e i}

spin dependent part: 13+5=18

B = pep . pa w2 ={[(q ). )it e }
pP=p- q; q
i;‘ﬂjltv - {suwr’euwp'} ,’;h!uv - {[(q . S),(p'~S)]h"‘",s‘“”""l:““"}
HEKH 202448 565 28
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Semi-inclusive DIS e~ (4;) + N(4,S7) —» e~ + h + X : Kinematics

General form of the differential cross section

4 R :
o I — T

dxdydzdd d’p,, w0’ 2l-¢)  2x

o ® [Fuster,, +\2ed+e)cosy, ot +ecosg, Fin*

?®: +A26(-e)sing, F7% +A[{2e(U+ ) sing, Firt + esin2g, Fi |

o> (O= +).,i.[ 1-£F,, +\2e(1-¢) cos¢hFL°‘L’""j|

o &) IS [sin@, — g (EmH 4 eE LI vesing, + 9OF S + esin(3g, 4 F
+\2e(1+€)sing For% +26(1+€) sin(2, — ) Firt |

o> é +2,15,| [Jl — & cos(9, ~ pIFT 4 4261 - £) (cos g, Fi +cos(2, - ¢S)F,j‘;‘“'~"x’)]}

T o _ 1, ., 1,1 ,, _2Mx
T nucleon  2y3=6 combinations e=(=y= VW A=yt gy 4y ==
electron

HBAE 20244F8 A 56 H 29
29

Semi-inclusive DIS: LO & Leading twist parton model results

for the cross section e(A)+N(@A,S,)>e+h+X

do o’

@  _ % «
dxdydzd® ?
bded'py 50 Boer-Mulders ® Collins

1
e ® {(1 —y+Ey’)¢[le‘:|+(1 - y)cos2¢,2[ witH; ]
1
o> O +A4y1 27 )¢[s,D,] longi-transversity ®Collins

o O A-ysin2g, o[ H] Sivers® unpolarized FF

o & +IS, \[(l—y+§y2)sin(¢h -6)¢[w.1iD, |
+2(1= p)sin(d, + 90| w,h,, H | +2(1 - p)sin(3¢, - ¢S)¢[w4hll,Hll:|]

@&  +4151ya- % yeos(@, — )& w.g,,D, ]} transversity ® Collins

T T pretzelosity ® Collins
nucleon trans-helicity ® unpolarized FF
electron

RAKE 20244819 5-6 5 31
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Semi-inclusive DIS: LO & Leading twist parton model results

for the structure functions (8 non-zero F’s) e(A)+N@A,S,)>e+h+X
e ® | Fy=e[fp] F,,=0 FErt=o Eptt =g wi' ;]
[ g sin sin sin2g, _
oo, = I I R s
._>®" FLL=¢|:gILDl:| F:I(.W.)':o
. sin(,~ s, +) _
o & | Ert=e[nsin] Ehw oo Byt =-2g[w, 1]
F;;-oj =0 F;i;ut,.—m =0 FLsiTntm—o\) = g[wAhlJ;HlJ']
P (i) Ferdioto - g[ w,g,,D, ] Fot =0 Fen = ¢
| eglrlgief’” e[w fDl=xY e [dk d*k, 82Kk, ~k,, ~ b, /) w, £, (x,k,)D, (3:k,,)
q
wl=_[2(iu.'I:FJ.)(I.’hJ.":J.)_EJ.‘EU.]/MMM wz="7u'k1/M’ w3=1"h1'EFL/Mh
See e.g., Bacchetta, Diehl, Goeke, Metz, Mulders, Schlegel, JHEP 0702, 093 (2007); ...
HER¥ 202448 5-6H 30
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Semi-inclusive DIS: LO & Leading twist parton model results

for the azimuthal asymmetries (6 leading twist asymmetries)

_a-pe[witn]

T Aw e[fD,]
_a-pelwiin]

wT AW e[£ D]
_telmpin]_

3 e[nn] e
_(l_J’)ﬁ[wshnHll:|=A

S AW e[fp] ™
_a-p e[wih]

T Aw e[fp,]

cos2g, _ .
o ©® Ay = (cos29, ) Boer-Mulders ® Collins

o O At ={sin2g,)

longi-transversity ® Collins

AP = (sin(p, - ,)) Sivers® unpolarized FF

L é AN = (sin(p, + ), transversity @ Collins

AN = (sin(3¢, - $,)), pretzelosity ® Collins

o é A4 = (cos(g, —4,)), = ye=y) €[-78,0 ] trans-helicity ® unpolarized FF
1 w240 g[f,D,]
nucleon Ap)=1+01-y)

electron
HEKH 202448 565 32
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Collinear expansion in high energy reactions

Inclusive DIS e N = ™ X Yes!

e(I"

where collinear expansion was first formulated.
R. K. Ellis, W. Furmanski and R. Petronzio,

Nucl. Phys. B207,1 (1982); B212, 29 (1983).

PRD (2007);

Semi-Inclusive DIS Inclusive Semi-Inclusive
e+ N = e+q(jet)+ X e +e" >h+X e +e" > h+g(jet)+X
_ < _ (p,S) .
= & 0]
Z >““ alk e ak) X
[5] " 12°(g) === o
Y & X' e*u;)y ’ X L a/ies(t)
Yes! Yes! Yes! )
ZTL & X.N. Wang, S.Y. Wei, Y.K. Song, ZTL, S.Y. Wei, K.B. Chen, Y.K. Song,

PRD (2014); ZTL, PRD (2015).

Successfully to all processes where only ONE hadron is explicitly involved.

RBERE

20244F8 A 5-6H
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An identity:

We obtain:

Hence:

w

Collinear expansion in semi-Inclusive DIS e~ + N - e~ + q(jet) + X

Qn)'8* (k- k-q)=Qm)3, ((k-9)*)2m)' QE, )6 (k- k - )

AL (kk'q)= A (k.g)2m) QE, )8 (k- k- )

AL (ko ) = L Gy ) (2) Q)8 (K- K, - )

v

.
W;S-”'(q,p.s,k‘)zj(gﬂ'; [ A0 K)0" (k.p.5) ] 1) (2E,)8° (k- K- )

v \

WO qp.5) a common factor!

d'k, d'k, wn e g, - S‘A({A R
@y, ZTr[Hm (kyoky )0 (hy ey p.S) | 21)' QE S (K- K. - )
v

—~
Wi (q.p.S)

20244£81 5-6H

Collinear expansion in semi-Inclusive DIS e~ + N - e~ + q(jet) + X

Semi-Inclusive DIS e~ + N — e~ + q(jet) + X with QCD interaction:

Wi (g,p,S:k") = Y Ap,S 1,01k, XXk', X 1J,(0)| p,S)27)*8* (p+q—k'- py)
X
=W @0, Sk )+ W00 (@, p S KA (g, py S K o

¥ @ y @, Y@ 7@, ¥ ¥ (@)
a(k)
a0k, (k) =+ q(k_,) + . k) + e
S —— .
N, N N N R Np)

(a) (b) (c)
(0,s0) (0,s1) ' (0)
Wa(q,p,S,k') = I(Z )‘Tr[H (k') $ (k. p5) ]
AR (k' q) =, (k+q)y,(2m)'8* (k' k- q)
o i W (g.p8) = [-LE M A kag) § 0.5
A (k,q)=7,(k+q)y,2m)8, ((k+9)*)

@)

i - d*ky d*k; S (1,si, NG .
Wi (q,p, S K) = [ St T (B (e, b, K, @) D) (e e, .|

A ko ) = o D oyt — s — )

HERE 20244E 8 5-6H 34
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Semi-Inclusive DIS e+ N - e +¢q(jet) + X

WS (q, p, S,k =W (q, p, S, k') + W (g, p, S,k )+ W 2 (g, p, S, k') + ..

twist-2, 3 and 4 contributions

v'v,:,‘:“’wq,p,s,k')—j K Tei@ Ok, p, A1 2, )28 = - )

@)

Ok, p, ) = [d'ze"(p,S 15 (0)£0, 29 ()| p,S) depends on x only!

/ twist-3, 4 and 5 contributions
d'k, d'k,

‘,“‘;um DS,k
w P @n)’ 2w’

17

200, 8) B P (x,,x,) 0,71 QE,)2x)' 8 (K'- K, — §)

0k, k;,p,8)= | d‘zd‘ye"*”““”‘(zr,s 19(0)£(0,5)D,(y)£(y,2)¥(2) 1 p,S)

:> A consistent framework for ¢”N — ¢~ + ¢(jet) + X at LO pQCD including
higher twists

ZTL & X.N. Wang, PRD (2007); Y.K. Song, J.H. Gao, ZTL & X.N. Wang, PRD (2011) & PRD (2014).

HEKH 202448 565 36
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Semi-Inclusive DIS e™ + N — e +q(jet)+ X

Simplified expressions for hadronic tensors

The “collinearly expanded hard parts” take the simple forms such as:
A ()= h98(x—x,), W =y,

N . F Y P
Hy P (x,x,)0,) = mh‘,“,’”w}&(x, -x;), Where hg?=y, iy’ ny,, depends only on x;!

WO (q,p,S3k,) = Tl_l:(i)rm(x" k) h«.,] twist-2, 3 and 4

@“”(x k )—j" 2 27 oA (N 1E (00200, () INY
three-dimensional gauge invariant quark-quark correlator

twist-3,4 and 5

Wy ‘(q,p,s k)= Tr[¢,, yokey) BP0, ]
d k d'% sk s
ENES  5(x )6 (kyy =k )DL U, k)

‘7\ —I"zid el BN IFO)D,0)£0,%(2) | N

the involved three-dimensional gauge invariant quark-gluon-quark correlator
THREE dimensional, depend only on ONE parton momentum!

HBAE 20244F8 A 56 H 37
37
) . M |k
Complete results for structure functions up to twist-4  x,, = 2 k==
Wopr =X+ 4K, Foss Woy, =856 1, W =2 K
Wmszo — —2x21('z”klf_u Ws...‘ =23 kJ.-fl
Wort =2k fin Wit =23 K, gt
W, =xg, +4x? K\r +3ddL Wﬂm. =-2x"k kJ_gl
Wt = o (X +45°K ), frurh Word™ =80k i+ Wi = a3k f,
sin(@+) __ 2 N
Wor ) = =X ) S + foar) Wor ™4 =—xn k1 f}
sin(39—¢,
W = R = 15 Wk = ax g
cos(@-¢) _ _
W k, (xgi +4x°% f50,0) W) = Jkigr
(1) twist 2 and 4 < even number twist-3 odd number
of d and s of ¢ and ¢g
(2) Wherever there is twist-2 contribution, there is a twist-4 addendum to it.
S.Y. Wei, Y.K. Song, K.B. Chen, & ZTL, PRD95, 074017 (2017).
£ AKX 20244£81 5-6H 39
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Semi-Inclusive e*e annihilation: e” + e~ — h+q(jer) + X

WS (q,p,S,k') = Wiv' (q,p,8,k" ) + Wiy (q,,8,k") + W2 (q,p, S,k ) + ...

2% twist-2, 3 and 4 contributions
(2”)4Tr [E“"(k, P,S)H,‘,‘:,’(Z)](ZEV)(Zn)“él(k —k-4)

W (g,p,S:k") = [

E%p,S) = %2 [d*Ee™01.27 0,00y (0) LIX XX 17 (£)£(Z,0)10)
X

twist-3, 4 and 5 contributions

d'k, d'k, o = . ‘ Lo
! 2 Tr|:=“"(k.,kzzp,S)H,(,L""(znzz)co,," ](zE‘,)(zmja‘(k —k, -9

W(I,L;H PsS,k") =
" (@,p,S k") J(m)‘ an

B0k, Ky p,S) = i Y, [ g ne = 01.400,5)D, )4 (3, W O)LEXXEX 1F(E)£(E00)10)
S

D, (y)=—id,+gA,(y)

:> A consistent framework for e"e™ — h + g(jet) + X at LO pQCD including higher
twists.

S.Y. Wei, K.B. Chen, YK. Song,& ZTL, PRD (2015).
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Il. Gauge invariant parton distribution functions (PDFs) and
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> Leading order pQCD & higher twists (higher powers/power suppressed)
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IV. Accessing TMDs via semi-inclusive high energy reactions
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> Leading order pQCD & leading twist (leading power)

> Collinear expansion & higher twists (higher powers/power suppressed)

V. Summary and outlook
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® (Gauge invariant) PDF is not merely

i.e., it always contains “intrinsic motion” and “multiple gluon scattering”.

® “Multiple gluon scattering” gives rise to the gauge link.
® Collinear expansion is the necessary procedure to obtain the correct formulism
in terms of gauge invariant parton distribution functions (PDFs).

® Collinear expansion has been proven to be applicable to all processes where
one hadron is explicitly involved.

HBAE 20244F 8 5-6H
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