ETRINFVEL

s
&) ) £ 5 L sy

SHANDONG UNIVERSITY, QINGDAO

DS EFFHHEIEZEMFR, 8H05-23, 2024, EEX>, biF



Outline:

* The advent of QCD
« QCD Lagrangian and Perturbative QCD
* The applications of pPQCD(DGLAP)
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The advent of QCD |

» Quark model: Gell-Mann, Nishijima, Ne’eman and Zweig, 1964, .LT'GI U waﬂl O
newly discovered many hadrons can be classified in a neat way I* Tf f ‘ff I ‘ff ‘f
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» Color: 1964/1965 Greenberg, Nambu and Han
necessary to introduce a new degree of freedom to understand the structure of a spin 3/2 hadron

A ~ [uT ul ut)

» Parton model: 1968/1969, Feynman, Bjorken
Deep inelastic scattering at SLAC indicates that electron scatter off point-like constituents.

Quantum number: Spin 72, e,=2/3; e;~e;=-1/3



The advent of QCD Il

* Yang-Mills theory, 1954
Non-Abelian gauge theory, classical level
* Ghost method, Faddeev, Popov 1967, Quantization of non-Abelian field theory.

* Renormalizable theory, ‘t Hooft, Veltman, 1971
« SU(3) gauge group(QCD Lagrangian), Gell-Mann, Fritzsch, 1972

* Asymptotic freedom, Gross, Wilczek, Politzer,1973



QCD Lagrangian
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Covariant derivative

D,(x)=0,—igt"4,

F,(x)=0,4,-08,4,—ig[4,,4,]=F"r",
a a a abc 4b 4c
F,(x)=0,4,-0,4,+gf " 4,4,

A representation is: t* = 5

SU(3) gauge symmetry:

» fundamental representation(3), quark sector o (

» adjoint representation(8), gluon sector (
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Solving QCD

* Perturbative QCD, expand in terms of small coupling constant
* Non-perturbative QCD, Lattice QCD, K.G. Wilson 1974

numerical solution with discretized space time




Lattice formulation of QCD

. B
» Analytical method: comnellpotential V() = A+ —+or

Strong coupling expansion:

> Perturbative quantity: running coupling, EM form factor

» Numerical simulation,
hadron spectrum:
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Perturbative QCD: Feynman rules
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a o +A A ° ABC ’p ny _ig_s?fXACfXBD[g”wgp(7 - \‘p b. /-L
—igsthyy —gsf%[(p " qu)p g g7 g + (C,7) ,m gs f abePp

+(q—r)ug (D, p) + (B,v) < (C,%) ’
+(r — p) g™ C A

A,ll A:“
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A gluon femlssmn .repalnts the quark. colour. qhast ‘' meees- Ppennnan _/M)ﬂb/q
A gluon itself carries colour and anti-colour. q :
b a

(0 10) (2 ! 8) (é) Faddeev-Popov ghost field
) \ooo/\o (only appear in internal propagator)
b e ¥a

rb, rgr, br, bg_g, gi_’, gl_y, (I"I_’ — bB) / \E, (I’I_" +bb-2 ggf) /6



Color algebra

Tr(tAtB) — TR5AB, Tr =

N[

N2—1 4 m
ZA tﬁbtéc — CF53C3 CF ;NC = g a - _ c

ZC,D fACDfBCD — CA5AB, CA — Nc — 3

1 1 .
tfbt’ch = —0pc0ad — = 026004 (Fierz)

2 2N,



Running coupling

o, (u)= a,(M) CM.S. Prleliminalry

L=50f" Vs =TTeV

1+a"'(M)(11—2 f)ln’u S 022 o B Rk RS
2 3 M g : ; : :

Gluon vacuum polarization: 0.18 H . _____________ _________ __________ A

| —r— JADE 4-jet rate
|—>— LEP event shapes

| —O— DELPHI event shapes
—(O— ZEUS inc. jets
|—{— H1DIS

| —/r— DO inc. jets

| —7/— DO angular cor.

— a.(Mz) =0.1181 = 0.0007 (world avg.)

as(Mz) = 011607 5057 (3-jet mass)
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Asymptotic freedom due to gluon self-interaction
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The application of pQCD



Deeply inelastic scattering(DIS) and parton distribution

Rutherford’s experiment Modern Rutherford’s experiment(DIS)

Gold Foil

i -Particle
amitter

electron

Detecting Screen Slit

Parton distribution function(PDF) fl (X)



|f the Proton is

A quark

Three valence quarks

Parton distribution functions
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then F9(x) is
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Three bound valence quarks
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Three bound valence
quarks + some slow
debris, e.g., g+ qq
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When x>0, PDFs are dominated by gluons and sea quarks,
gluons carry ~50% momentum fraction of proton.

1/3
X
i
|
|
|
|
[
|
I
|
[
1
1/3
X
Sea
|
:
|
{ e Valence
|
|
|
I
I
k

-~
2



QCD improved parton model:
Scale dependence of PDFs

P

00O

— O

X X
P\

» PDF at the initial scale, non-perturbative object

» The scale dependence of PDF, perturbative calculable



Born cross section

k

Treelevel: y*+q-q

Virtual photon: g* = —xgP*n#* + n#*, with n* = [0, q~, 0]
Initial quark: p#* = [xP*,07, 0]

Virtual photon polarization vector: s# = [0,0, e]
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Born cross section

n
The amplitude: qLZ/z/zﬂ

iMy; = iegeti(k)dru(p, 1) )
The squared amplitude: p

z 1M1 = - ezeru(k)dpulp, Do, (k)

A

¥ = 3 Lt
q

Simplified as,
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g4 = —xgPtn# + n#

Born cross section P — [PY. 0.0,

pt = [xP*,07,0,]
The cross section reads er =[0,0,&r]

n= [O+Jq_rOT]

dorn = | s T q Z|M|2<2n>45<4><p+q 0/ ()

ZZSZq ele 2Tr[pfa/TMT] 2m)8[(p + @) — k2| £, (%)

~ 225 Zq eqe 4p n(2m) —5(36 — Xg) fq (x) qq% n R&ﬁ

41
= TR efx 6(x — xp) f() ’

2 p

The coupling constant: a, = z—n _




Real correction

Real correction: y+q = g + q.

: ] — _ + 1 B
Radiated gluon four momentum: l; = [(1 Z)xP™, T ll]

The squared amplitude from diagram (a),

1O 1 Tr[t%t? 1
ZEZ'M > = —deéezgﬁ [N ](p l )4Tr[y”(z¢ — Uy esher (¥ — 1))vV 19,
q FYL q C — g
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Real correction

The numerator is
-Tripy*(# — L) ¢rtdr (¥ — gV 19,
= —16(¢&7 - e})(lg -n)(lg -p)
=8li(p-n)
Using the trace formula
Triy*yyPy?} = 4(g*" 9" — g** g"° + g*° g*")

The simplification of the denominator
1 1 1 (1 - 2)?

(P—1g) (=2p-1)° <—2xp+ a )2 :
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Real correction

The phase space integration

deD.S 2m)*sW(p+q—k—1,)

3, d3k D
= | G2 @aysaro BP0 (+a—k—L)
d2l,d1} ,
— o )32l+ (2m)6 [(p —lg + q) ]
jd 12 xPtm 1 5 )
I R 7 B TG R T TE R R

Ignoring the power suppressed term 0(12 /Q?)
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Real correction

The real correction from the diagram (a) is cast into the form,

8l2(p-n)(1 —2)? 1 5(zx — xp)
dedllzfq(x)__ *95 Cr H Am2(1—2z) 2(P-q)

x(1—2)
2

5(zx — xp)

1
= [ azaz qu ()5 CreZgia,
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Real correction

p

d*l,

(271)32l0 (2n)32k0 Fqu(x) ZIMlZ (Zﬂ)45(4)(p tq—k- g)
where AN

( \

, Tr[tt9] -1 h+ 1

ZZ|M|2 Zzeqe gs TT'< gzéf'r”i)/v gzalT>g‘uv
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Real correction

d*l, d3k 1 , , 8z(p-n)?
(2m)321y (2m)32kO F - Ja(x)eqe 2x(P - )12

B d*l, 1 , , 8z(p-m)* 1
B j (2m)22(1 — z)xP* Zqu:fq(x)eqe 2x(P - )12 2(P - q)

—fdzdlziZf(x)eza > _Z S(zx — xp)
B t2s L7712 (1 - 2) B
q
_. (&)fdzdli ~ 5 (2)
— Born\ 5. z 12 1-2z"7\z
27 14272

The splitting kernel from the real correction: P, =1 -z +-— =

1—z 1—z

QRm)*§W(p+q—k - )

5(zx — xg)
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Virtual correction

» Assuming target is a single quark, one has:

1 dz (@ dI? 1+ 22 X

f dx 5(1—x)+—CFf J lzl 1_Z —E)+5(1—x)a]:1

0
Q* g2 1+ z2 ag 11422
J J =0 a——%CF'];)dZ]-_Z

» real+virtual correction
Q dli[rdz(1+z x 1+
2 lz [.[ (1—2) ) fdyl— f(X)]

. 1
Introduce “+" notation: jo dz (1-— Z)+f(z) - jo dz 1— 4 [f(2) = (D]




DGLAP evolution equation

&® Real+virtual correction is re-organized as:

o g 0=t

a X
> NLO cross section  9Bornf (X8) + 0Born 7 : CFf I f dzFq(2)f (73)

= OBorn f(xB) + _CFJ

zl2

J dZqu (Z)f ] — aBornf(xB Qz)

R

f (x,0%) « ! X
» DGLAP equation: a(anz) - 2; CFf dz Fyq(2)f (73)

XB




Automatic calculation with Feynarts and FeynCalc



(xLoading FeynCalc and FeynArts...x)
$LoadAddOns = {"FeynArts"};

<< FeynCalc’

$FAVerbose = 0;

Clear ["Global "]

diags = InsertFields[CreateTopologies[©, 2 -» 2], {V[1], F[3, {1}]} ->
{F[3, {1}]1, V[5]}, InsertionLevel -> {Classes}, Model -> "SMQCD"];
Paint [diags, ColumnsXRows -> {1, 1}, Numbering -> Simple,
ImageSize -> {200, 150}];

Diagram[i ] := DiagramExtract[diags, 1];
(#Generating Amplitudex)
amp[j ] := FCFAConvert[CreateFeynAmp [Diagram[j]], IncomingMomenta -> {q, p},
OutgoingMomenta -> {k, 1g}, LorentzIndexNames -> {u, v}, UndoChiralSplittings -> True, ChangeDimension -> 4,

List -> False, SMP -> True, Contract -> True, DropSumOver -> True, Prefactor ->3/2xe,] /. {SMP["m_u"] - 0};



(*Inputing momentax)

REPLACE = {Momentum[p] - X P Momentum[nb],

lperp>  Momentum[n]
Momentum[1lg] -» (1 - z) xP Momentum[nb] + - -+Momentum[1t]};
2 (1-2z) xP gminus

(xDefining scalar productsx)

Pair [Momentum[n], Momentum[nb]] = gminus;

Pair [Momentum[n], Momentum[n]] = Pair[Momentum[nb], Momentum[nb]] = 0;

Pair [Momentum[n], Momentum[1lt]] = Pair[Momentum[nb], Momentum[1t]] = 0;

Pair [Momentum[1t], Momentum[1t]] = - lperp?;

Pair [Momentum[n], Momentum[Polarization[q, -1]]] = Pair [Momentum[nb], Momentum[Polarization[q, -1]]] = 0;
Pair [Momentum[n], Momentum[Polarization[q, 1]]] = Pair [Momentum[nb], Momentum[Polarization[q, 1]]] = 0;
Pair [Momentum[Polarization[q, -1]], Momentum[Polarization[q, 1]]] = -1;

Pair [Momentum[1lg], Momentum[1lg]] = ©;



(#Second diagram contributionx)
SquarAmpl =

1
[([SUNN .amp[2] ComplexConjugate [amp [2] ]] // FeynAmpDenominatorExplicit // FermionSpinSum[#, ExtraFactor - 1/ 2] s.] //

DoPolarizationSums|[#, 1g, ©] & // DiracSimplify // SUNSimplify // ReplaceAll|[#, REPLACE] & //

ScalarProductExpand // Contract // Simplify) /. {Momentum[k] -» Momentum[n]};

(*Interference diagram contributionx)
SquarAmp2 =

1
(((gaﬁﬁ.(amp[l] ComplexConjugate[amp[2]] + amp[2] ComplexConjugate[amp[l]])] // FeynAmpDenominatorExplicit //

FermionSpinSum|[ #, ExtraFactor » 1/ 2] &) // DoPolarizationSums[#, 1g, @] & // DiracSimplify // SUNSimplify //

ReplaceAll[ #, REPLACE] & // ScalarProductExpand // Contract // Simplify) /. {Momentum[k] -» Momentum[n]};

(#First diagram contributionsx)
SquarAmp3 =

1
[{[gaﬁﬁ.(amp[l] ComplexConjugate[amp[l]])) // FeynAmpDenominatorExplicit //

FermionSpinSum|[ #, ExtraFactor » 1/ 2] &] // DoPolarizationSums[#, 1g, 0] & // DiracSimplify // SUNSimplify //

ReplaceAll[ #, REPLACE] & // ScalarProductExpand // Contract // Simplify| /. {Momentum[k] -» Momentum[n]};



(xInputing phase spacex)
XPrm 1 1

(27)22 (1-2z) xP 2Pqminus z’

(xseparating constant and 1/zx)

Phase =

Splitting =

( (Series[SquarAmp2, {lperp, @, -2}] // Normal) xPhase + (Series[SquarAmpl, {lperp, 0, -2}] // Normal)-*Phase)//

1 CFx SMP["e"]?SMP["g_s"]% e
- // Simplify;

z 4 1perp® r



(xPrinting amplitudex)

Print[llmlll: "=", amp[1]]} Pr'int["Mz", =", amp[2]];

(xPrinting squired amplitudesx)

Print[“|M2|2“, "=", SquarAmpl /. {SMP["e"] » Sqrt[4mae], SMP["g_s"] » Sqrt[4mag], lperp » "1, ", gminus » "q "} // Simplify];
Print["M;M;" +My *M,", "=", SquarAmp2 /. {SMP["e"] » Sqrt[4 7 ae], SMP["g_s"] - Sqrt[4mag], lperp» "1, ", gminus » "q" "} // Simplify];
Print[“|M1|2“, "=", SquarAmp3 /. {SMP["e"] > Sqrt[4mae], SMP["g_s"] » Sqrt[4mas], lperp-» "1 ,", qminus - "q "} // Simplify];
(xPrinting cross sectionx)

1
Pr‘int[“oz", =", [Squar‘Ampl * Phasex — | /. {SMP["e"] » Sqrt[4wae], lperp » "1, ", qminus » "q "} // Simpli-Fy]
2s

1

pr'i“t["’-"]:nter-Ference": =", [Ser‘ies SquarAmp2 x Phase + —, {lperp, 0, —2}] /7 Normal] /. {SMP["e"] » Sqrt[4mae], lperp» "1 ,", qminus » "q "} //

2s
Simplify]

(#Printing Splitting functionx)

Pr‘int[“qu (z)", "=", Splitting];
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Monte Carlo implementation



Monte Carlo implementation

2 2)

- Start with a highly virtual parton (Q2 = p~ — m~), consider a — bc splitting

. 0 o s 1 [Ty 2
DGLAP equation for FF: HTPD(Z’Q ) = %@/Z m (y)D (;Q )

2, 2

2 2 2 2 sz as(Qz) )

Sudakov form factor: A Qi O5) = HAai(QmaX, Q) = HeXp — 0 2 dzP (z,07)
. (4

2
Qa Zmin

max

i

. - I splitting channel
Probability of no splitting between Q... and O, P splitting function

z: fractional energy or momentum



Monte Carlo implementation

- Random number r € (0,1)

cfr < A(Qr%lax, Qflm), particle is stable, no splitting (Q....: minimum allowed virtuality)

min-’
+ Otherwise, splitting happens

2 2
A(QmaX’ min)

) 2\
fr< A(Qmax’ Qa) a A(Qc%v Qr%in)

, no splitting above Q) , or splitting happens at or below Q,

+ Solve r = A(QI%1 Qg) to obtain 0, virtuality at which a splits

ax?

Zmax
_ Determine the splitting channel, use branching ratio from BRai(Qg) = [ dzP (z, Qﬁ)

7
. / \
i b , \
a .'

+ For a given channel, sample z using P (z, QC%) ‘ T

+ zQ, and (1 —2)Q, are new Q.. 's for determining O, and Q.. in a — bc splitting



Medium effect

Recall: Sudakov A (O 01 = HAai(Qﬁm, 0y = HCXP -

Splitting function: Pz, 0%) = PY*(z) + P™(z, 0%

emitted gluon

]
6'0

1

S 1

O ]

o ]

& 1

S | Ky

14 az,3 : 4,31 H
]
c " d
- xsp+kiS i scattergag + «, -
]
Ap 0 1 Ap
2 Bove Bt 7

1

nuclear medium f

d 2y —
PCIIIlle(Z,Q)_

X

Ql%lax sz (Qz) Zmax
a
> dzP. (z, 0*
[ 0> 2 [Z“’(ZQ)
i Qg Zmin _

(vacuum part + medium-induced part)

T+

l

Cy, P,

f
acte, (?

Cy(a) z(1 = 2)Q%  interference effect

)efe)

eHING, Xin-nian Wang'’s lecture
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