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The advent of QCD I
Quark model:   Gell-Mann, Nishijima, Ne’eman and Zweig, 1964,   

newly discovered many hadrons can be classified in a neat way

Color: 1964/1965  Greenberg, Nambu and Han
necessary to introduce a new degree of freedom to understand the structure of a spin 3/2 hadron

Parton model: 1968/1969, Feynman, Bjorken
Deep inelastic scattering at SLAC indicates that electron scatter off point-like constituents.

Quantum number: Spin ½ ,   eu=2/3;  ed=es=-1/3



The advent of QCD II
• Yang-Mills theory, 1954

Non-Abelian gauge theory, classical level

• Ghost method, Faddeev, Popov 1967, Quantization of non-Abelian field theory.

• Renormalizable theory, ‘t Hooft, Veltman, 1971

• SU(3) gauge group(QCD Lagrangian), Gell-Mann, Fritzsch, 1972

• Asymptotic freedom, Gross, Wilczek, Politzer,1973



QCD Lagrangian
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SU(3) gauge symmetry: 

 fundamental representation(3), quark sector

 adjoint representation(8), gluon sector



Solving QCD
• Perturbative QCD,   expand in terms of small coupling constant

• Non-perturbative QCD, Lattice QCD, K.G. Wilson 1974

numerical solution with discretized space time



Lattice formulation of QCD
Cornell potential 

Strong coupling expansion: 

 Analytical method: 

 Numerical simulation, 
hadron spectrum: 

 Perturbative quantity:  running coupling, EM form factor



Perturbative QCD: Feynman rules

Faddeev-Popov ghost field
(only appear in internal propagator)



Color algebra



Running coupling

Gluon vacuum polarization:

Asymptotic freedom due to gluon self-interaction



The application of pQCD



Deeply inelastic scattering(DIS) and parton distribution

Rutherford’s experiment Modern Rutherford’s experiment(DIS)

)(xfiParton distribution function(PDF)



Parton distribution functions 

When x0, PDFs are dominated by gluons and sea quarks,
gluons carry ~50% momentum fraction of proton.



QCD improved parton model: 
Scale dependence of PDFs

PDF at the initial scale, non-perturbative object

The scale dependence of PDF, perturbative calculable



Born cross section

Tree level:     𝛾𝛾∗ + 𝑞𝑞 → 𝑞𝑞

Virtual photon: 𝑞𝑞𝜇𝜇 = −𝑥𝑥𝐵𝐵𝑃𝑃+ �𝑛𝑛𝜇𝜇 + 𝑛𝑛𝜇𝜇, with 𝑛𝑛𝜇𝜇 = 0+, 𝑞𝑞−, 0𝑇𝑇

Initial quark: 𝑝𝑝𝜇𝜇 = 𝑥𝑥𝑃𝑃+, 0−, 0𝑇𝑇

Virtual photon polarization vector: 𝜀𝜀𝑇𝑇
𝜇𝜇 = [0,0, 𝜀𝜀𝑇𝑇]
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Born cross section

The amplitude:
iℳ𝑓𝑓𝑓𝑓 = i𝑒𝑒𝑞𝑞𝑒𝑒�𝑢𝑢 𝑘𝑘 ̸𝜀𝜀𝑇𝑇𝑢𝑢(𝑝𝑝, 𝜆𝜆)

The squared amplitude:

�
𝑞𝑞

1
2
�
𝜆𝜆𝜆𝜆′

ℳ 2 =
1
2
𝑒𝑒𝑞𝑞2𝑒𝑒2 �𝑢𝑢 𝑘𝑘 ̸𝜀𝜀𝑇𝑇𝑢𝑢 𝑝𝑝, 𝜆𝜆 �𝑢𝑢 𝑝𝑝, 𝜆𝜆′ ̸𝜀𝜀𝑇𝑇∗𝑢𝑢 𝑘𝑘

Simplified as,

�
𝑞𝑞

1
2
ℳ 2 = �

𝑞𝑞

1
2
𝑒𝑒𝑞𝑞2𝑒𝑒2Tr ̸[𝑛𝑛 ̸𝜀𝜀𝑇𝑇𝑝̸𝑝 ̸𝜀𝜀𝑇𝑇∗ ]
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𝜎𝜎Born = �
d3𝑘𝑘

2𝜋𝜋 32𝑘𝑘+
1
𝐹𝐹
�
𝑞𝑞

1
2
�
𝜆𝜆𝜆𝜆′

ℳ 2 2𝜋𝜋 4𝛿𝛿 4 𝑝𝑝 + 𝑞𝑞 − 𝑘𝑘 𝑓𝑓𝑞𝑞 𝑥𝑥

= 1
2
1
2𝑠𝑠
∑𝑞𝑞 𝑒𝑒𝑞𝑞2𝑒𝑒2Tr 𝑝̸𝑝 ̸𝜀𝜀𝑇𝑇∗ 𝑛̸𝑛 ̸𝜀𝜀𝑇𝑇 2𝜋𝜋 𝛿𝛿 𝑝𝑝 + 𝑞𝑞 2 − 𝑘𝑘2 𝑓𝑓𝑞𝑞 𝑥𝑥

= 1
2
1
2𝑠𝑠
∑𝑞𝑞 𝑒𝑒𝑞𝑞2𝑒𝑒2 4𝑝𝑝 ⋅ 𝑛𝑛 2𝜋𝜋 1

2𝑃𝑃⋅𝑞𝑞
𝛿𝛿 𝑥𝑥 − 𝑥𝑥𝐵𝐵 𝑓𝑓𝑞𝑞 𝑥𝑥

= 4𝜋𝜋2𝛼𝛼𝑒𝑒
𝑠𝑠

∑𝑞𝑞 𝑒𝑒𝑞𝑞2𝑥𝑥 𝛿𝛿 𝑥𝑥 − 𝑥𝑥𝐵𝐵 𝑓𝑓𝑞𝑞 𝑥𝑥

Born cross section 
𝑝𝑝𝜇𝜇 = 𝑥𝑥𝑃𝑃+, 0−, 0𝑇𝑇
𝑃𝑃𝜇𝜇 = [𝑃𝑃+, 0−, 0𝑇𝑇]
𝑞𝑞𝜇𝜇 = −𝑥𝑥𝐵𝐵𝑃𝑃+ �𝑛𝑛𝜇𝜇 + 𝑛𝑛𝜇𝜇

𝜀𝜀𝑇𝑇
𝜇𝜇 = [0,0, 𝜀𝜀𝑇𝑇]

The coupling constant: 𝛼𝛼𝑒𝑒 = 𝑒𝑒2

4𝜋𝜋

The cross section reads
𝑛𝑛 = [0+, 𝑞𝑞−, 0𝑇𝑇]
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Real correction

Radiated gluon four momentum: 𝑙𝑙𝑔𝑔 = 1 − 𝑧𝑧 𝑥𝑥𝑃𝑃+, 𝑙𝑙⊥2

2 1−𝑧𝑧 𝑥𝑥𝑃𝑃+
, 𝑙𝑙⊥

The squared amplitude from diagram (a),

�
𝑞𝑞

1
2
�
𝜆𝜆𝜆𝜆′

ℳ 2 = −�
𝑞𝑞

1
2
𝑒𝑒𝑞𝑞2𝑒𝑒2𝑔𝑔𝑠𝑠2

𝑇𝑇𝑇𝑇[𝑡𝑡𝑎𝑎𝑡𝑡𝑎𝑎]
𝑁𝑁𝑐𝑐

1

𝑝𝑝 − 𝑙𝑙𝑔𝑔
4 Tr[𝛾𝛾𝜇𝜇 𝑝̸𝑝 − ̸𝑙𝑙𝑔𝑔 ̸𝜀𝜀𝑇𝑇∗ 𝑛̸𝑛 ̸𝜀𝜀𝑇𝑇 𝑝̸𝑝 − ̸𝑙𝑙𝑔𝑔 𝛾𝛾𝜈𝜈]𝑔𝑔𝜇𝜇𝜇𝜇

18

Real correction: 𝛾𝛾 + 𝑞𝑞 → 𝑔𝑔 + 𝑞𝑞.



Real correction
The numerator is

-𝑇𝑇𝑇𝑇 ̸[𝑝𝑝𝛾𝛾𝜇𝜇 𝑝̸𝑝 − ̸𝑙𝑙𝑔𝑔 ̸𝜀𝜀𝑇𝑇∗ 𝑛̸𝑛 ̸𝜀𝜀𝑇𝑇 𝑝̸𝑝 − ̸𝑙𝑙𝑔𝑔 𝛾𝛾𝜈𝜈]𝑔𝑔𝜇𝜇𝜇𝜇
= −16 𝜀𝜀𝑇𝑇 ⋅ 𝜀𝜀𝑇𝑇∗ 𝑙𝑙𝑔𝑔 ⋅ 𝑛𝑛 𝑙𝑙𝑔𝑔 ⋅ 𝑝𝑝
= 8𝑙𝑙⊥2 𝑝𝑝 ⋅ 𝑛𝑛

The simplification of the denominator
1

𝑝𝑝 − 𝑙𝑙𝑔𝑔
4 =

1

−2𝑝𝑝 ⋅ 𝑙𝑙𝑔𝑔
2 =

1

−2𝑥𝑥𝑃𝑃+ 𝑙𝑙⊥2
2 1 − 𝑧𝑧 𝑥𝑥𝑃𝑃+

2 =
1 − 𝑧𝑧 2

𝑙𝑙⊥4

Using the trace formula
𝑇𝑇𝑇𝑇 𝛾𝛾𝜇𝜇𝛾𝛾𝜈𝜈𝛾𝛾𝜌𝜌𝛾𝛾𝜎𝜎 = 4 𝑔𝑔𝜇𝜇𝜇𝜇𝑔𝑔𝜌𝜌𝜌𝜌 − 𝑔𝑔𝜇𝜇𝜇𝜇𝑔𝑔𝜈𝜈𝜈𝜈 + 𝑔𝑔𝜇𝜇𝜇𝜇𝑔𝑔𝜈𝜈𝜈𝜈
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The phase space integration 

�d𝒫𝒫.𝒮𝒮 2𝜋𝜋 4𝛿𝛿 4 𝑝𝑝 + 𝑞𝑞 − 𝑘𝑘 − 𝑙𝑙𝑔𝑔

= �
d3𝑙𝑙𝑔𝑔
2𝜋𝜋 32𝑙𝑙𝑔𝑔0

d3𝑘𝑘
2𝜋𝜋 32𝑘𝑘0

2𝜋𝜋 4𝛿𝛿 4 𝑝𝑝 + 𝑞𝑞 − 𝑘𝑘 − 𝑙𝑙𝑔𝑔

= �
d2𝑙𝑙𝑔𝑔𝑑𝑑𝑙𝑙𝑔𝑔+

2𝜋𝜋 32𝑙𝑙𝑔𝑔+
2𝜋𝜋 𝛿𝛿 𝑝𝑝 − 𝑙𝑙g + 𝑞𝑞 2

≃ �d𝑧𝑧d𝑙𝑙⊥2
𝑥𝑥𝑃𝑃+𝜋𝜋

2𝜋𝜋 22 1 − 𝑧𝑧 𝑥𝑥𝑃𝑃+
1

2 𝑃𝑃 ⋅ 𝑞𝑞
𝛿𝛿 𝑧𝑧𝑧𝑧 − 𝑥𝑥𝐵𝐵

Ignoring the power suppressed term 𝒪𝒪 𝑙𝑙⊥2/𝑄𝑄2

Real correction
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Real correction
The real correction from the diagram (a) is cast into the form,

= �d𝑧𝑧d𝑙𝑙⊥2 �
𝑞𝑞

𝑓𝑓𝑞𝑞 𝑥𝑥
1
2𝑠𝑠

1
2
𝑒𝑒𝑞𝑞2𝑒𝑒2𝑔𝑔𝑠𝑠2𝐶𝐶𝐹𝐹

8𝑙𝑙⊥2 𝑝𝑝 ⋅ 𝑛𝑛 1 − 𝑧𝑧 2

𝑙𝑙⊥4
1

4𝜋𝜋𝜋 1 − 𝑧𝑧
𝛿𝛿 𝑧𝑧𝑧𝑧 − 𝑥𝑥𝐵𝐵

2 𝑃𝑃 ⋅ 𝑞𝑞

= �d𝑧𝑧d𝑙𝑙⊥2 �
𝑞𝑞

𝑓𝑓𝑞𝑞 𝑥𝑥
1
2𝑠𝑠
𝐶𝐶𝐹𝐹𝑒𝑒𝑞𝑞2𝑔𝑔𝑠𝑠2𝛼𝛼𝑒𝑒

𝑥𝑥 1 − 𝑧𝑧
𝑙𝑙⊥2

𝛿𝛿 𝑧𝑧𝑥𝑥 − 𝑥𝑥𝐵𝐵

= 𝜎𝜎Born
𝛼𝛼𝑠𝑠
2𝜋𝜋

�
𝑑𝑑𝑑𝑑
𝑧𝑧

d𝑙𝑙⊥2

𝑙𝑙⊥2
𝑓𝑓𝑞𝑞(

𝑥𝑥𝐵𝐵
𝑧𝑧

) 1 − 𝑧𝑧
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Real correction    

�
d3𝑙𝑙𝑔𝑔
2𝜋𝜋 32𝑙𝑙𝑔𝑔0

d3𝑘𝑘
2𝜋𝜋 32𝑘𝑘0

1
𝐹𝐹
�
𝑞𝑞

𝑓𝑓𝑞𝑞 𝑥𝑥
1
2
�
𝜆𝜆𝜆𝜆′

ℳ 2 2𝜋𝜋 4𝛿𝛿 4 𝑝𝑝 + 𝑞𝑞 − 𝑘𝑘 − 𝑙𝑙𝑔𝑔
where

1
2
�
𝜆𝜆𝜆𝜆′

ℳ 2 = −
1
2
�
𝑞𝑞

𝑒𝑒𝑞𝑞2𝑒𝑒2𝑔𝑔𝑠𝑠2
Tr[𝑡𝑡𝑎𝑎𝑡𝑡𝑎𝑎]
𝑁𝑁𝐶𝐶

𝑇𝑇𝑇𝑇 𝑝̸𝑝𝛾𝛾𝜇𝜇
𝑝̸𝑝 − ̸𝑙𝑙𝑔𝑔
𝑝𝑝 − 𝑙𝑙𝑔𝑔

2 ̸𝜀𝜀𝑇𝑇∗ 𝑛̸𝑛𝛾𝛾𝜈𝜈
𝑛̸𝑛 + ̸𝑙𝑙𝑔𝑔
𝑛𝑛 + 𝑙𝑙𝑔𝑔

2 ̸𝜀𝜀𝑇𝑇 𝑔𝑔𝜇𝜇𝜇𝜇

= −
1
2
�
𝑞𝑞

𝑒𝑒𝑞𝑞2𝑒𝑒2𝑔𝑔𝑠𝑠2𝐶𝐶𝐴𝐴
16 𝑝𝑝 ⋅ 𝑛𝑛 𝑙𝑙𝑔𝑔 ⋅ 𝑛𝑛 − 𝑙𝑙𝑔𝑔 ⋅ 𝑝𝑝 − 𝑝𝑝 ⋅ 𝑛𝑛 𝜀𝜀𝑇𝑇 ⋅ 𝜀𝜀𝑇𝑇∗

−2𝑝𝑝 ⋅ 𝑙𝑙𝑔𝑔 2𝑛𝑛 ⋅ 𝑙𝑙𝑔𝑔

≃�
𝑞𝑞

𝑒𝑒𝑞𝑞2𝑒𝑒2
8𝑧𝑧 𝑝𝑝 ⋅ 𝑛𝑛 2

2𝑥𝑥 𝑃𝑃 ⋅ 𝑞𝑞 𝑙𝑙⊥2 22



�
d3𝑙𝑙𝑔𝑔
2𝜋𝜋 32𝑙𝑙𝑔𝑔0

d3𝑘𝑘
2𝜋𝜋 32𝑘𝑘0

1
𝐹𝐹
�
𝑞𝑞

𝑓𝑓𝑞𝑞 𝑥𝑥 𝑒𝑒𝑞𝑞2𝑒𝑒2
8𝑧𝑧 𝑝𝑝 ⋅ 𝑛𝑛 2

2𝑥𝑥 𝑃𝑃 ⋅ 𝑞𝑞 𝑙𝑙⊥2
2𝜋𝜋 4𝛿𝛿 4 𝑝𝑝 + 𝑞𝑞 − 𝑘𝑘 − 𝑙𝑙𝑔𝑔

= �
d3𝑙𝑙𝑔𝑔

2𝜋𝜋 22 1 − 𝑧𝑧 𝑥𝑥𝑃𝑃+
1
2𝑠𝑠
�
𝑞𝑞

𝑓𝑓𝑞𝑞 𝑥𝑥 𝑒𝑒𝑞𝑞2𝑒𝑒2
8𝑧𝑧 𝑝𝑝 ⋅ 𝑛𝑛 2

2𝑥𝑥 𝑃𝑃 ⋅ 𝑞𝑞 𝑙𝑙⊥2
1

2 𝑃𝑃 ⋅ 𝑞𝑞
𝛿𝛿 𝑧𝑧𝑧𝑧 − 𝑥𝑥𝐵𝐵

= �d𝑧𝑧d𝑙𝑙⊥2
1
2𝑠𝑠
�
𝑞𝑞

𝑓𝑓𝑞𝑞 𝑥𝑥 𝑒𝑒𝑞𝑞2𝛼𝛼𝑒𝑒
𝑥𝑥
𝑙𝑙⊥2

𝑧𝑧
1 − 𝑧𝑧

𝛿𝛿 𝑧𝑧𝑧𝑧 − 𝑥𝑥𝐵𝐵

= 𝜎𝜎Born
𝛼𝛼𝑠𝑠
2𝜋𝜋

�
𝑑𝑑𝑑𝑑
𝑧𝑧

d𝑙𝑙⊥2

𝑙𝑙⊥2
𝑧𝑧

1 − 𝑧𝑧
𝑓𝑓𝑞𝑞

𝑥𝑥𝐵𝐵
𝑧𝑧

Real correction

The splitting kernel from the real correction: P𝑞𝑞𝑞𝑞 = 1 − 𝑧𝑧 + 2𝑧𝑧
1−𝑧𝑧

= 1+𝑧𝑧2

1−𝑧𝑧
23



 Assuming target is a single quark, one has: 

Virtual correction

�
0

1
𝑑𝑑𝑑𝑑 𝛿𝛿 1 − 𝑥𝑥 +

𝛼𝛼𝑠𝑠
2𝜋𝜋

𝐶𝐶𝐹𝐹 �
0

1 𝑑𝑑𝑑𝑑
𝑧𝑧
�
𝜇𝜇2

𝑄𝑄2 𝑑𝑑𝑙𝑙⊥2

𝑙𝑙⊥2
1 + 𝑧𝑧2

1 − 𝑧𝑧
𝛿𝛿 1 −

𝑥𝑥
𝑧𝑧

+ 𝛿𝛿 1 − 𝑥𝑥 𝑎𝑎 = 1

 real+virtual correction

𝛼𝛼𝑠𝑠
2𝜋𝜋

�
𝜇𝜇2

𝑄𝑄2 𝑑𝑑𝑙𝑙⊥2

𝑙𝑙⊥2
�
0

1
𝑑𝑑𝑑𝑑

1 + 𝑧𝑧2

1 − 𝑧𝑧
+ 𝑎𝑎 = 0 𝑎𝑎 = −

𝛼𝛼𝑠𝑠
2𝜋𝜋

𝐶𝐶𝐹𝐹 �
0

1
𝑑𝑑𝑑𝑑

1 + 𝑧𝑧2

1 − 𝑧𝑧

�
𝜇𝜇2

𝑄𝑄2 𝑑𝑑𝑙𝑙⊥2

𝑙𝑙⊥2
�
𝑑𝑑𝑑𝑑
𝑧𝑧

1 + 𝑧𝑧2

1 − 𝑧𝑧
𝑓𝑓
𝑥𝑥
𝑧𝑧
− �𝑑𝑑𝑑𝑑

1 + 𝑦𝑦2

1 − 𝑦𝑦
𝑓𝑓 𝑥𝑥
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DGLAP evolution equation
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Automatic calculation with Feynarts and FeynCalc















Monte Carlo implementation



Monte Carlo implementation





Medium effect

eHING,  Xin-nian Wang’s lecture
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