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The (stable) densest matter on the Earth
Heavy nuclei have 
an almost constant density.

[Nuclei from Wikipedia]

nsat = 0.16 (nucleon) fm−3

called “saturation density” 
in nuclear physics

In astrophysics, the rest-mass density is used:

ρsat = 2.6 × 1014 g cm−3
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How dense (dilute) is it?
Interaction Cloud Size 
rsoft ∼ 1/(2mπ) ∼ 0.7 fm

Baryon Number Distribution Size 
rhard ∼ 0.5 fm

Closest Packed State (hcp/fcc) Filling rate ~ 74%

0.74 × (4π
3

r3
hard)−1 ≈ 1.4 fm−3 ≈ 8.3 nsat

Nuclear matter cannot exist at this density!
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How dense (dilute) is it?

Interaction-mediated Percolation

0.34 × (4π
3

r3
soft)−1 ≈ 0.24 fm−3 ≈ 1.5 nsat

Standard nuclear-physics calculations may break down 
at this density due to the lack of multi-body interactions.

Percolation transition?

(From Wikipedia)

3D critical filling density ~ 34%

See: Fukushima-Kojo-Weise (2020) for more details.
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QCD Phase Diagram

[Nuclear Science NSAC Long Range Plan]

(1.5-8)nsat

∼ Trillion K

Trillion Physics

Quark- 
-Gluon- 
-Plasma ∼ Trillion kg cm−3

ΛQCD
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One neutron energy EN = Mnc2 ≃ 939 MeV
Saturation energy εsat ≃ 150 MeV fm−3

SB 15
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Transition energy 
to a QGP

200-500 MeV fm−3

∼ 1.5 - 4 × εsat
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QCD Phase Diagram (structured)

Fukushima-Hatsuda (2010); see also 50 Years of QCD Chap.7 (2023)

(1.5-8)nsat
(1.5-4)nsat
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Nuclear Saturation 4
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FIG. 4. Schematic figure of the saturation curve of nuclear
matter with a minimum at ρ0 = 0.17 fm−3 and the binding
energy given by the volume term aV in the Bethe-Weizsäcker
mass formula. An intermediate density ρ < ρ0 can be realized
as a spatial average over bubbles with the core with ρ ∼ ρ0
in the empty vacuum. Though the surface energy effect is
not considered in the above schematic figure where a simple
nucleon-gas picture is depicted, the actual bubble shapes in a
nuclear liquid depend on the surface term aS , etc.

imum as schematically shown in the upper panel of Fig. 4
it would be energetically preferable to form bubbles with
the core with ρ ∼ ρ0 rather than a homogeneous dis-
tribution of dilute ρ. If we consider the surface energy,
the density gradient (Weizsäcker) term, and the charge
neutrality, bubbles should take optimal shapes such as
the nuclear pasta (spaghetti, lasagna, etc) [26]. Such a
state of matter is nothing but a mixed phase associated
with the first-order phase transition, and importantly,
this argument already implies the existence of an inho-
mogeneous ground state near the liquid-gas transition.
In other words, if a mixed phase is characterized by a
typical wave number q, how can we strictly distinguish
such a phase from an inhomogeneous ground state? One
may think that in the case of quark matter the inhomo-
geneity is turned on not in the density only but in the
mass M unlike nuclear matter. We would stress, how-
ever, that M also controls the density and the physics is
just the same if seen in terms of the saturation curve as
in Fig. 3.

It is obvious from Fig. 3 that the vector interaction
as in Eq. (3) disfavors the first-order phase transition.
The minimum in ε/ρB is pushed up by the quadratic
term ∝ ρ2B and eventually the first-order phase transition
disappears when the minimum is lost, as demonstrated
by three solid curves in Fig. 3. In the chiral limit b =
0 the branch of M = 0 is separate, so that the first-
order phase transition survives regardless of the vector
interaction, which may change with different parameters
as we already pointed out. With finite b, however, two
branches with small and large M are smoothly connected
and the minimum diminishes for large b and gv in accord
to Fig. 2.

III. CHIRAL SPIRALS

One may find the usefulness of the saturation curve
for analyses with a wider range of model space. From
now on we shall consider the possibility to form inhomo-
geneous chiral condensates. We here utilize the simplest
Ansatz to introduce it, namely, the one-dimensional chi-
ral spiral; ⟨ψ̄ψ⟩ = χ cos(2qz) and ⟨ψ̄γ5τ3ψ⟩ = χ sin(2qz)
(see Ref. [27] for reviews). This ground state of the chi-
ral spiral can be equivalently described by a chiral ro-
tation ψ = eiγ5τ3qzψ′ with a homogeneous condensate
χ = ⟨ψ̄′ψ′⟩ in the chiral limit. Then, the quasi-particle
dispersion relation in the ψ′-basis is expressed as [27, 28]

ω̃p =
√

p2⊥ + (
√

p2z +M2 ± q)2 , (4)

where ± in front of q corresponds to the flavor and the
chirality that also depends on the sign of pz.

This type of inhomogeneity pattern has been consid-
ered repeatedly in various contexts such as the pion con-
densation in nuclear matter [28], large-Nc QCD [29], the
Overhauser instability [30], the quarkyonic spiral with
confining force [31], and so on. The dispersion rela-
tion (4) should be plugged into Ωmatter/V in Eq. (1).
Unlike the normal dispersion relation, we see that a large
part of the mass effect can be absorbed by q ∼ M , with
which ρ is no longer suppressed even at large M . This is
the reason why a first-order phase transition can occur
from the homogeneous hadronic phase to the chiral spiral
where M is substantially large. Also, we should point out
that the Ginzburg-Landau analysis in Ref. [32] to con-
clude that the chiral spiral is less favored might be inad-
equate; the largest energy gain in Ωmatter/V comes from
the region with large M where the Ginzburg-Landau ex-
pansion should not work.

The physical mechanism to lower the total energy is
the Overhauser effect as argued in Ref. [30]. In the ordi-
nary Overhauser instability the momenta of the spin-up
component are shifted up by pF and those of the spin-
down component are shifted down by pF, so that a gap
opens where two energy dispersion relations cross. In
(1+1)-dimensional NJL model the situation is completely
analogous [27]; a choice of q = 2µq eliminates the µq de-
pendence and the energy gain originates from the fact
that ρ is completely insensitive to M and thus ρ is never
suppressed by M in contrast to the homogeneous solu-
tion. In (3+1)-dimensional case, on the other hand, not
only pz but also p⊥ share the Fermi momentum, and so
the optimal q is not 2µq but rather q ∼ M which will be
confirmed by numerical calculations later.

Thus, Ωmatter always tends to favor the chiral spiral
with q ∼ M , while it is Ω0 that would hinder the growth
of q. In the leading order the vacuum part has an expan-
sion in terms of q as

Ω0[M, q]/V = Ω0[M, q = 0]/V + (αM2 + βb)q2 , (5)

where the first term with α > 0 is a “kinetic” term
against spatial modulation. This term should be van-

Self-bound fermionic systems 
     have a preferred density. 
Diluteness is realized as a 
     “mixed phase” of nuclei.

This is how we can live!
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1st-order Phase Transition
d
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Nuclear Matter Meta-stable?  Quark Matter?
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FIG. 4. Schematic figure of the saturation curve of nuclear
matter with a minimum at ρ0 = 0.17 fm−3 and the binding
energy given by the volume term aV in the Bethe-Weizsäcker
mass formula. An intermediate density ρ < ρ0 can be realized
as a spatial average over bubbles with the core with ρ ∼ ρ0
in the empty vacuum. Though the surface energy effect is
not considered in the above schematic figure where a simple
nucleon-gas picture is depicted, the actual bubble shapes in a
nuclear liquid depend on the surface term aS , etc.

imum as schematically shown in the upper panel of Fig. 4
it would be energetically preferable to form bubbles with
the core with ρ ∼ ρ0 rather than a homogeneous dis-
tribution of dilute ρ. If we consider the surface energy,
the density gradient (Weizsäcker) term, and the charge
neutrality, bubbles should take optimal shapes such as
the nuclear pasta (spaghetti, lasagna, etc) [26]. Such a
state of matter is nothing but a mixed phase associated
with the first-order phase transition, and importantly,
this argument already implies the existence of an inho-
mogeneous ground state near the liquid-gas transition.
In other words, if a mixed phase is characterized by a
typical wave number q, how can we strictly distinguish
such a phase from an inhomogeneous ground state? One
may think that in the case of quark matter the inhomo-
geneity is turned on not in the density only but in the
mass M unlike nuclear matter. We would stress, how-
ever, that M also controls the density and the physics is
just the same if seen in terms of the saturation curve as
in Fig. 3.

It is obvious from Fig. 3 that the vector interaction
as in Eq. (3) disfavors the first-order phase transition.
The minimum in ε/ρB is pushed up by the quadratic
term ∝ ρ2B and eventually the first-order phase transition
disappears when the minimum is lost, as demonstrated
by three solid curves in Fig. 3. In the chiral limit b =
0 the branch of M = 0 is separate, so that the first-
order phase transition survives regardless of the vector
interaction, which may change with different parameters
as we already pointed out. With finite b, however, two
branches with small and large M are smoothly connected
and the minimum diminishes for large b and gv in accord
to Fig. 2.

III. CHIRAL SPIRALS

One may find the usefulness of the saturation curve
for analyses with a wider range of model space. From
now on we shall consider the possibility to form inhomo-
geneous chiral condensates. We here utilize the simplest
Ansatz to introduce it, namely, the one-dimensional chi-
ral spiral; ⟨ψ̄ψ⟩ = χ cos(2qz) and ⟨ψ̄γ5τ3ψ⟩ = χ sin(2qz)
(see Ref. [27] for reviews). This ground state of the chi-
ral spiral can be equivalently described by a chiral ro-
tation ψ = eiγ5τ3qzψ′ with a homogeneous condensate
χ = ⟨ψ̄′ψ′⟩ in the chiral limit. Then, the quasi-particle
dispersion relation in the ψ′-basis is expressed as [27, 28]

ω̃p =
√

p2⊥ + (
√

p2z +M2 ± q)2 , (4)

where ± in front of q corresponds to the flavor and the
chirality that also depends on the sign of pz.

This type of inhomogeneity pattern has been consid-
ered repeatedly in various contexts such as the pion con-
densation in nuclear matter [28], large-Nc QCD [29], the
Overhauser instability [30], the quarkyonic spiral with
confining force [31], and so on. The dispersion rela-
tion (4) should be plugged into Ωmatter/V in Eq. (1).
Unlike the normal dispersion relation, we see that a large
part of the mass effect can be absorbed by q ∼ M , with
which ρ is no longer suppressed even at large M . This is
the reason why a first-order phase transition can occur
from the homogeneous hadronic phase to the chiral spiral
where M is substantially large. Also, we should point out
that the Ginzburg-Landau analysis in Ref. [32] to con-
clude that the chiral spiral is less favored might be inad-
equate; the largest energy gain in Ωmatter/V comes from
the region with large M where the Ginzburg-Landau ex-
pansion should not work.

The physical mechanism to lower the total energy is
the Overhauser effect as argued in Ref. [30]. In the ordi-
nary Overhauser instability the momenta of the spin-up
component are shifted up by pF and those of the spin-
down component are shifted down by pF, so that a gap
opens where two energy dispersion relations cross. In
(1+1)-dimensional NJL model the situation is completely
analogous [27]; a choice of q = 2µq eliminates the µq de-
pendence and the energy gain originates from the fact
that ρ is completely insensitive to M and thus ρ is never
suppressed by M in contrast to the homogeneous solu-
tion. In (3+1)-dimensional case, on the other hand, not
only pz but also p⊥ share the Fermi momentum, and so
the optimal q is not 2µq but rather q ∼ M which will be
confirmed by numerical calculations later.

Thus, Ωmatter always tends to favor the chiral spiral
with q ∼ M , while it is Ω0 that would hinder the growth
of q. In the leading order the vacuum part has an expan-
sion in terms of q as

Ω0[M, q]/V = Ω0[M, q = 0]/V + (αM2 + βb)q2 , (5)

where the first term with α > 0 is a “kinetic” term
against spatial modulation. This term should be van-
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Mass Formula

Theory

Q2-1
English (Official)

Neutron Stars (10 points)
We discuss the stability of large nuclei and estimate the mass of neutron stars theoretically and experi-
mentally.

Part A. Mass and stability of nuclei (2.5 points)
Themass of a nucleus𝑚(𝑍, 𝑁) consisting of𝑍 protons and𝑁 neutrons is smaller than the sumofmasses
of protons and neutrons, hereafter called nucleons, by the binding energy 𝐵(𝑍, 𝑁). Ignoring minor
corrections, we can approximate the binding energy consisting of the volume term with 𝑎𝑉 , the surface
termwith 𝑎𝑆, the Coulomb energy termwith 𝑎𝐶 , and the symmetry energy termwith 𝑎sym in the following
way.

𝑚(𝑍, 𝑁)𝑐2 = 𝐴𝑚𝑁𝑐2 − 𝐵(𝑍, 𝑁), 𝐵(𝑍, 𝑁) = 𝑎𝑉 𝐴 − 𝑎𝑆𝐴2/3 − 𝑎𝐶 𝑍2𝐴1/3 − 𝑎sym (𝑁 − 𝑍)2𝐴 , (1)

where 𝐴 = 𝑍 + 𝑁 is the mass number, 𝑐 is the speed of light in vacuum, and 𝑚𝑁 is the nucleon mass.
In the calculation, use 𝑎𝑉 ≈ 15.8 MeV, 𝑎𝑆 ≈ 17.8 MeV, 𝑎𝐶 ≈ 0.711 MeV, and 𝑎sym ≈ 23.7 MeV (MeV = 106
electron volts).

A.1 Under the approximation of 𝑍 = 𝑁 , determine 𝐴 for maximizing the binding
energy per nucleon, 𝐵/𝐴. 0.9 pt

A.2 Under the condition of fixed 𝐴, the atomic number of the most stable nucleus𝑍∗ is determined by maximizing 𝐵(𝑍, 𝐴 − 𝑍). For 𝐴 = 197, calculate 𝑍∗ using
Eq. (1).

0.9 pt

A.3 A nucleus having large𝐴 breaks up into lighter nuclei through fission in order to
minimize the total rest-mass energy. When the following energy relation holds,𝑚(𝑍, 𝑁)𝑐2 > 2𝑚(𝑍/2, 𝑁/2)𝑐2,
a nucleus with (𝑍, 𝑁) with both 𝑍 and 𝑁 being even numbers can break up into
two nuclei with (𝑍/2, 𝑁/2). When this relation is written as𝑍2/𝐴 > 𝐶fission

𝑎𝑆𝑎𝐶 ,
obtain 𝐶fission up to two significant digits.

0.7 pt

Part B. Neutron star as a gigantic nucleus (1.5 points)
For large nuclei with a large enough mass number 𝐴 > 𝐴𝑐 with a threshold 𝐴𝑐, these nuclei stay stable
against nuclear fission because of the sufficiently large binding energy due to gravity.

Theory

Q2-1
English (Official)

Neutron Stars (10 points)
We discuss the stability of large nuclei and estimate the mass of neutron stars theoretically and experi-
mentally.

Part A. Mass and stability of nuclei (2.5 points)
Themass of a nucleus𝑚(𝑍, 𝑁) consisting of𝑍 protons and𝑁 neutrons is smaller than the sumofmasses
of protons and neutrons, hereafter called nucleons, by the binding energy 𝐵(𝑍, 𝑁). Ignoring minor
corrections, we can approximate the binding energy consisting of the volume term with 𝑎𝑉 , the surface
termwith 𝑎𝑆, the Coulomb energy termwith 𝑎𝐶 , and the symmetry energy termwith 𝑎sym in the following
way.

𝑚(𝑍, 𝑁)𝑐2 = 𝐴𝑚𝑁𝑐2 − 𝐵(𝑍, 𝑁), 𝐵(𝑍, 𝑁) = 𝑎𝑉 𝐴 − 𝑎𝑆𝐴2/3 − 𝑎𝐶 𝑍2𝐴1/3 − 𝑎sym (𝑁 − 𝑍)2𝐴 , (1)

where 𝐴 = 𝑍 + 𝑁 is the mass number, 𝑐 is the speed of light in vacuum, and 𝑚𝑁 is the nucleon mass.
In the calculation, use 𝑎𝑉 ≈ 15.8 MeV, 𝑎𝑆 ≈ 17.8 MeV, 𝑎𝐶 ≈ 0.711 MeV, and 𝑎sym ≈ 23.7 MeV (MeV = 106
electron volts).

A.1 Under the approximation of 𝑍 = 𝑁 , determine 𝐴 for maximizing the binding
energy per nucleon, 𝐵/𝐴. 0.9 pt

A.2 Under the condition of fixed 𝐴, the atomic number of the most stable nucleus𝑍∗ is determined by maximizing 𝐵(𝑍, 𝐴 − 𝑍). For 𝐴 = 197, calculate 𝑍∗ using
Eq. (1).

0.9 pt

A.3 A nucleus having large𝐴 breaks up into lighter nuclei through fission in order to
minimize the total rest-mass energy. When the following energy relation holds,𝑚(𝑍, 𝑁)𝑐2 > 2𝑚(𝑍/2, 𝑁/2)𝑐2,
a nucleus with (𝑍, 𝑁) with both 𝑍 and 𝑁 being even numbers can break up into
two nuclei with (𝑍/2, 𝑁/2). When this relation is written as𝑍2/𝐴 > 𝐶fission

𝑎𝑆𝑎𝐶 ,
obtain 𝐶fission up to two significant digits.

0.7 pt

Part B. Neutron star as a gigantic nucleus (1.5 points)
For large nuclei with a large enough mass number 𝐴 > 𝐴𝑐 with a threshold 𝐴𝑐, these nuclei stay stable
against nuclear fission because of the sufficiently large binding energy due to gravity.

Volume
aV ∼ 16 MeV

Surface Coulomb Symmetry
asym ∼ 24 MeV

For  and  N = Z A → ∞
B/A ∼ aV ∼ 16 MeV
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Neutron Stars (10 points)
We discuss the stability of large nuclei and estimate the mass of neutron stars theoretically and experi-
mentally.

Part A. Mass and stability of nuclei (2.5 points)
Themass of a nucleus𝑚(𝑍, 𝑁) consisting of𝑍 protons and𝑁 neutrons is smaller than the sumofmasses
of protons and neutrons, hereafter called nucleons, by the binding energy 𝐵(𝑍, 𝑁). Ignoring minor
corrections, we can approximate the binding energy consisting of the volume term with 𝑎𝑉 , the surface
termwith 𝑎𝑆, the Coulomb energy termwith 𝑎𝐶 , and the symmetry energy termwith 𝑎sym in the following
way.

𝑚(𝑍, 𝑁)𝑐2 = 𝐴𝑚𝑁𝑐2 − 𝐵(𝑍, 𝑁), 𝐵(𝑍, 𝑁) = 𝑎𝑉 𝐴 − 𝑎𝑆𝐴2/3 − 𝑎𝐶 𝑍2𝐴1/3 − 𝑎sym (𝑁 − 𝑍)2𝐴 , (1)

where 𝐴 = 𝑍 + 𝑁 is the mass number, 𝑐 is the speed of light in vacuum, and 𝑚𝑁 is the nucleon mass.
In the calculation, use 𝑎𝑉 ≈ 15.8 MeV, 𝑎𝑆 ≈ 17.8 MeV, 𝑎𝐶 ≈ 0.711 MeV, and 𝑎sym ≈ 23.7 MeV (MeV = 106
electron volts).

A.1 Under the approximation of 𝑍 = 𝑁 , determine 𝐴 for maximizing the binding
energy per nucleon, 𝐵/𝐴. 0.9 pt

A.2 Under the condition of fixed 𝐴, the atomic number of the most stable nucleus𝑍∗ is determined by maximizing 𝐵(𝑍, 𝐴 − 𝑍). For 𝐴 = 197, calculate 𝑍∗ using
Eq. (1).

0.9 pt

A.3 A nucleus having large𝐴 breaks up into lighter nuclei through fission in order to
minimize the total rest-mass energy. When the following energy relation holds,𝑚(𝑍, 𝑁)𝑐2 > 2𝑚(𝑍/2, 𝑁/2)𝑐2,
a nucleus with (𝑍, 𝑁) with both 𝑍 and 𝑁 being even numbers can break up into
two nuclei with (𝑍/2, 𝑁/2). When this relation is written as𝑍2/𝐴 > 𝐶fission

𝑎𝑆𝑎𝐶 ,
obtain 𝐶fission up to two significant digits.

0.7 pt

Part B. Neutron star as a gigantic nucleus (1.5 points)
For large nuclei with a large enough mass number 𝐴 > 𝐴𝑐 with a threshold 𝐴𝑐, these nuclei stay stable
against nuclear fission because of the sufficiently large binding energy due to gravity.

Theory

Q2-1
English (Official)

Neutron Stars (10 points)
We discuss the stability of large nuclei and estimate the mass of neutron stars theoretically and experi-
mentally.

Part A. Mass and stability of nuclei (2.5 points)
Themass of a nucleus𝑚(𝑍, 𝑁) consisting of𝑍 protons and𝑁 neutrons is smaller than the sumofmasses
of protons and neutrons, hereafter called nucleons, by the binding energy 𝐵(𝑍, 𝑁). Ignoring minor
corrections, we can approximate the binding energy consisting of the volume term with 𝑎𝑉 , the surface
termwith 𝑎𝑆, the Coulomb energy termwith 𝑎𝐶 , and the symmetry energy termwith 𝑎sym in the following
way.

𝑚(𝑍, 𝑁)𝑐2 = 𝐴𝑚𝑁𝑐2 − 𝐵(𝑍, 𝑁), 𝐵(𝑍, 𝑁) = 𝑎𝑉 𝐴 − 𝑎𝑆𝐴2/3 − 𝑎𝐶 𝑍2𝐴1/3 − 𝑎sym (𝑁 − 𝑍)2𝐴 , (1)

where 𝐴 = 𝑍 + 𝑁 is the mass number, 𝑐 is the speed of light in vacuum, and 𝑚𝑁 is the nucleon mass.
In the calculation, use 𝑎𝑉 ≈ 15.8 MeV, 𝑎𝑆 ≈ 17.8 MeV, 𝑎𝐶 ≈ 0.711 MeV, and 𝑎sym ≈ 23.7 MeV (MeV = 106
electron volts).

A.1 Under the approximation of 𝑍 = 𝑁 , determine 𝐴 for maximizing the binding
energy per nucleon, 𝐵/𝐴. 0.9 pt

A.2 Under the condition of fixed 𝐴, the atomic number of the most stable nucleus𝑍∗ is determined by maximizing 𝐵(𝑍, 𝐴 − 𝑍). For 𝐴 = 197, calculate 𝑍∗ using
Eq. (1).

0.9 pt

A.3 A nucleus having large𝐴 breaks up into lighter nuclei through fission in order to
minimize the total rest-mass energy. When the following energy relation holds,𝑚(𝑍, 𝑁)𝑐2 > 2𝑚(𝑍/2, 𝑁/2)𝑐2,
a nucleus with (𝑍, 𝑁) with both 𝑍 and 𝑁 being even numbers can break up into
two nuclei with (𝑍/2, 𝑁/2). When this relation is written as𝑍2/𝐴 > 𝐶fission

𝑎𝑆𝑎𝐶 ,
obtain 𝐶fission up to two significant digits.

0.7 pt

Part B. Neutron star as a gigantic nucleus (1.5 points)
For large nuclei with a large enough mass number 𝐴 > 𝐴𝑐 with a threshold 𝐴𝑐, these nuclei stay stable
against nuclear fission because of the sufficiently large binding energy due to gravity.

For small , the symmetric energy makes , 
while the Coulomb energy leads to  for large .

A N ∼ Z
N ≫ Z A

If  is too large, heavy nuclei break up to smaller 
nuclei (nuclear fission).

A
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Nuclear Chart

[From Wikipedia]

Along the stable 
(black) curve 
(Heisenberg’s 
valley), the slope 
is getting 
smaller than 1.
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Neutron Star Heavy-Ion Collision

Dominated by n 
   (large isospin)

Isospin fixed by p/n ratio 
          (small isospin)

δ =
ρn − ρp

ρn + ρp

ρ = ρn + ρp

symmetric nuclear matter (HIC)

neutron 
matter

saturation density 
(1st-order transition)
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Gigantic nuclei stabilized by Gravity?
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Neutron Stars (10 points)
We discuss the stability of large nuclei and estimate the mass of neutron stars theoretically and experi-
mentally.

Part A. Mass and stability of nuclei (2.5 points)
Themass of a nucleus𝑚(𝑍, 𝑁) consisting of𝑍 protons and𝑁 neutrons is smaller than the sumofmasses
of protons and neutrons, hereafter called nucleons, by the binding energy 𝐵(𝑍, 𝑁). Ignoring minor
corrections, we can approximate the binding energy consisting of the volume term with 𝑎𝑉 , the surface
termwith 𝑎𝑆, the Coulomb energy termwith 𝑎𝐶 , and the symmetry energy termwith 𝑎sym in the following
way.

𝑚(𝑍, 𝑁)𝑐2 = 𝐴𝑚𝑁𝑐2 − 𝐵(𝑍, 𝑁), 𝐵(𝑍, 𝑁) = 𝑎𝑉 𝐴 − 𝑎𝑆𝐴2/3 − 𝑎𝐶 𝑍2𝐴1/3 − 𝑎sym (𝑁 − 𝑍)2𝐴 , (1)

where 𝐴 = 𝑍 + 𝑁 is the mass number, 𝑐 is the speed of light in vacuum, and 𝑚𝑁 is the nucleon mass.
In the calculation, use 𝑎𝑉 ≈ 15.8 MeV, 𝑎𝑆 ≈ 17.8 MeV, 𝑎𝐶 ≈ 0.711 MeV, and 𝑎sym ≈ 23.7 MeV (MeV = 106
electron volts).

A.1 Under the approximation of 𝑍 = 𝑁 , determine 𝐴 for maximizing the binding
energy per nucleon, 𝐵/𝐴. 0.9 pt

A.2 Under the condition of fixed 𝐴, the atomic number of the most stable nucleus𝑍∗ is determined by maximizing 𝐵(𝑍, 𝐴 − 𝑍). For 𝐴 = 197, calculate 𝑍∗ using
Eq. (1).

0.9 pt

A.3 A nucleus having large𝐴 breaks up into lighter nuclei through fission in order to
minimize the total rest-mass energy. When the following energy relation holds,𝑚(𝑍, 𝑁)𝑐2 > 2𝑚(𝑍/2, 𝑁/2)𝑐2,
a nucleus with (𝑍, 𝑁) with both 𝑍 and 𝑁 being even numbers can break up into
two nuclei with (𝑍/2, 𝑁/2). When this relation is written as𝑍2/𝐴 > 𝐶fission

𝑎𝑆𝑎𝐶 ,
obtain 𝐶fission up to two significant digits.

0.7 pt

Part B. Neutron star as a gigantic nucleus (1.5 points)
For large nuclei with a large enough mass number 𝐴 > 𝐴𝑐 with a threshold 𝐴𝑐, these nuclei stay stable
against nuclear fission because of the sufficiently large binding energy due to gravity.

Theory

Q2-2
English (Official)

B.1 We assume that 𝑁 = 𝐴 and 𝑍 = 0 is realized for sufficiently large 𝐴 and Eq. (1)
is not modified. The binding energy due to gravity is𝐵grav = 35 𝐺𝑀2𝑅 ,
where 𝑀 = 𝑚𝑁𝐴 and 𝑅 = 𝛾𝐴1/3 with 𝛾 ≃ 1.1 × 10−15 m = 1.1 fm are the mass
and the size of the nucleus, respectively.
For 𝐵grav = 𝑎grav𝐴5/3, obtain 𝑎grav in the MeV unit up to the first significant digit.
Then, ignoring the surface term, estimate 𝐴𝑐 up to the first significant digit. In
the calculation, use 𝑚𝑁𝑐2 ≃ 939 MeV and 𝐺 = ħ𝑐/𝑀2𝑃 where 𝑀𝑃 𝑐2 ≃ 1.22 ×1022 MeV and ħ𝑐 ≃ 197 MeV ⋅ fm.

1.5 pt

Part C. Neutron star in a binary system (6.0 points)
Some neutron stars are pulsars regularly emitting electromagnetic waves, which we call "light" for sim-
plicity here, at a constant period. Neutron stars often make binary systems with a White Dwarf. Let us
consider the star configuration shown in Fig. 1, where a light pulse from a neutron star N to the Earth
E passes near a White Dwarf W of the binary system. Measuring these pulses influenced by the star's
gravity leads to an accurate estimation of the mass ofW as explicated below, resulting in the estimation
of the mass of N.

Fig. 1: Configuration of light pulse path.

https://international-physics-
olympiad2023-tokyo.jp/theoretical-exam/

https://international-physics-olympiad2023-tokyo.jp/theoretical-exam/
https://international-physics-olympiad2023-tokyo.jp/theoretical-exam/
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(B.E) = (aV − asym)A + agravA5/3 > 0

Bgrav = agravA5/3

Ac = ( asym − aV

agrav )
3/2

≃ 3.8 × 1055 → R = 1.2A1/3 fm ≃ 4 km

agrav =
3
5

G(AMn)2

1.2A1/3
⋅ A−5/3 = 7 × 10−37 MeV

G = ℏc/M2
Planck

Stability Condition

“Radius” of This Gigantic Nuclei
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Foundation of Neutron Stars
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Lev Landau and the conception of neutron stars
Yakovlev-Haensel-Baym-Pethick (2012)

partment. A brilliant student, Landau was awarded one of two stipends of the Ministry of Education
(the ‘Narodnyi Komissariat Prosvyastcheniya’, or the ‘People’s Commissariat of Enlightenment’) for a
one and a half year trip abroad for scientific work.

Figure 2: Lev Landau in 1929.

Landau, seen in Fig. 2 at the time (from Ref. [8]), started his trip in October 1929, visiting numerous
physics centers in Europe including (chronologically) Berlin, Göttingen, Leipzig, Zurich, Copenhagen,
Cambridge, and Copenhagen, Zurich, and Copenhagen again. In particular, he visited Bohr in Copen-
hagen 8 April – 3 May 1930, 20 September – 20 November 1930, and 25 February – 19 March 1931 (Ref.
[9], footnote on p. 359). Landau liked Bohr and looked upon him as his only teacher; Bohr returned the
friendship. In the beginning of 1931, when Landau’s Soviet stipend had run out, Bohr helped him obtain
a Rockefeller Fellowship which allowed Landau to prolong his stay and visit Bohr in Copenhagen the
third time. Figure 3 is a photo of Niels Bohr’s annual conference in Copenhagen in 1930 with Landau in
the front row on the right. After the third visit Landau returned to Leningrad and moved to Kharkov
the same year.

Landau and Bohr met again in Copenhagen and the USSR. Landau visited Bohr in Copenhagen
18 September – 3 October 1933 and 1 June – 8 July 1934, to attend conferences organized by Bohr.
After 1934, Landau did not travel abroad (except for medical treatment in Czechoslovakia in 1963 after
his terrible car accident on 7 January 1962, which terminated his scientific career). Bohr visited the
USSR and met with Landau there three times: in May 1934 (Leningrad, Moscow, Kharkov), June 1937
(in Moscow, during Bohr’s half-year tour to Japan, the USA, China, and the USSR), and May 1961
(Moscow) – see Ref. [9], pp. 415, 417, and 528.

3

White dwarfs have the mass limit 
(Chandrasekhar mass limit)

Heavier? 
Protons + Electrons?

February 1931

Chadwick’s discovery of neutrons
January 1932
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Gravitational force is supported 
by the pressure from inside.

Force Balance

Hydrostatic condition for r ~ r + dr

M(r) represents the integrated mass in r-sphere.

(In Newtonian gravity)

dp(r)
dr

= − G
M(r)

r2
ε(r)

dM(r)
dr

= 4πr2ε(r)

(2)

(3)
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One condition still missing…

General 
 Relativistic 
  extension

Tolman-Oppenheimer-Volkoff Eq.

A relation between  and p ε Equation of State (EOS)

free parameter

Initial Final

dp(r)
dr

= − G
M(r) ε(r)

r2

dp(r)
dr

= − G
Mε
r2 (1 +

p
ε )(1 +

4πr3p
M )(1 −

2GM
r )−1

r = 0
ε(r = 0) = εc

p(r = 0) = pc = p(εc)

r = R
p(r = R) = 0

M = ∫ dr4πr2ε(r)
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from the center. Both 𝑃(𝑟) and 𝜌(𝑟) become maximum at 𝑟 = 0 and decrease with the increase in 𝑟, and𝑃(𝑟 = 𝑅) = 0 with 𝑅 being the radius of the star.

Fig. 1: Force balance on a unit area with infinitesimal thickness 𝑑𝑟 between pressure gradient
(solid arrow) and gravity (dashed arrow).

As indicated in Fig. 1, we consider the balance equation at an infinitesimal, spherical shell region 𝑟 ∼ 𝑟+𝑑𝑟
inside the star shown in black; an outward force per unit area, i.e., 𝑃 (𝑟) − 𝑃 (𝑟 + 𝑑𝑟) ≃ −(𝑑𝑃 (𝑟)/𝑑𝑟)𝑑𝑟, due
to pressure gradient and an inward force on the mass 𝜌(𝑟)𝑑𝑟, i.e., 𝐺𝑀(𝑟)𝜌(𝑟)𝑑𝑟/𝑟2, due to gravity from
the mass 𝑀(𝑟) inside of the spherical shell. Then the force balance equation is given by𝑑𝑃(𝑟)𝑑𝑟 = −𝐺𝑀(𝑟)𝜌(𝑟)𝑟2 , (2)

and the mass 𝑀(𝑟) is given by 𝑀(𝑟) = 4𝜋 ∫𝑟0 𝜌(𝑟′)𝑟′2𝑑𝑟′, i.e.,𝑑𝑀(𝑟)𝑑𝑟 = 4𝜋𝜌(𝑟)𝑟2. (3)

B.1 To solve Eqs. (2) and (3), we need the equation of state showing the relation
between pressure 𝑃 and mass density 𝜌, which is assumed to be given by the
following polytropic relation for arbitrary 𝑟 in terms of a positive number 𝑛,𝑃 = 𝐾 𝜌1+1/𝑛, (4)

where 𝐾 is a positive constant independent of 𝜌.
Pressure distribution inside a star can be calculated from the differential equa-
tion with the following boundary condition, 𝜌(𝑟 = 0) = 𝜌0 with a parameter 𝜌0.
By eliminating 𝑃 from Eqs. (2) and (4) and replacing the reduced mass density𝜌/𝜌0 = 𝜓𝑛 and the reduced length 𝑟/𝑟0 = 𝜉 in terms of a certain scale 𝑟0, we
obtain 𝜉2 𝑑𝜓𝑑𝜉 = − 𝐺𝑀(𝑛 + 1)𝑟0𝐾𝜌1/𝑛0 .
By taking a derivative of this equation with respect to 𝜉, eliminating 𝑀 by us-
ing Eq. (3), and choosing an appropriate value of 𝑟0, we obtain a second-order
differential equation, 1𝜉2 𝑑𝑑𝜉 (𝜉2 𝑑𝜓𝑑𝜉 ) = −𝜓𝑛 . (5)

Determine 𝑟0 in terms of 𝜌0, 𝑛, 𝐾, and 𝐺.

1.3pt

Polytoropic EOS

 Lane-Emden Eq.

(4)
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∼ ρ(3−n)/(2n)
0 → (Const.) for   (relativistic EOS)n = 3

This upper limit of M is the Chandrasekhar limit.
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Much simpler argument for the maximum mass

p ∼ ℏn1/3 → Ekin ∼ Apc ∼
ℏcA4/3

R

Etotal(R) ∼
ℏcA4/3

R
− G

A2M2
n

R
If  is too large, the system 
collapses to .

A
R → 0

The order-estimated critical mass:

Mc ∼ ( MPlanck

Mn )
3

Mn ≃ 2M⊙

(  is stabilized by  in the non-rela. limit.)R → ∞ Ekin ∼ 1/R2
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4U 1820-30
SAX J1748.9-2021
EXO 1745-248
KS 1731-260
4U 1724-207
4U 1608-52
M13
M28
M30
NGC 6304
NGC 6397
ωCen
47 Tuc X5
47 Tuc X7
PSR J1614 2230
PSR J0348+0432
GW170817
PSR J0030+0451
PSR J0740+6620

Compilation of the observed data (68% Credible)
Fujimoto-Fukushima-Kamata-Murase (2024)
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Shapiro time delay
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C.1 Let us consider a thought experiment to calculate time delay under a gravita-
tional potential. As shown in a figure below, under the constant gravitational
acceleration 𝑔 we place two levels I and II with the height difference Δℎ. Set
the identical clocks at I, II, and 𝐹 , the free-falling system, denoted by clock-I,
clock-II, and clock-𝐹 , respectively.

Set-up of the thought experiment.

Suppose that time Δ𝜏I ticks by on the clock-I while time Δ𝜏II elapses on the
clock-II. We assume that initially 𝐹 is placed at the same height as that of I and
its velocity is zero, and we adjust the clock-𝐹 and the clock-I so that the unit
time length of the clock-𝐹 is equal to Δ𝜏I. Then we let the 𝐹 fall freely and
pass II with a velocity 𝑣. Under the assumption that time on the clocks of the
free-falling system elapses without the influence of gravity, one time unit of the
clock-𝐹 remains to be Δ𝜏I. Seen from 𝐹 , II is relatively moving upward with the
velocity 𝑣 at this moment, so that the time dilation of the clock-II as compared
to the clock-𝐹 , i.e., the clock-I, can be estimated by the Lorentz transformation.
Determine Δ𝜏II in terms of Δ𝜏I up to the first order in Δ𝜙/𝑐2, where Δ𝜙 = 𝑔Δℎ is
a difference of the gravitational potential, i.e., the gravitational potential energy
per unit mass. Note that time moving slower due to delayed clock indicates Δ𝜏
getting smaller.

0.6pt

C.2 Under the influence of the gravitational potential 𝜙 we have time delays dis-
cussed in C.1 and the effective speed of light is changed. When 𝜙(𝑟 = ∞) = 0, in
the region where 𝜙 ≠ 0, the effective speed of light, 𝑐eff, observed at the infinity
can be given up to the first order in 𝜙/𝑐2 as𝑐eff ≈ (1 + 2𝜙𝑐2 ) 𝑐
including the effect of space distortion. We note that the light path can be ap-
proximated as a straight line.
As shown in Fig. 2, we take the 𝑥-axis along the light path from the neutron star
N to the Earth E and place 𝑥 = 0 at the point where the White Dwarf W is the
closest to the light path. Let 𝑥𝑁 (< 0) be the 𝑥-coordinate of N, 𝑥𝐸 (> 0) be that
of E, and 𝑑 be the distance betweenW and the light path.
Estimate the changes of the arrival time Δ𝑡 caused by the White Dwarf with
mass 𝑀 and express the answer in a simple form disregarding higher order
terms of the following small quantities: 𝑑/|𝑥𝑁| ≪ 1, 𝑑/𝑥𝐸 ≪ 1, and 𝐺𝑀/(𝑐2𝑑) ≪1. If necessary, the following integration formula can be used.∫ 𝑑𝑥√𝑥2 + 𝑑2 = 12 log(√𝑥2 + 𝑑2 + 𝑥√𝑥2 + 𝑑2 − 𝑥) + 𝐶,
where 𝐶 is an integration constant.

1.4pt
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B.2 We need two boundary conditions to solve the second-order differential equa-
tion (5): At the center of the star, 𝜓(0) = 1 because 𝜌 = 𝜌0. Express 𝜓′(0)
(where 𝜓′ = 𝑑𝜓/𝑑𝜉) in terms of the pressure 𝑃0 = 𝑃(𝑟 = 0), pressure gradi-
ent 𝑄0 = 𝑑𝑃/𝑑𝑟 at the center (𝑟 = 0), 𝑟0, and 𝑛. Based on this expression and
Eq. (2), obtain a numerical value for 𝜓′(0).

0.8pt

B.3 By solving Eq. (5) with the boundary conditions discussed in B.2, we obtain a
decreasing function 𝜓(𝜉) for realistic 𝑛 values and 𝜓(𝜉0) = 0 for a finite 𝜉0 that
depends only on 𝑛. Then, the pressure becomes zero, leading to the radius of
the star to be 𝑅 = 𝜉0 𝑟0. Calculate the total mass of the star 𝑀(𝑅) and express
it in terms of 𝜌0, 𝑟0, 𝜉0, and 𝜓′(𝜉0) at the surface.
For realistic equations of state, 𝑛 depends on 𝜌. For simplicity, we assume that𝑛 ≈ 0.5 for 𝜌0 ≤ ̄𝜌 with ̄𝜌 being a certain typical density and that for 𝜌0 > ̄𝜌, 𝑛
increasesmonotonically until asymptotically reaching 𝑛 = 3. Then draw a graph
of the qualitative behavior of 𝑀(𝑅) as a function of 𝜌0.

1.4pt

Part C. Neutron star in a binary system (4.2 points)
Some neutron stars are called pulsars because they regularly emit electromagnetic waves, which we call
"light" for simplicity here, at a constant period when observed on the Earth. Neutron stars often make
binary systems with other neutron stars or White Dwarfs. Let us consider the star configuration shown
in Fig. 2, where a light pulse emitted from a neutron star N to the Earth E passes near a White Dwarf
W of the binary system. Measuring these pulses influenced by the star's gravity leads to an accurate
estimation of the mass of W by using the Shapiro time delay method as explicated below, resulting in
the estimation of the mass of N.

Fig. 2: Configuration of light pulse path from the neutron star to the Earth passing near the
White Dwarf of the binary system.

Δt ≈ 2 ×
GM
c3

ln( 4 |xN |xE

d2 )

Theory

Q2-6
English (Official)

C.3 As shown below, in a binary star system a neutron star N and a White Dwarf
W are assumed to be moving in circular orbits with zero eccentricity around
the center of mass 𝐺 on the orbit plane. Let 𝜀 be the orbital inclination angle
measured from the orbit plane to the line directed toward the Earth from 𝐺,
and let 𝐿 be the length between the neutron star and the White Dwarf. In the
following argument we assume 𝜀 ≪ 1.

Binary star system.

We observe light pulses emitted from the neutron star on the Earth far away
from the binary star system. The light path to the Earth varieswith timedepend-
ing on the configuration of the neutron star in the binary star system, causing
delays Δ𝑡 in the time interval of arriving pulses on the Earth, which is called the
Shapiro time delay. The time interval delay has themaximum valueΔ𝑡max when
the configuration condition is given by 𝑑 ≃ 𝐿𝜀 and 𝑥𝑁 = −𝐿 discussed in C.2.
On the other hand, when 𝑥𝑁 ≃ 𝐿 the time interval delay takes the minimum
value Δ𝑡min. Calculate Δ𝑡max −Δ𝑡min in a simple form disregarding higher order
terms of small quantities as done in C.2. We note that the delays due to gravity
from stellar objects other thanW are assumed to cancel out in Δ𝑡max − Δ𝑡min.

Observed time delays Δ𝑡 as a function of the orbital phase 𝜑 to locate
W and N on the orbits.

The above figure shows the observed Shapiro time delays as a function of the
orbital phase𝜑 for the binary star systemwith𝐿 ≈ 6×106 km and cos 𝜀 ≈ 0.99989.
Estimate the mass of the White Dwarf 𝑀WD in terms of the solar mass 𝑀⊙ and
show the results for 𝑀WD/𝑀⊙ up to the first significant digit. Here the following
approximate relation, 𝐺𝑀⊙/𝑐3 ≈ 5 𝜇s, can be used.

1.7pt

Maximum delay

Minimum
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Demorest et al. (2010-2016)

parameters, with MCMC error estimates, are given in Table 1. Owing to
the high significance of this detection, our MCMC procedure and a
standard x2 fit produce similar uncertainties.

From the detected Shapiro delay, we measure a companion mass of
(0.500 60.006)M[, which implies that the companion is a helium–
carbon–oxygen white dwarf16. The Shapiro delay also shows the binary

system to be remarkably edge-on, with an inclination of 89.17u6 0.02u.
This is the most inclined pulsar binary system known at present. The
amplitude and sharpness of the Shapiro delay increase rapidly with
increasing binary inclination and the overall scaling of the signal is
linearly proportional to the mass of the companion star. Thus, the
unique combination of the high orbital inclination and massive white
dwarf companion in J1614-2230 cause a Shapiro delay amplitude
orders of magnitude larger than for most other millisecond pulsars.
In addition, the excellent timing precision achievable from the pulsar
with the GBT and GUPPI provide a very high signal-to-noise ratio
measurement of both Shapiro delay parameters within a single orbit.

The standard Keplerian orbital parameters, combined with the known
companion mass and orbital inclination, fully describe the dynamics of a
‘clean’ binary system—one comprising two stable compact objects—
under general relativity and therefore also determine the pulsar’s mass.
We measure a pulsar mass of (1.97 6 0.04)M[, which is by far the high-
est precisely measured neutron star mass determined to date. In contrast
with X-ray-based mass/radius measurements17, the Shapiro delay pro-
vides no information about the neutron star’s radius. However, unlike the
X-ray methods, our result is nearly model independent, as it depends
only on general relativity being an adequate description of gravity.
In addition, unlike statistical pulsar mass determinations based on
measurement of the advance of periastron18–20, pure Shapiro delay mass
measurements involve no assumptions about classical contributions to
periastron advance or the distribution of orbital inclinations.

The mass measurement alone of a 1.97M[ neutron star signifi-
cantly constrains the nuclear matter equation of state (EOS), as shown
in Fig. 3. Any proposed EOS whose mass–radius track does not inter-
sect the J1614-2230 mass line is ruled out by this measurement. The
EOSs that produce the lowest maximum masses tend to be those which
predict significant softening past a certain central density. This is a
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Figure 1 | Shapiro delay measurement for PSR
J1614-2230. Timing residual—the excess delay
not accounted for by the timing model—as a
function of the pulsar’s orbital phase. a, Full
magnitude of the Shapiro delay when all other
model parameters are fixed at their best-fit values.
The solid line shows the functional form of the
Shapiro delay, and the red points are the 1,752
timing measurements in our GBT–GUPPI data set.
The diagrams inset in this panel show top-down
schematics of the binary system at orbital phases of
0.25, 0.5 and 0.75 turns (from left to right). The
neutron star is shown in red, the white dwarf
companion in blue and the emitted radio beam,
pointing towards Earth, in yellow. At orbital phase
of 0.25 turns, the Earth–pulsar line of sight passes
nearest to the companion (,240,000 km),
producing the sharp peak in pulse delay. We found
no evidence for any kind of pulse intensity
variations, as from an eclipse, near conjunction.
b, Best-fit residuals obtained using an orbital model
that does not account for general-relativistic effects.
In this case, some of the Shapiro delay signal is
absorbed by covariant non-relativistic model
parameters. That these residuals deviate
significantly from a random, Gaussian distribution
of zero mean shows that the Shapiro delay must be
included to model the pulse arrival times properly,
especially at conjunction. In addition to the red
GBT–GUPPI points, the 454 grey points show the
previous ‘long-term’ data set. The drastic
improvement in data quality is apparent. c, Post-fit
residuals for the fully relativistic timing model
(including Shapiro delay), which have a root mean
squared residual of 1.1ms and a reduced x2 value of
1.4 with 2,165 degrees of freedom. Error bars, 1s.
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Figure 2 | Results of the MCMC error analysis. a, Grey-scale image shows the
two-dimensional posterior probability density function (PDF) in the M2–i
plane, computed from a histogram of MCMC trial values. The ellipses show 1s
and 3s contours based on a Gaussian approximation to the MCMC results.
b, PDF for pulsar mass derived from the MCMC trials. The vertical lines show
the 1s and 3s limits on the pulsar mass. In both cases, the results are very well
described by normal distributions owing to the extremely high signal-to-noise
ratio of our Shapiro delay detection. Unlike secular orbital effects (for example
precession of periastron), the Shapiro delay does not accumulate over time, so
the measurement uncertainty scales simply as T21/2, where T is the total
observing time. Therefore, we are unlikely to see a significant improvement on
these results with currently available telescopes and instrumentation.
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common feature of models that include the appearance of ‘exotic’
hadronic matter such as hyperons4,5 or kaon condensates3 at densities
of a few times the nuclear saturation density (ns), for example models
GS1 and GM3 in Fig. 3. Almost all such EOSs are ruled out by our
results. Our mass measurement does not rule out condensed quark
matter as a component of the neutron star interior6,21, but it strongly
constrains quark matter model parameters12. For the range of allowed
EOS lines presented in Fig. 3, typical values for the physical parameters
of J1614-2230 are a central baryon density of between 2ns and 5ns and a
radius of between 11 and 15 km, which is only 2–3 times the
Schwarzschild radius for a 1.97M[ star. It has been proposed that
the Tolman VII EOS-independent analytic solution of Einstein’s
equations marks an upper limit on the ultimate density of observable
cold matter22. If this argument is correct, it follows that our mass mea-
surement sets an upper limit on this maximum density of
(3.74 6 0.15) 3 1015 g cm23, or ,10ns.

Evolutionary models resulting in companion masses .0.4M[ gen-
erally predict that the neutron star accretes only a few hundredths of a
solar mass of material, and result in a mildly recycled pulsar23, that is
one with a spin period .8 ms. A few models resulting in orbital para-
meters similar to those of J1614-223023,24 predict that the neutron star
could accrete up to 0.2M[, which is still significantly less than the
>0.6M[ needed to bring a neutron star formed at 1.4M[ up to the
observed mass of J1614-2230. A possible explanation is that some
neutron stars are formed massive (,1.9M[). Alternatively, the trans-
fer of mass from the companion may be more efficient than current
models predict. This suggests that systems with shorter initial orbital
periods and lower companion masses—those that produce the vast
majority of the fully recycled millisecond pulsar population23—may
experience even greater amounts of mass transfer. In either case, our
mass measurement for J1614-2230 suggests that many other milli-
second pulsars may also have masses much greater than 1.4M[.
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Figure 3 | Neutron star mass–radius diagram. The plot shows non-rotating
mass versus physical radius for several typical EOSs27: blue, nucleons; pink,
nucleons plus exotic matter; green, strange quark matter. The horizontal bands
show the observational constraint from our J1614-2230 mass measurement of
(1.97 6 0.04)M[, similar measurements for two other millisecond pulsars8,28

and the range of observed masses for double neutron star binaries2. Any EOS
line that does not intersect the J1614-2230 band is ruled out by this
measurement. In particular, most EOS curves involving exotic matter, such as
kaon condensates or hyperons, tend to predict maximum masses well below
2.0M[ and are therefore ruled out. Including the effect of neutron star rotation
increases the maximum possible mass for each EOS. For a 3.15-ms spin period,
this is a =2% correction29 and does not significantly alter our conclusions. The
grey regions show parameter space that is ruled out by other theoretical or
observational constraints2. GR, general relativity; P, spin period.
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EOS must be 
“stiff” enough 
to reach here.

Lensing and 
timing (NICER) 
constraining the 
gravity strength 
and the radius!
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Neutron Star Mass M

Neutron Star Radius R

Larger  εc

Smaller  εc

Inferred from 
X-ray spectra / NICER

Inferred from 
Shapiro time delay

TOV limit
Stiff
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Mathematically proven:

p = p(ε) M = M(R)
One-to-one Correspondence through TOV eq.

Lindblom (1992)

This is the case even with 
the 1st-order phase transition.

ε

p



August 21, 2024 @ Fudan U.

EOS

32

Pressure p(ε)

Mass-density   or  Energy-density ρ ε

Stiff

Soft
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Pressure p(ε)

Mass-density   or  Energy-density ρ ε

Stiff — large cs

Soft 
— small cs

c2
s =

dp
dε
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Pressure p(μB)

Baryon chemical potential μB

Stiffer

Softer

ε = μB
∂p
∂μB

− p

Smaller ε
Larger ε
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Very useful formula:

p(μ) = p0 + n0 ∫
μ

μ0

dμ′ exp[∫
μ′ 

μ0

dμ′ ′ 

1
μ′ ′ c2

s (μ′ ′ ) ]
If the sound speed is larger (stiffer), the pressure is suppressed.

Derive this by yourself!

[Hint] c2
s (μ) =

∂p
∂μ ( ∂ε

∂μ )−1 =
n

μ(∂n/∂μ)
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Structures of pQCD on ε-p

LO: p ∼ #μ4
B (massless case)

NLO: p ∼ (# + αs#)μ4
B

→ ε =
1
3

p

→ ε =
1
3

p

N2LO: p ∼ (# + αs# + α2
s # + #α2

s ln μ2
B /μ2

0)μ4
B

Running Coupling

(unchanged!)

Conformality broken
∼ ln(X2μ2

q /Λ2
MS)
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Exotic Phases and Phase Transitions
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Fukushima-Hatsuda (2010); see also 50 Years of QCD Chap.7 (2023)
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QCD Critical Point

mB

T t-direction

h-
di
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<latexit sha1_base64="iZ7urMEx/cOWiKvJkvsPoR3s+QA="></latexit>

⌦(M) ⇠ aM2 + bM4 + cM6

a = 0 : 2-nd order
a = b = 0 : Tricritical

Assumed to be positive for stability



August 21, 2024 @ Fudan U.

QCD Phases

40

In the massless NJL model
<latexit sha1_base64="iZ7urMEx/cOWiKvJkvsPoR3s+QA="></latexit>

⌦(M) ⇠ aM2 + bM4 + cM6

Nickel (2008)

<latexit sha1_base64="Efs49L5nBUTZm9kVkVcPAX0Zv6g="></latexit>

⌦(M, q) ! aM2 + bM4 + cM6 + dq2M2 + · · ·

Inhomogeneous condensates induce ∂M ≠ 0

It happens to result in  !b ∝ d

Spatial inhomogeneity occurs for d < 0 (Lifshitz point)

Lifshitz point and QCD CP coincide!
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“Mean-Field” Phase Diagram

Lifshitz 
point

the corresponding homogeneous analysis [89]. This is most likely an artifact of the cuto↵ regularization
used in these references, which spoils the GL property.11

 0
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Figure 6: Left: Phase diagram for the NJL model, allowing for CDW-type modulations. The inhomo-
geneous phase corresponds to the the shaded region. Solid (dashed) lines indicate first (second) order
phase boundaries. The blue solid line inside the inhomogeneous region indicates the first-order phase
boundary which is obtained if the analysis is restricted to homogeneous phases. The corresponding CP,
which coincides with the LP, is marked by a dot. Right: Favored values of the amplitude � (black solid
line) and the wave number (divided by 2) Q = q/2 (red dashed line) for T = 0 as functions of µ.

The various model studies all agree that the transition from the homogeneous chirally broken phase
to the CDW phase is of first order. For T = 0 this can be seen from the right figure in Fig. 6, where the
amplitude and the half-wave number Q = q/212 of the favored solution are plotted as functions of the
chemical potential. At the onset of the inhomogeneous phase both quantities change discontinuously,
clearly signalling a first-order phase transition. In particular the wave number jumps from zero to a
finite value and grows further when the chemical potential is increased. The amplitude, on the other
hand, decreases and eventually goes to zero, marking the transition to the chirally restored phase. Since
this happens in a smooth way, we conclude that the phase transition is of second order, which is in
agreement with the findings of Sadzikowski and Broniowski [71]. In contrast, Nakano and Tatsumi
report a weak first-order transition to the restored phase [42]. Although the model details are not
completely identical, we believe that this discrepancy is more a numerical issue, since it is always a
delicate problem to distinguish a weak first-order from a second-order phase transition numerically.
In this context we remind that the GL analysis to 6th order predicts a second-order transition to the
restored phase [44, 83], although the relevance of higher-order terms cannot be excluded.13

We also note that in the “historic” phase diagram of Broniowski et al., Fig. 4, all phase transitions
are first order. Concerning the transition between CDW and restored phase this is simply due to the
fact that, for numerical reasons, the amplitude of the modulation was kept constant in the CDW, and
the thermodynamic potential was only minimized with respect to q. A second-order phase transition
to the restored phase is therefore obviously excluded by construction. The first-order phase transition
between the two homogeneous phases in Fig. 4, on the other hand, can be traced back to the omission
of the Dirac sea, as discussed in Sec. 3.2.

11In addition, Sadzikowski and Broniowski expanded the thermodynamic potential in powers of ~q 2 and neglected terms
of O(~q 4). In this way the model becomes e↵ectively a QM model where the Dirac sea is regularized by a finite cuto↵.

12 In the literature there are two standard definitions of the CDW modulations, which di↵er by a factor of 2 in the
periodicity. In this review, we reserve the letter q for the true wave number, cf. Eq. (88), while the introduction of Q = q/2
is motivated by the fact that in 1 + 1 dimensions one finds q = 2µ and hence Q = µ. In 3 + 1 dimensions Q is lower but
expected to approach µ at high chemical potentials.

13 Indeed, in Ref. [83] the 8th-order coe�cient was found to be negative in the relevant region. A similar e↵ect was
found in Ref. [72] in the context of color superconductivity.
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Chiral 
Density 
Wave

Critical Point washed out?

Review: Buballa-Carignano (2014)
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High density limit where pQCD should work:
→ Color Super Conductivity

Fermi Surface µq ⇠ 500 MeV ! ⇢ ⇠ 10⇢0

3 ⇥ 3 ! 3̄Attractive Force
q

p2F +m2
s = µq

! pF ' µq �
m2

s

2µq

Gap and Fermi surface mismatch are of the same order
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Color Triplet 
(antisymmetric)

Color Sextet 
(symmetric)

The phase diagram of dense QCD 24

whether the higher moments are in practice better measures for the QCD critical point
search.

From the above discussions one might have thought that the soft mode at the
critical point is the σ meson, but the fact is that the density fluctuation is rather to
be responsible for the critical property. To clarify this point it is useful to consider
the following Ginzburg-Landau expansion [162, 163];

F [σ,ϕ] = − ω2

Γ
σ2 − iω

λq2
ϕ2 + V [σ,ϕ] (50)

V [σ,ϕ] = aσ2 + bσ4 + cσ6 − hσ + γσ2ϕ+
1
2
ϕ2 − jϕ. (51)

Here ϕ represents one of conserved charge densities such as the baryon density nB

with an appropriate normalization. The equilibrium values of σ and ϕ are fixed by
∂V/∂σ = 0 and ∂V/∂ϕ = 0. The dynamics is solved by the kinetic equations of
motion ∂F/∂σ = 0 and ∂F/∂ϕ = 0, which leads to the eigen-frequencies [163],

χ−1
σ =

ω2
0

Γ
= χ−1

h + 4γ2σ2, χ−1
ϕ =

iωd

λq2
=

χ−1
h

χ−1
h + 4γ2σ2

, (52)

where ω0 and ωd are eigen-frequencies which are identified as the σ and density modes,
respectively. The notation χh represents the chiral susceptibility without the density
mixing taken into account, which diverges at the critical point. It is apparent from
the above expressions that the soft mode at the QCD critical point is the density
fluctuation and the σ-meson mode is a decoupled fast mode. This also explains in a
natural way why only the screening mass of the σ meson becomes vanishing at the
critical point, while the pole mass never does [159].

4. Formation of the diquark condensate

It is an interesting theoretical question to consider the ground state of quark matter at
T ≈ 0 with extremely large value of µq (here we entirely use µq instead of µB because
our central interest is quark degrees of freedom). Then, one may consider Cooper’s
stability test [68, 69]. Since QCD has an attractive interaction among quarks in the
perturbative regime, that is, the one-gluon exchange potential is proportional to two
quark SU(Nc) charges;

(ta)ij(ta)kl = −Nc + 1
4Nc

(
δijδkl − δilδkj

)
+

Nc − 1
4Nc

(
δijδkl + δilδkj

)
. (53)

The first term is anti-symmetric for the replacement between (i, k) or (j, l), which
represents the anti-triplet channel. This becomes clear if we use ϵaikϵajl = 2(δijδkl −
δilδkj). The latter term is symmetric representing the sextet channel. It is apparent
from (53) that the anti-triplet channel has an attractive interaction. It is known
that two particles sitting on a sharp Fermi sphere feeling an attractive interaction
between them have an instability towards formation of the Cooper pair condensation.
Therefore, at least at asymptotically high density, the existence of the superconducting
phase in which diquarks condensate, i.e. the colour-superconducting phase is inevitable
[68, 69, 164, 165, 166].

Because quarks carry not only spin but also colour and flavour, there are many
pairing patterns possible. Let us classify the members of the CSC phases here.
Hereafter we use the following notation; the (Greek) colour indices α, β, γ run from 1
to 3 meaning r (red), g (green) and b (blue) in order, and in the same way the (Roman)

Attractive Repulsive

Dominant Always mixed with triplet 
No new physics brought in 
Harmlessly neglected

Only this channel considered 
  (flavor) (spin) (orbital) 
   should be symmetric

Color Interaction
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Spin-dependent Part Breit Interaction

Hcolor-spin = ↵s

X

i 6=j

Mij(�i · �j)(si · sj)
color spin

> spin-singlet (antisymmetric) + flavor triplet (antisymmetric) 

    
> spin-triplet (symmetric) + flavor sextet (symmetric)

(si · sj)|0i = �(3/4)|0i

(si · sj)|1i = +(1/4)|1i

Good Diquark

Bad Diquark
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(Good) Diquark Condensate

�↵i / "↵��"ijkh ̄�ji�
5C ̄T

�ki

Color-Flavor Locking Ansatz

�ud

up-down 
up-down

down-strange 
down-strange

�ds

strange-up 
strange-up

�su
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N : S = 1/2 D : S = 3/2

d

u u

u

u u

S = 0 S = 1

Hcolor-spin = �3

4
C Hcolor-spin = +

3

4
C

Hcolor-spin = �3

4
C Hcolor-spin = +

1

4
C

confirmed in lattice QCD

no more s-s int. S · s = 1/2

mbad �mgood ⇡ 2

3
(M� �MN )
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Matching of Symmetry Breaking Patterns

Baryons: 8+1 (low-lying) Quarks: 3color × 3flavor = 9

qqq
qqq

Condensate
ExcitationFlavor 

Triplet

hudi hdsi hsui Diquark condensates break chiral symmetry 
in the same way as the hadronic phase.

Diquarks realize duality between baryons and quarks!

Dense QCD may have more stringent duality than 
crossover at high T…
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det  ̄Lj Ri + det  ̄Rj Li

! detRim ̄Ln RmL†
nj + detLim ̄Rn LmR†

nj

U(1)A breaking interaction

For Nf =3, this is a six point interaction:

⇠ h  ih ̄ ̄ih ̄ i
Anomaly induces 
 a mixing between 
  mesons and diquarks

July 8 @ RCNP 35

Instanton-induced Diquarks

Mixing between quark-antiquark and diquark-
antidiquark can be taken into account quantitatively 
through the instanton-induced interaction

Mixing Decay

't Hooft-Isidori-Maiani-Polosa-Riquer (2008)

Necessary couplings of the instanton-induced interaction
are consistent with each other  →  A consistent picture

’t Hooft-Isidori-Maiani- 
-Polosa-Riquer (2008)
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The phase diagram of dense QCD 32

quark-hadron continuity

s = 0
D ~ 0

s ~ 0
D = 0

s > D = 0\
\

\~ D > s = 0\~

U(1)A BrokenU(1)A Symmetric

induced by D s2

mq

Figure 9. Schematic figure of the realization of the quark-hadron continuity
by the presence of the σ∆2 interaction term which induces σ ̸= 0 driven by
substantially large ∆ near the first-order phase boundary.

An interesting question is, if the Quark-Hadron continuity is the case, how
collective excitations in respective phases can be smoothly connected to each other.
The nature of the Nambu-Goldstone bosons, i.e. the (CFL) pions and kaons should
reflect the ground state properties. Using the chiral effective Lagrangian approach
[187] their energy dispersions are, in the presence of ms ̸= 0 and µe ̸= 0, read as
[188, 189]

ϵπ±(p) = ±µe +
√

v2p2 + M2
π± ,

ϵK±(p) = ±µe ∓
m2

s

2µq
+

√
v2p2 + M2

K± ,

ϵK0(p) = − m2
s

2µq
+

√
v2p2 + M2

K0 , (79)

where v2 = 1/3 at high density. The CFL meson masses are given by

M2
π± = a(mu + md)ms + χ(mu + md),

M2
K± = a(mu + ms)md + χ(mu + ms),

M2
K0 = a(md + ms)mu + χ(md + ms). (80)

Here a = 3∆2/(π2f2
π) with f2

π = (21 − 8 ln 2)µ2
q/(36π2) at high density and χ

parametrizes the contribution of U(1)A-breaking instanton effects which generate ⟨ψ̄ψ⟩
and therefore contribute to the CFL meson masses.

In the absence of the instanton term (χ = 0), if ms ! m1/3∆2/3 where m is either
mu or md, the energies for K+ and K0 become negative. The electron contribution to
the thermodynamic potential favours the K0 condensation. This opens a new phase
region on the dense-QCD phase diagram in which the superfluidity of K0 meson
is realized. Such a CFL state with K0 condensation is called the CFL-K0 phase
[190, 191, 192, 193]. The phase structure with inclusion of the CFL-K0 phase and its
variants is also investigated in the NJL-type model [194, 195]. The onset of the K0

condensation depends on the instanton χ strength.
In view of (80) the meson mass ordering is Mπ± > MK± ≃ MK0 for ms ≫ mu ≈

md and χ ≈ 0, which is inverse of the ordinary ordering [188]. This is, however,
natural from the diquark picture as already implied by the order parameter (15) in
which CFL-σ meson consists of two diquarks, i.e. q̄q̄qq. The Nambu-Goldstone bosons
are accordingly composed from q̄q̄qq; CFL-π+ contains a d̄s̄ diquark that transforms
like u quarks and an su diquark like d̄ quarks, while CFL-K+ a d̄s̄ diquark and a
ud diquark like s̄ quarks. Therefore CFL-K+ has a d quark instead of an s quark as

No phase transition because ⇠ ��⇤M

U(1)A breaking interactionHatsuda-Tachibana- 
-Yamamoto-Baym (2006)
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Schaefer-Wilzcek, PRL (1999)
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Neutron superfluid Color superconductor

d
u

du

d
d

u d

d

d
u

d

u d

d

d

u
d

nB
⇠ n0 ⇠ 5n0 ⇠ 10n0

FIG. 1. Schematic picture of quark-hadron continuity be-
tween neutron superfluid and color superconductor. Cooper
pairing of neutrons (indicated by dashed line) continuously
connects to pairing of quarks in diquark condensates.

negative with increasing energy of the two nucleons, indi-
cating that the pairing interaction turns from attractive
to repulsive with increasing Fermi energy. Consequently,
pairing in the 1

S0 channel is disfavored at high densities
and taken over by pairing in the 3

P2 channel. This prop-
erty is attributed to the significant attraction selectively
generated by the spin-orbit interaction in the triplet P -
wave with total angular momentum J = 2. All other
isospin I = 1 S- and P -wave NN phase shifts are smaller
or repulsive in matter dominated by neutrons. Various
aspects and properties of 3

P2 superfluidity inside neu-
tron stars, from its role in neutron star cooling to pulsar
glitches, are subject to continuing explorations (see, e.g.,
Refs. [27, 28] and [29]). A recent advanced analysis of
pairing in neutron matter based on chiral e↵ective the-
ory (EFT) interactions including three-body forces can
be found in Ref. [30].

Our aim in this work is to investigate the continu-
ity between superfluid neutron matter and two-flavor
quark matter with 1

S0 and 3
P2 superfluidity. Related

two-flavor NJL model studies have been reported in
Refs. [31, 32]. Here our point is to collect and discuss
the arguments which do indeed suggest that the conti-
nuity concept applies to superfluid pairing when passing
from neutron matter to u-d-quark matter with a surplus
of d-quarks, as schematically illustrated in Fig. 1. We
should emphasize that our “continuity” would not ex-
clude rapid but continuous changes in relevant physical
degrees of freedom, but we shall rather focus on a logical
possibility of smooth crossover from neutron matter to
quark matter. In fact, as we will discuss later, the chiral
symmetry breaking in the density region of continuity or
crossover of our interest may be far suppressed than that
in the low-density hadronic phase and in the CFL phase.
One scenario of the phase diagram presumed here is as
follows; the chiral symmetry breaking diminishes in dense
nuclear matter and its scale may become much smaller in
the continuity region between nuclear and quark matter
but yet it is nonzero as we address later. Eventually the
chiral symmetry breaking would be enhanced again once
the CFL condensates form.

This paper is organized as follows. In Sec. II we de-

FIG. 2. Schematic picture of quark-hadron continuity be-
tween the 3P2 neutron superfluid and the 2SC + hddi color
superconductor.

scribe some general physical properties of dense neu-
tron star matter and motivate the continuity between
hadronic matter and quark matter from a dynamical
point of view. Section III recalls the conventional quark-
hadron continuity scenario based on symmetry breaking
pattern considerations. In Sec. IV, we show how the or-
der parameter of 3

P2 neutron superfluidity can be rear-
ranged into two-flavor superconducting (2SC) hudi and
superfluid hddi diquark condensates. Section V clarifies
the microscopic mechanism that induces the hddi con-
densate in the 3

P2 state. In Sec. VIA, we demonstrate
that the 3

P2 hddi diquark condensate can be related to
a macroscopic observable, namely the pressure compo-
nent of the energy-momentum tensor. This in turn is
an important ingredient in neutron star theories. For
an isolated nucleon it is also a key subject of deeply-
virtual Compton scattering measurements at JLab [33].
In Sec. VIB, discussions are followed by a suggestive ob-
servation for the necessity of “2SC+X” to fit the cooling
pattern, where X may well be identified with the d-quark
pairing. Finally, Sec. VII summarizes our findings.

II. ABUNDANCE OF NEUTRONS AND DOWN
QUARKS IN NEUTRON STAR MATTER

In the extreme environment realized inside neutron
stars, the conditions of �-equilibrium and electric charge
neutrality must be satisfied. A crude but qualitatively
acceptable picture is that of a degenerate Fermi gas of
protons/neutrons and u, d quarks. Interaction e↵ects will
be taken into account later, but let us first consider free
particles and briefly overview the qualitative character of
the matter under consideration. Here, we assume matter
at densities around the onset of u, d quarks where the
onset of strangeness degrees of freedom may not occur
yet. This assumption is in accordance with the current
two-solar-mass pulsar constraints [34].
The �-equilibrium imposes a condition on the chemical

potentials of participating particles:

µn = µp + µe , µd = µu + µe , (1)

Fujimoto-Fukushima-Weise (2020)

No change in global symmetry for the 2-flavor case. 
No need to have a phase transition → Crossover ?

Intuitive picture
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Thinking Experiment
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How can they be connected?

Rotate the bucket filled 
with quarks 
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Vortex Continuity Scenario
2

Abelian vortex.1 Thus one might envisage a join with a
continuous baryon velocity, as shown in Fig. 1(b), where a
boojum connects three hadronic vortices with three non-
Abelian CFL vortices [10, 11]. However, as we discuss in
this paper, one does not have to make a join involving
three vortices in the hadronic phase, but rather one can
make a baryon-velocity conserving join between a single
hadronic vortex and a single non-Abelian vortex in the
CFL phase, as shown in Fig. 1(c), without any need for a
boojum. To the extent that the various flavor quantum
numbers permit a smooth transition from the hadronic
to the CFL quark phase, angular momentum carrying
states remain consistent with quark-hadron continuity.

To spell out this picture in detail, we first discuss more
precisely the nature of quark-hadron continuity between
the hadronic and quark phases. On the deconfined quark
side the (ideal) CFL phase contains u (up), d (down),
and s (strange) quarks, all with the same mass, with a
Fermi sea equally populated with all three flavors and
all three colors of quarks. The corresponding hadronic
phase, three-flavor hyperonic matter, contains all mem-
bers of the light baryon flavor octet – n, p, ⇤, ⌃0, ⌃±,
⌅0, and ⌅� – all of the same mass. In the ground state
at finite density, the particles populate a Fermi sea with
all states of the octet equally present.

Both phases break chiral symmetry [1] and U(1)B, with
the same symmetry breaking pattern [SU(3)L⌦SU(3)R⌦
U(1)B ! SU(3)V]. In both phases BCS pairing leads
to breaking of U(1)B symmetry and superfluidity. The
hadronic dibaryon condensate is a flavor singlet formed
from two paired flavor octets. The CFL phase is usu-
ally described in the unitary gauge, in which the ground
state has a diquark condensate with the same color-flavor
orientation everywhere.2 In the hadronic phase, chiral
symmetry is spontaneously broken by a quark-antiquark
chiral condensate, producing a light octet of pseudoscalar
mesons, i.e., ⇡0, ⇡±, K0, K̄0, K±, and ⌘. The CFL con-
densate spontaneously breaks chiral symmetry, produc-
ing a light octet of pseudoscalar mesons [14–16]. Pre-
vious studies [2, 3, 17, 18] have established the conti-
nuity between the low-energy excitations of such three-
flavor hadronic and three-flavor quark matter.3 The nine
single-quark excitations of di↵erent colors and flavors can
be mapped, in the unitary gauge, onto the baryon octet
plus a baryon singlet which is usually not mentioned in
discussions of the confined phase because it is much heav-
ier than the octet baryons [3].

1
In Ref. [8] these configurations were referred to as “semi-

superfluid strings,” however we will call them “non-Abelian vor-

tices” to emphasize the presence of non-Abelian color magnetic

flux in the core combined with vortex-like global rotation of the

quark condensate.
2
With full three-flavor symmetry, CFL pairing is the most sta-

ble [12, 13].
3
This continuity is an example of the complementarity between

the confined and Higgs phases of a non-Abelian gauge theory

[19].

q

qq q qq q

q
qq
qq

FIG. 2. Schematic illustration of the smooth evolution of

a hadronic vortex into a non-Abelian CFL vortex. In the

hadronic phase, the phase of the condensate corresponding

to paired baryons (six quarks) increases by 2⇡ in winding

around the vortex core. In the CFL phase in the gauge-fixed

picture, one component of the order parameter picks up a

phase 2⇡ in winding, as shown. In the gauge-invariant picture

the phase of the entire six-quark order parameter changes by

2⇡ in winding.

One can further understand quark-hadron continuity
in terms of the anomaly-induced coupling between the
chiral and diquark condensates [20, 21]. The implica-
tions of quark-hadron continuity for the QCD phase di-
agram are reviewed in Ref. [22], and for neutron stars in
Ref. [23].

Figure 2 summarizes our results. In the confined phase
(upper half of the figure) the hadronic vortex carries an-
gular momentum via the circulation of a gauge-invariant
dibaryon condensate which acquires a phase of 2⇡ when
transported around the core. This vortex can be con-
tinuously connected to a non-Abelian CFL vortex [8] in
the CFL quark phase (lower half of the figure) where the
vortex has the same baryon circulation, but it arises in
the unitary gauge from three diquark condensates, one of
which acquires a phase of 2⇡ when transported around
the core. On the other hand, in the gauge-invariant pic-
ture, described in detail in Sec. IIID, the phase increase
is attributed to the entire six quark order parameter.

This paper is organized as follows. In Sec. II we re-
view the generic properties of vortices in a superfluid. In
Sec. III we discuss the vortex configurations that exist
in three-flavor hadronic and quark matter. After dis-
cussions of hadronic vortices in Sec. III A, we describe
two di↵erent vortex configurations that have been con-
structed in three-flavor quark matter, the Abelian CFL
vortices in Sec. III B and the non-Abelian CFL vortices
in Sec. III C. and then we show how the non-Abelian
vortex can be continuously connected with the hadronic
vortex. In Sec. IIID we show how these non-Abelian
vortices can be understood in a gauge-invariant descrip-
tion, and in Sec. III E we explore the consequences of
explicit breaking of the SU(3) flavor symmetry. Finally,
in Sec. IV we discuss the role of color magnetic flux. We
focus throughout on the properties of connecting single
vortices, and leave the discussion of an array of vortices

Alford-Baym-Fukushima-Hatsuda-Tachibana (2018)

We proposed a scenario 
of the vortex continuity, 
but…
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Abelian vortex.1 Thus one might envisage a join with a
continuous baryon velocity, as shown in Fig. 1(b), where a
boojum connects three hadronic vortices with three non-
Abelian CFL vortices [10, 11]. However, as we discuss in
this paper, one does not have to make a join involving
three vortices in the hadronic phase, but rather one can
make a baryon-velocity conserving join between a single
hadronic vortex and a single non-Abelian vortex in the
CFL phase, as shown in Fig. 1(c), without any need for a
boojum. To the extent that the various flavor quantum
numbers permit a smooth transition from the hadronic
to the CFL quark phase, angular momentum carrying
states remain consistent with quark-hadron continuity.

To spell out this picture in detail, we first discuss more
precisely the nature of quark-hadron continuity between
the hadronic and quark phases. On the deconfined quark
side the (ideal) CFL phase contains u (up), d (down),
and s (strange) quarks, all with the same mass, with a
Fermi sea equally populated with all three flavors and
all three colors of quarks. The corresponding hadronic
phase, three-flavor hyperonic matter, contains all mem-
bers of the light baryon flavor octet – n, p, ⇤, ⌃0, ⌃±,
⌅0, and ⌅� – all of the same mass. In the ground state
at finite density, the particles populate a Fermi sea with
all states of the octet equally present.

Both phases break chiral symmetry [1] and U(1)B, with
the same symmetry breaking pattern [SU(3)L⌦SU(3)R⌦
U(1)B ! SU(3)V]. In both phases BCS pairing leads
to breaking of U(1)B symmetry and superfluidity. The
hadronic dibaryon condensate is a flavor singlet formed
from two paired flavor octets. The CFL phase is usu-
ally described in the unitary gauge, in which the ground
state has a diquark condensate with the same color-flavor
orientation everywhere.2 In the hadronic phase, chiral
symmetry is spontaneously broken by a quark-antiquark
chiral condensate, producing a light octet of pseudoscalar
mesons, i.e., ⇡0, ⇡±, K0, K̄0, K±, and ⌘. The CFL con-
densate spontaneously breaks chiral symmetry, produc-
ing a light octet of pseudoscalar mesons [14–16]. Pre-
vious studies [2, 3, 17, 18] have established the conti-
nuity between the low-energy excitations of such three-
flavor hadronic and three-flavor quark matter.3 The nine
single-quark excitations of di↵erent colors and flavors can
be mapped, in the unitary gauge, onto the baryon octet
plus a baryon singlet which is usually not mentioned in
discussions of the confined phase because it is much heav-
ier than the octet baryons [3].

1
In Ref. [8] these configurations were referred to as “semi-

superfluid strings,” however we will call them “non-Abelian vor-

tices” to emphasize the presence of non-Abelian color magnetic

flux in the core combined with vortex-like global rotation of the

quark condensate.
2
With full three-flavor symmetry, CFL pairing is the most sta-

ble [12, 13].
3
This continuity is an example of the complementarity between

the confined and Higgs phases of a non-Abelian gauge theory

[19].
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FIG. 2. Schematic illustration of the smooth evolution of

a hadronic vortex into a non-Abelian CFL vortex. In the

hadronic phase, the phase of the condensate corresponding

to paired baryons (six quarks) increases by 2⇡ in winding

around the vortex core. In the CFL phase in the gauge-fixed

picture, one component of the order parameter picks up a

phase 2⇡ in winding, as shown. In the gauge-invariant picture

the phase of the entire six-quark order parameter changes by

2⇡ in winding.

One can further understand quark-hadron continuity
in terms of the anomaly-induced coupling between the
chiral and diquark condensates [20, 21]. The implica-
tions of quark-hadron continuity for the QCD phase di-
agram are reviewed in Ref. [22], and for neutron stars in
Ref. [23].

Figure 2 summarizes our results. In the confined phase
(upper half of the figure) the hadronic vortex carries an-
gular momentum via the circulation of a gauge-invariant
dibaryon condensate which acquires a phase of 2⇡ when
transported around the core. This vortex can be con-
tinuously connected to a non-Abelian CFL vortex [8] in
the CFL quark phase (lower half of the figure) where the
vortex has the same baryon circulation, but it arises in
the unitary gauge from three diquark condensates, one of
which acquires a phase of 2⇡ when transported around
the core. On the other hand, in the gauge-invariant pic-
ture, described in detail in Sec. IIID, the phase increase
is attributed to the entire six quark order parameter.

This paper is organized as follows. In Sec. II we re-
view the generic properties of vortices in a superfluid. In
Sec. III we discuss the vortex configurations that exist
in three-flavor hadronic and quark matter. After dis-
cussions of hadronic vortices in Sec. III A, we describe
two di↵erent vortex configurations that have been con-
structed in three-flavor quark matter, the Abelian CFL
vortices in Sec. III B and the non-Abelian CFL vortices
in Sec. III C. and then we show how the non-Abelian
vortex can be continuously connected with the hadronic
vortex. In Sec. IIID we show how these non-Abelian
vortices can be understood in a gauge-invariant descrip-
tion, and in Sec. III E we explore the consequences of
explicit breaking of the SU(3) flavor symmetry. Finally,
in Sec. IV we discuss the role of color magnetic flux. We
focus throughout on the properties of connecting single
vortices, and leave the discussion of an array of vortices

Topological 1st-order PT ?

No magnetic flux

Cherman-Sen-Yaffe (2018)

eiΦ = 1

Quantized flux (1/3) QED 
+ (2/3) QCDeiΦ = ei2π/3

Discontinuous 
(Interface)
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Continuity still alive… Hayashi (2024)
2

AHARONOV-BOHM PHASE AROUND
SUPERFLUID VORTEX

In this section, we define the AB phase around a vor-
tex and introduce the main results. For a setup, let us
consider models with the following properties:

(i) This model is a gauge theory with at least one fun-
damental representation matter.

(ii) This model has a global U(1)G symmetry nontriv-
ially acting on the fundamental matter, and there
is a phase with spontaneously broken U(1)G sym-
metry2.

(iii) Within this U(1)G-broken phase, it is possible to
tune a parameter so that the fundamental represen-
tation matter decouples/higgses without changing
the realization of any global symmetry.

A superfluid vortex exists in the U(1)G-broken phase.
Let us define V (S) as the minimal vortex operator, where
S is the vortex worldsheet. Note that, if the U(1)G sym-
metry is broken to its discrete subgroup Zq, the “minimal
vortex” refers to a unit winding of ⇡1(U(1)G/Zq) = Z.
For instance, the minimal vortex in the CFL phase is the
non-Abelian CFL vortex.

We define the AB phase O⌦ as a normalized Wilson
loop W (C) with a fixed winding number [15]. In the low-
energy e↵ective theory, it is the particle-vortex statistical
phase:

O⌦ =
hW (C)V (S)i
hW (C)i hV (S)i , (1)

where the Wilson loop has a unit winding with the vor-
tex: Link(C, S) = 1. The denominator is introduced for
the normalization |O⌦| = 1. This quantity measures the
AB phase of a fundamentally charged particle surround-
ing the vortex. To measure O⌦ in the original ultraviolet
theory, we shall compute

O⌦ = lim
|C|!1

hW (C)iw(C)=1

| hW (C)iw(C)=1 |
, (2)

where |C| ! 1 stands for taking an asymptotically
large closed loop |C|, and h·iw(C)=1 is the expectation

value over configurations with the fixed winding number3

w(C) = 1.
We consider theories in which the AB phase is non-

trivial O⌦ 6= 1 in the Higgs regime, e.g., the dense QCD.

2 Due to this assumption, the spacetime dimension d must be
larger than two [43, 44]: d > 2.

3 Since the superfluidity is assumed, the winding number should
be well-defined, at least for large C.

𝑞

Confining

Higgs

non-trivial AB 
phase

𝑞
trivial AB phase?

𝑞

𝑞
constant non-
trivial AB phase

(A)

𝑊(𝐶) ∼ −1

𝑊(𝐶) ∼ +1

𝑊 𝐶 ∼ 𝑒
2𝜋𝑖
𝑁

transition?

continuous 
AB phase

(B)

FIG. 1. (center) The apparent discrepancy in the AB phase
seems to conflict with the Higgs-confinement continuity. Re-
solving this mismatch, this paper illustrates how the AB phase
realizes the continuity: (A) If symmetry constrains the AB
phase, the AB phase is nontrivial in both Higgs and confining
regimes. (B) If not, the AB phase continuously changes from
W (C) ⇠ +1 (confining) to W (C) ⇠ e2⇡i/N (Higgs).

Since the fundamental matter decouples in the deep con-
fining limit, it would be plausible to determine O⌦ = 1
in the confining regime. This apparent mismatch in the
AB phase O⌦ may cast doubt on the Higgs-confinement
continuity. Based on this observation, Ref. [15] conjec-
tured that a Higgs-confinement transition exists with an
order parameter O⌦.
Here, supporting the Higgs-confinement continuity, we

propose the following solution to the mismatch problem
(Fig. 1):

(A) If there exists a symmetry constraining the AB
phase to discrete values, the AB phase is nontrivial
even in the confining regime.

(B) If not, the AB phase can continuously interpolate
the confining and Higgs limits.

We explicitly demonstrate these claims in the following
two examples: (1) a lattice version of the toy model pro-
posed in [15] and (2) an SU(N) lattice gauge model with
a fundamental U(N)-valued scalar, which is analogous to
the gauged Ginzburg-Landau e↵ective model for the CFL
phase at N = 3. To this end, we calculate the AB phase
in two calculable limits: strong coupling and deep Higgs
limits, which connect the Higgs and confining regimes.
We find that Claim (A) applies to (1) and (2) at N = 2
and that Claim (B) applies to (2) for N > 2.

NONTRIVIAL AHARONOV-BOHM PHASE IN
THE CONFINING REGIME

The first example is a lattice version of the toy model
proposed in [15]. This model consists of a U(1) gauge
field, charge-(+1) scalar, charge-(�1) scalar, and neutral



August 21, 2024 @ Fudan U.

Another Exotica from Large Nc

58

Quarks spin-1/2 (fermions) 6 flavors  colorsNc

(transform in the SU( ) fundamental rep.)Nc

red / green / blue

rr  rg  rb  gr  gg  gb  br  bg  bb  - (rr+gg+bb)

Gluons spin-1 (bosons)  colorsN2
c − 1
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Theoretical Preparation: Large-Nc Counting

i Aij
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Figure 9: (Left) Double-line notation: a quark and anti-quark are represented by a single-line, while
the gauge fields involve two lines as a combination of the fundamental and anti-fundamental indices.
(Right) Quark loops are suppressed by 1/Nc as compared to gluon loops in the large-Nc limit.
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Figure 10: Nc counting for the meson two-point function. (a) Tree-level diagram. (b) First loop
correction g

2
N

2

c
⇠ Nc. (c) Next planar loop correction g

4
N

3

c
⇠ Nc. (d) Non-planar loop correction

g
4
Nc ⇠ N

�1

c
.

In the large-Nc limit, using the double-line notation, it is easy to make sure that quark loops are
always suppressed by 1/Nc as compared to gluon loops and thus diagrams with only gluon loops are
dominant (see the right of Fig. 9). This is a crucial feature in thinking of the thermodynamics of QCD
in the large-Nc approximation. In other words, whenever we talk about the quark and baryon properties
in the large-Nc limit, we treat such baryonic degrees of freedom as a probe into the gluonic system that
is not perturbed by the insertion of baryons (i.e. probe approximation).

The next important observation in the large-Nc limit is that the so-called non-planar diagrams are
suppressed by at least 1/N2

c
as compared to the planar diagrams. To see this, let us consider the two-

point function of the meson composite fieldM ⇠  ̄ as drawn in Fig. 10. It is obvious that the tree-level
diagram connecting two meson fields consists of simple one-loop with two lines, making a contribution
of O(Nc) (see Fig. 10 (a)). The next contribution at the two-loop level is shown in Fig. 10 (b), that
has an extra factor by g

2
Nc than the tree-level contribution. Therefore, in this way, every time the

loop order is incremented, a factor g2Nc at least is multiplied. Therefore, to construct the meson two-
point function in a non-perturbative and non-diverging way, the strong coupling constant must scale
as g

2
⇠ 1/Nc (or so-called ’t Hooft coupling � ⌘ g

2
Nc is kept fixed), and then the contribution from

Fig. 10 (b) can be of the same order as (a). The next loop order consists of the planar diagram (c) and
the non-planar diagram (d) with an overhead crossing. Now that g2 ⇠ 1/Nc, (c) is at the same order
as (b), while (d) is suppressed by 1/N2

c
.

The meson two-point function hM(k)M(�k)i is of order of Nc as is clear from Fig. 10, that means
that the meson decay constant scales like f⇡ ⇠

p
Nc. From this, it is possible to identify the scaling of

the inter-meson coupling. That is, let us consider the n-point meson correlation function, that involves
(f⇡)n ⇠ N

n/2
c and the n-point interaction vertex gn. The whole planar diagrams should scale as Nc,
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Figure 9: (Left) Double-line notation: a quark and anti-quark are represented by a single-line, while
the gauge fields involve two lines as a combination of the fundamental and anti-fundamental indices.
(Right) Quark loops are suppressed by 1/Nc as compared to gluon loops in the large-Nc limit.
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In the large-Nc limit, using the double-line notation, it is easy to make sure that quark loops are
always suppressed by 1/Nc as compared to gluon loops and thus diagrams with only gluon loops are
dominant (see the right of Fig. 9). This is a crucial feature in thinking of the thermodynamics of QCD
in the large-Nc approximation. In other words, whenever we talk about the quark and baryon properties
in the large-Nc limit, we treat such baryonic degrees of freedom as a probe into the gluonic system that
is not perturbed by the insertion of baryons (i.e. probe approximation).

The next important observation in the large-Nc limit is that the so-called non-planar diagrams are
suppressed by at least 1/N2

c
as compared to the planar diagrams. To see this, let us consider the two-

point function of the meson composite fieldM ⇠  ̄ as drawn in Fig. 10. It is obvious that the tree-level
diagram connecting two meson fields consists of simple one-loop with two lines, making a contribution
of O(Nc) (see Fig. 10 (a)). The next contribution at the two-loop level is shown in Fig. 10 (b), that
has an extra factor by g

2
Nc than the tree-level contribution. Therefore, in this way, every time the

loop order is incremented, a factor g2Nc at least is multiplied. Therefore, to construct the meson two-
point function in a non-perturbative and non-diverging way, the strong coupling constant must scale
as g

2
⇠ 1/Nc (or so-called ’t Hooft coupling � ⌘ g

2
Nc is kept fixed), and then the contribution from

Fig. 10 (b) can be of the same order as (a). The next loop order consists of the planar diagram (c) and
the non-planar diagram (d) with an overhead crossing. Now that g2 ⇠ 1/Nc, (c) is at the same order
as (b), while (d) is suppressed by 1/N2

c
.

The meson two-point function hM(k)M(�k)i is of order of Nc as is clear from Fig. 10, that means
that the meson decay constant scales like f⇡ ⇠

p
Nc. From this, it is possible to identify the scaling of

the inter-meson coupling. That is, let us consider the n-point meson correlation function, that involves
(f⇡)n ⇠ N

n/2
c and the n-point interaction vertex gn. The whole planar diagrams should scale as Nc,
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Theoretical Preparation: Large-Nc Counting
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Figure 9: (Left) Double-line notation: a quark and anti-quark are represented by a single-line, while
the gauge fields involve two lines as a combination of the fundamental and anti-fundamental indices.
(Right) Quark loops are suppressed by 1/Nc as compared to gluon loops in the large-Nc limit.
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has an extra factor by g
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Hadronic Phase Quarkyonic Matter
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Figure 20: (Left) Schematic phase diagram of large-Nc QCD. The pressure is O(N0

c
) in the hadronic

phase, O(N2

c
) in the deconfined phase, and O(N1

c
) in quarkyonic matter. (Right) Baryon-baryon

interaction of O(Nc) in the large-Nc limit. The exchanged quarks should have the same color. If they
have the di↵erent color, one gluon exchange is necessary.

4.5 Quarkyonic matter

In the large-Nc limit the deconfinement phase transition is well-defined and the phase structure asso-
ciated with deconfinement is quite simple. As we have seen in Sec. 3.5 quark loops are suppressed by
1/Nc as compared to gluons, and yet, matter with finite baryon density may appear if the chemical
potential is large enough. What does nuclear matter look like in the large-Nc limit? We already have
su�cient ingredients to tackle this question – we have discussed a Skyrme crystal in Sec. 3.5.2 and
discovered a large-Nc phase diagram in Fig. 14. We have also clarified the order parameter behavior in
Fig. 17 obtained in the PNJL model in which the large-Nc limit is implicitly assumed [263].

4.5.1 Phase diagram and the pressure

Apart from the fate of chiral symmetry, the phase diagram of large-Nc QCD is as simple as in the left
panel of Fig. 20, which is equivalent to Fig. 14 without a curve representing T�. The horizontal line at
T = Td is the deconfinement phase boundary below which only glueballs exist, the pressure of which
should be of O(N0

c
). Because there are (N2

c
� 1) gluons in the deconfined phase, the pressure sharply

jumps from O(N0

c
) in the glueball (or hadronic) phase to O(N2

c
) in the deconfined phase. An onset for

a finite quark density is located at µq = mq and, if finite-density matter behaves as a free quark gas,
its pressure is ⇠ Ncµ

4

q
. Hence, the deconfinement phase boundary cannot be a↵ected by quarks unless

Ncµ
4

q
becomes comparable to N

2

c
, namely, µq ⇠ O(N1/4

c ). Eventually, for µq ⇠ O(N1/2
c ), quarks are no

longer suppressed by 1/Nc which is compensated by µ
2

q
from the quark loop, and the gluon interactions

are screened by dynamical quarks.
The above argument suggests that the pressure in the right-bottom part is of O(N1

c
), which is

indeed the case if the state of matter is a (nearly) free quark gas and µq ⇠ O(N0

c
). Such an argument

is, however, too näıve; as is clear from Fig. 14 in the Sakai-Sugimoto model, the ground state in the low-
T and high-µq region is identified as nuclear matter rather than quark matter. This is also consistent
with model studies as in Fig. 17 which implies quark confinement with small � in this region. In fact,
gluons are confined below Td, and it would be quite reasonable to assume that quarks are also confined
there.

In Ref. [21] it was pointed out that the pressure of large-Nc nuclear matter is of O(N1

c
) and it

resembles a pressure of quark matter. In nuclear matter at large Nc nucleons are infinitely heavy
and static, so that their kinetic energy is suppressed by 1/MN ⇠ O(N�1

c
) and the dominant pressure

contribution comes from the NN interaction. Such a situation is correctly incorporated as a Skyrme

59

Strongly Interacting Baryons ~ Free Quarks

     Quark Matter     

Diquarks are suppressed at large Nc.
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This is NOT the end of the story!

N N

¼

If there are infinitely many quarks, 
mesons do not interact, but 
baryons do interact very strongly!

Pressure of Quark Matter

Pressure of Baryonic Matter

Kinetic Energy ~ O(Nc)

Interaction Energy ~ O(Nc)
Quarkyonic
McLerran-Pisarski (2008)
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Figure 20: (Left) Schematic phase diagram of large-Nc QCD. The pressure is O(N0

c
) in the hadronic

phase, O(N2

c
) in the deconfined phase, and O(N1

c
) in quarkyonic matter. (Right) Baryon-baryon

interaction of O(Nc) in the large-Nc limit. The exchanged quarks should have the same color. If they
have the di↵erent color, one gluon exchange is necessary.

4.5 Quarkyonic matter

In the large-Nc limit the deconfinement phase transition is well-defined and the phase structure asso-
ciated with deconfinement is quite simple. As we have seen in Sec. 3.5 quark loops are suppressed by
1/Nc as compared to gluons, and yet, matter with finite baryon density may appear if the chemical
potential is large enough. What does nuclear matter look like in the large-Nc limit? We already have
su�cient ingredients to tackle this question – we have discussed a Skyrme crystal in Sec. 3.5.2 and
discovered a large-Nc phase diagram in Fig. 14. We have also clarified the order parameter behavior in
Fig. 17 obtained in the PNJL model in which the large-Nc limit is implicitly assumed [263].

4.5.1 Phase diagram and the pressure

Apart from the fate of chiral symmetry, the phase diagram of large-Nc QCD is as simple as in the left
panel of Fig. 20, which is equivalent to Fig. 14 without a curve representing T�. The horizontal line at
T = Td is the deconfinement phase boundary below which only glueballs exist, the pressure of which
should be of O(N0

c
). Because there are (N2

c
� 1) gluons in the deconfined phase, the pressure sharply

jumps from O(N0

c
) in the glueball (or hadronic) phase to O(N2

c
) in the deconfined phase. An onset for

a finite quark density is located at µq = mq and, if finite-density matter behaves as a free quark gas,
its pressure is ⇠ Ncµ

4

q
. Hence, the deconfinement phase boundary cannot be a↵ected by quarks unless

Ncµ
4

q
becomes comparable to N

2

c
, namely, µq ⇠ O(N1/4

c ). Eventually, for µq ⇠ O(N1/2
c ), quarks are no

longer suppressed by 1/Nc which is compensated by µ
2

q
from the quark loop, and the gluon interactions

are screened by dynamical quarks.
The above argument suggests that the pressure in the right-bottom part is of O(N1

c
), which is

indeed the case if the state of matter is a (nearly) free quark gas and µq ⇠ O(N0

c
). Such an argument

is, however, too näıve; as is clear from Fig. 14 in the Sakai-Sugimoto model, the ground state in the low-
T and high-µq region is identified as nuclear matter rather than quark matter. This is also consistent
with model studies as in Fig. 17 which implies quark confinement with small � in this region. In fact,
gluons are confined below Td, and it would be quite reasonable to assume that quarks are also confined
there.

In Ref. [21] it was pointed out that the pressure of large-Nc nuclear matter is of O(N1

c
) and it

resembles a pressure of quark matter. In nuclear matter at large Nc nucleons are infinitely heavy
and static, so that their kinetic energy is suppressed by 1/MN ⇠ O(N�1

c
) and the dominant pressure

contribution comes from the NN interaction. Such a situation is correctly incorporated as a Skyrme
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Strongly Interacting Baryons ~ Free Quarks

Chiral Spirals 
(Inhomogeneous!)
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We will discuss the relationship between the above Statistical Model descrip-
tions of the transition to both the Quark-Gluon Plasma and Quarkyonic Mat-
ter, the triple point where three phases of matter coexist, and the underlying
contribution to the spectrum of strange particles below, and argue that generic
features of these curves may be explained in this context.

2 Quarkyonic Matter and the QCD Phase Diagram

In the following we show that by considering Quarkyonic Matter, which was
recently proposed [34,35,36,37,38], the two regimes observed in the phase di-
agram and described above can be understood as arising from a triple point
where Hadronic Matter, the Quark-Gluon Plasma, and Quarkyonic Matter all
coexist. This triple point is located where the temperature is reaching its lim-
iting value and, hence, is naturally also situated in the vicinity of the peaks in
the observed hadron production ratios. A sketch of a possible phase diagram
for QCD is shown in Fig. 5.

Fig. 5. The phase diagram of strongly interacting matter.

There are hadrons in the lower, left-hand corner of this phase diagram, at low
temperatures and µB. There are two, qualitatively distinct, phase boundaries
by which one can leave Hadronic Matter. The first, is to increase the tem-
perature at low µB until it is beyond Tc. This is the usual transition from
a meson-dominated phase 2 to a Quark-Gluon Plasma. This phase boundary

2 We note that, at chemical freeze-out, the density of baryons and anti-baryons,
nB, is similar in this regime to that at large-µB (nB ≃0.12 fm−3) [18].

6

Deconfinement from 
nuclear d.o.f. to 
quark d.o.f. occurs 
very smoothly.

Crossover ?

BNL Phase Diagram



August 21, 2024 @ Fudan U.

Another Exotica from Large Nc

65

N N

¼

Remember that the pion (interaction) 
percolation starts from ∼ 1.5 nsat

Quarkyonic regime may 
start near normal nuclear matter?

See: Koch-McLerran-Miller-Vovchenko (2024)
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M
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MC
Sampling

ML inference
MC Integration

Fujimoto-Fukushima-Kamata-Murase (2018-2024)
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Fujimoto-Fukushima-Kamata-Murase (2018-2024)
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Fujimoto-Fukushima-Kamata-Murase (2018-2024)
Machine learning shows amazing performance!

4

FIG. 3. Two examples of the randomly generated EoSs
(dashed lines) and the machine learning outputs (solid lines)
reconstructed from one observation of 15 M -R points [see
Fig. 4 for actual (Mi, Ri)].
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FIG. 4. Randomly sampled 15 data points and the M -R rela-
tions with the reconstructed EoS (solid lines) and the original
EoS (dashed lines). The red and blue colors correspond to two
EoSs shown with the same color in Fig. 3.

observation with error deviations from the genuine M -R
relation (which is shown by the dashed lines). Thus, each
set of 15 points is considered as mock data of the neutron
star observation. Since the neural network learns through
the training data that the observation contains errors, the
most likely EoS is reconstructed from one observation of
15 points with errors. The reconstructed EoSs are de-
picted by solid lines in Fig. 3. We can see that the re-
constructed EoSs agree quite well with the original EoSs
for these examples. It would also be interesting to make
a comparison of the M -R relations corresponding to the
original and reconstructed EoSs. The solid and dashed
lines in Fig. 4 represent the M -R relations calculated
with the original and reconstructed EoSs, respectively.
Since the EoSs look consistent in Fig. 3, the original and
reconstructed M -R relations are close to each other.

Mass (M�) 0.6 0.8 1.0 1.2 1.4 1.6 1.8

RMS (km) 0.16 0.12 0.10 0.099 0.11 0.11 0.12

TABLE II. Root mean square of radius deviations for fixed
masses.

For other EoSs in validation data, the corresponding
M -R curves are reconstructed well similarly to examples
discussed above. To quantify the overall reconstruction
accuracy, we calculated the root mean square (RMS) of
radius deviations using 196 validation data for several
masses as shown in Tab. II. We defined the RMS from the
deviations between not the observational data points but
the genuine and reconstructed M -R relations (i.e. dis-
tances between the solid and the dashed lines in Fig. 4),
that is, �R(M) = R(rec)(M) � R(0)(M). The RMS val-
ues in Tab. II are around ⇠ 0.1 km for all masses! This
indicates that our method works surprisingly good; re-
member that data points have random fluctuations by
�R ⇠ 0.5 km. It should be noticed that, even without
neutron stars around M = 0.6–0.8M� in our setup, the
RMS of the corresponding radii are still reconstructed
within the accuracy of the order ⇠ 0.1 km.

Finally, let us comment on the relation to Bayesian
analysis using symbolic notations. In our analysis we
parametrized the EoS by ✓ := {c2s,i}, which spans pa-
rameter space ⇥, and generated EoSs by a probability
distribution Pr(✓). Then, we sampled D = {(Mi, Ri)}
by an observational distribution, Pr(D|✓) for each EoS.
The neural network is a function f to obtain an EoS from
data points, i.e. f(D|W ) 2 ⇥, where W represents the
fitting parameters. The training is actually a process to
minimize the following loss function:

h`[f ]i =
Z

d✓dDPr(✓) Pr(D|✓)`(✓, f(D)). (3)

Here, let us translate Bayesian analysis into the above
language. In Bayesian analysis a prior distribution of
the EoS is assumed to be Pr(✓). The posterior EoS dis-
tribution is obtained by Bayesian updating; Pr(✓|D) /
Pr(✓) Pr(D|✓). To determine the most likely EoS, we can
use the MAP (maximum a posteriori) estimator,

fMAP(D) = argmax
✓

[Pr(✓) Pr(D|✓)] . (4)

This can be interpreted as an approximation of f that
minimizes Eq. (3). This means that machine learning en-
compasses Bayesian analysis as a particular limit. Hence,
an advantage of machine learning over Bayesian analysis
lies in the direct design of the loss function or optimiza-
tion target, suited for problems under consideration. We
emphasize the generality of our method which can be ap-
plied, with a little e↵ort, to any underdetermined prob-
lems; an e�cient procedure to find the most likely solu-
tion optimized with insu�cient information and limited
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observation with error deviations from the genuine M -R
relation (which is shown by the dashed lines). Thus, each
set of 15 points is considered as mock data of the neutron
star observation. Since the neural network learns through
the training data that the observation contains errors, the
most likely EoS is reconstructed from one observation of
15 points with errors. The reconstructed EoSs are de-
picted by solid lines in Fig. 3. We can see that the re-
constructed EoSs agree quite well with the original EoSs
for these examples. It would also be interesting to make
a comparison of the M -R relations corresponding to the
original and reconstructed EoSs. The solid and dashed
lines in Fig. 4 represent the M -R relations calculated
with the original and reconstructed EoSs, respectively.
Since the EoSs look consistent in Fig. 3, the original and
reconstructed M -R relations are close to each other.

Mass (M�) 0.6 0.8 1.0 1.2 1.4 1.6 1.8

RMS (km) 0.16 0.12 0.10 0.099 0.11 0.11 0.12

TABLE II. Root mean square of radius deviations for fixed
masses.

For other EoSs in validation data, the corresponding
M -R curves are reconstructed well similarly to examples
discussed above. To quantify the overall reconstruction
accuracy, we calculated the root mean square (RMS) of
radius deviations using 196 validation data for several
masses as shown in Tab. II. We defined the RMS from the
deviations between not the observational data points but
the genuine and reconstructed M -R relations (i.e. dis-
tances between the solid and the dashed lines in Fig. 4),
that is, �R(M) = R(rec)(M) � R(0)(M). The RMS val-
ues in Tab. II are around ⇠ 0.1 km for all masses! This
indicates that our method works surprisingly good; re-
member that data points have random fluctuations by
�R ⇠ 0.5 km. It should be noticed that, even without
neutron stars around M = 0.6–0.8M� in our setup, the
RMS of the corresponding radii are still reconstructed
within the accuracy of the order ⇠ 0.1 km.

Finally, let us comment on the relation to Bayesian
analysis using symbolic notations. In our analysis we
parametrized the EoS by ✓ := {c2s,i}, which spans pa-
rameter space ⇥, and generated EoSs by a probability
distribution Pr(✓). Then, we sampled D = {(Mi, Ri)}
by an observational distribution, Pr(D|✓) for each EoS.
The neural network is a function f to obtain an EoS from
data points, i.e. f(D|W ) 2 ⇥, where W represents the
fitting parameters. The training is actually a process to
minimize the following loss function:

h`[f ]i =
Z

d✓dDPr(✓) Pr(D|✓)`(✓, f(D)). (3)

Here, let us translate Bayesian analysis into the above
language. In Bayesian analysis a prior distribution of
the EoS is assumed to be Pr(✓). The posterior EoS dis-
tribution is obtained by Bayesian updating; Pr(✓|D) /
Pr(✓) Pr(D|✓). To determine the most likely EoS, we can
use the MAP (maximum a posteriori) estimator,

fMAP(D) = argmax
✓

[Pr(✓) Pr(D|✓)] . (4)

This can be interpreted as an approximation of f that
minimizes Eq. (3). This means that machine learning en-
compasses Bayesian analysis as a particular limit. Hence,
an advantage of machine learning over Bayesian analysis
lies in the direct design of the loss function or optimiza-
tion target, suited for problems under consideration. We
emphasize the generality of our method which can be ap-
plied, with a little e↵ort, to any underdetermined prob-
lems; an e�cient procedure to find the most likely solu-
tion optimized with insu�cient information and limited

Overfitting is miraculously avoided!
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Fujimoto-Fukushima-Kamata-Murase (2018-2024)
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[1st-order-like EoS]
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Phase transition is manifested by a minimum 
in the speed of sound.
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[High-Temperature QCD — QGP Crossover]
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FIG. 16. Speed of sound (left) and adiabatic compressibility (right) in strangeness-neutral, isospin-symmetric matter versus
temperature. Shown are results for several values of s/nB . The limit s/nB = 1 corresponds to the case of vanishing chemical
potentials. Dashed lines at low temperatures indicate QMHRG2020 model calculations, at high temperatures they show the
non-interacting quark-gluon gas results. In the inset HRG model calculations at lower temperatures are shown. The yellow
band indicates Tpc.
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Appendix A: Constrained partial derivatives

We summarize here relations for partial derivatives of
thermodynamic observables with respect to temperature,
keeping specific external conditions (x, y, z) fixed,

For any thermodynamic function f(T, µB , µQ, µS) we

have

✓
@f

@T

◆

(x,y,z)

=

✓
@f

@T

◆

(µB ,µQ,µS)

(A1)

+

✓
@f

@µB

◆

(T,µQ,µS)

✓
@µB

@T

◆

(x,y,z)

+

✓
@f

@µQ

◆

(T,µB ,µS)

✓
@µQ

@T

◆

(x,y,z)

+

✓
@f

@µS

◆

(T,µB ,µQ)

✓
@µS

@T

◆

(x,y,z)

.

Similarly one has for two thermodynamic functions
f(T, µB , µQ, µS) and g(T, µB , µQ, µS) the relation

✓
@f

@g

◆

(x,y,z)

=
(@f/@T )

(x,y,z)

(@g/@T )
(x,y,z)

(A2)

In Eqs. A1 and A2 the derivatives of the chemical po-
tentials are taken on lines of constant x(T, µB , µQ, µS),
y(T, µB , µQ, µS) and z(T, µB , µQ, µS) in the space of ex-
ternal parameters (T, µB , µQ, µS). In the lattice QCD
context we usually work in the parameter space (T, µ̂ ⌘

µ/T ). Moreover, we conveniently work with reduced, i.e.
dimensionless, thermodynamic observables, i.e. we want
to replace e.g. ✏̂ = ✏/T 4, etc.
Changing the partial derivatives @µB to @µB/T and

introducing reduced observables is straightforward, as
these derivatives are taken at fixed T . We have for an
observable that has dimension of Tn the relation,

@f

@µB

����
T

= Tn�1
@f̂

@µ̂B

�����
T

. (A3)

Rewriting the temperature derivatives one has to be a

HotQCD Collab. 
  (2212.09043)

Minimum around 
phase transition
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Fujimoto-Fukushima-McLerran-Praszalowicz (2022)

Measure of conformality:

Non-DerivativeDerivative

Δ =
1
3

−
p
ε

c2
s =

dp
dε

= c2
s, deriv + c2

s, non−deriv

c2
s, deriv = − ε

dΔ
dε

c2
s, non−deriv =

1
3

− Δ

Dominant at high density making a peak!

Gavai-Gupta-Mukherjee (2004)
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dense NS matter in deep cores.
Here we propose the trace anomaly scaled by the en-

ergy density as a measure of conformality. The sound
velocity is expressed solely in terms of the normalized
trace anomaly, and in this sense the latter is a more in-
formative quantity than v2s . Here, we extract the trace
anomaly from the EoSs inferred from the NS data [44, 47–
49]. We discuss the conformal limits h⇥iT,µB ! 0 and
v2s ! 1/3, and clarify the di↵erence. We show that the
enhancement in the sound velocity is not in contradiction
with conformality. We then discuss the possibility that
the trace anomaly is positive definite at all densities. We
give a number of arguments for the positivity of the trace
anomaly and discuss implications for NS physics.

Trace anomaly at finite baryon density: Scale trans-
formations lead to the dilatation current j⌫D = xµTµ⌫

for which @⌫j⌫D = Tµ
µ = ⇥ [50]. For conformal theo-

ries ⇥ = 0 but in QCD both quark masses and the trace
anomaly explicitly break the scale invariance [51, 52]

⇥ =
�

2g
F a
µ⌫F

µ⌫
a + (1 + �m)

X

f

mf q̄fqf , (1)

where �/2g = �(11� 2Nf/3)↵s/8⇡+O(↵2
s) is the QCD

beta function and �m = 2↵s/⇡+O(↵2
s) is the anomalous

dimension of the quark mass.
At finite T and/or µB, the expectation value involves a

matter contribution as h⇥i = h⇥iT,µB + h⇥i0 where h⇥i0

represents the vacuum expectation value at T = µB = 0.
In this work we will focus on the matter contribution
only and yet it is customary to call h⇥iT,µB the trace
anomaly. The matter part of the trace anomaly satisfies
the following relation:

h⇥iT,µB = "� 3P . (2)

If thermal degrees of freedom are dominated by massless
particles as is the case in the high-T limit, the Stefan-
Boltzmann law is saturated and P ⇠ T 4 at high tem-
perature or P ⇠ µ4

B at high density, so that " = 3P .
Conversely, using thermodynamic relations, one can show
that h⇥iT,µB = 0 implies P / T 4 or P / µ4

B, respectively.
Thus, h⇥iT,µB is a probe for the thermodynamic contents
of matter.
The physical meaning of the trace anomaly is trans-

parent from the following relations:

h⇥iT,µB=0

T 4
= T

d⌫T
dT

,
h⇥iT=0,µB

µ4
B

= µB
d⌫µ
dµB

, (3)

where we quantify the e↵ective degrees freedom by ⌫T ⌘

P/T 4 and ⌫µ ⌘ P/µ4
B for hot matter at µB = 0 and dense

matter at T = 0, respectively. These imply that the
trace anomaly is proportional to the increasing rate of the
thermal degrees of freedom as the temperature/density
grows up.
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FIG. 1. Normalized trace anomaly read out from four inde-
pendent EoSs inferred from NS data; the blue solid line from
Ref. [44], the orange dashed line from Ref. [47], the green
dotted line from Ref. [48], and the red dot-dashed line from
Ref. [49]. We show two ab initio calculations (�EFT and
pQCD) and (a) and (b) are interpolations with 1� band by
the Gaussian process applied to di↵erent regions of NS data.

Here, we propose to use

� ⌘
h⇥iT,µB

3"
=

1

3
�

P

"
. (4)

as a measure of the trace anomaly [53]. The thermo-
dynamic stability and the causality require P > 0 and
P  ", respectively. Therefore �2/3  � < 1/3. In the
scale-invariant limit � ! 0.
We can decompose the sound velocity as

v2s =
dP

d"
= v2s, deriv + v2s, non-deriv , (5)

where the derivative and the non-derivative terms are
determined by �:

v2s, deriv ⌘ �
d�

d⌘
, v2s, non-deriv ⌘

1

3
�� . (6)

Here, ⌘ ⌘ ln("/"0) and "0 is the energy density at nu-
clear saturation density. We choose "0 = 150MeV/fm3

throughout this work. From these expressions it is evi-
dent that the restoration of conformality renders � ! 0
and d�/d⌘ ! 0, so that v2s ' v2s, non-deriv ! 1/3 in the
conformal limit at asymptotically high density.

Trace anomaly from the NS observations: In Fig. 1,
we show � extracted from various P (") constrained by
NS observables [44, 47–49]. The error band represents the
1� credible interval corresponding to the error in P (").
Since " is treated as an explanatory variable, the relative
error in �(") is assumed to be the same as that in P (").
For all these data � ⇠ 0 within the error at relatively

low energy density. Note that the red dash-dotted curve
in Fig. 1 follows from the analysis including pQCD as
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Brandes-Fukushima-Iida-Yu (2024)

Newer analysis suggests that 
the trace anomaly goes negative!
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Derivative contribution makes a peak structure!

2

FIG. 1. (Left) Normalized trace anomaly, I, as a function of dimensionless ⌘ for matter at finite temperature and zero density.
(Right) Sound velocity squared, c2s, as a function of ⌘ (thick solid line). The dotted and the dashed lines represent the non-

derivative (c2(0)s ) and the derivative (c2(1)s ) contributions to c2s.

FIG. 2. (Left) Normalized trace anomaly, I, as a function of dimensionless ⌘ for matter at finite density and zero temperature.
(Right) Sound velocity squared, c2s, as a function of ⌘ (thick solid line). The dotted and the dashed lines represent the non-

derivative (c2(0)s ) and the derivative (c2(1)s ) contributions to c2s.

For the moment let us discard the perturbative tail and work with � = 0.

The plots can be made in the same way as the finite temperature case, which look very di↵erent from Fig. 1. As

a function of dimensionless ⌘, the trace anomaly exhibits transitional change as in the left panel of Fig. 2 and the

sound velocity is dominated by the nonderivative contribution as shown in the right panel of Fig. 2.

−
Δ
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FIG. 1. (Left) Normalized trace anomaly, I, as a function of dimensionless ⌘ for matter at finite temperature and zero density.
(Right) Sound velocity squared, c2s, as a function of ⌘ (thick solid line). The dotted and the dashed lines represent the non-

derivative (c2(0)s ) and the derivative (c2(1)s ) contributions to c2s.

FIG. 2. (Left) Normalized trace anomaly, I, as a function of dimensionless ⌘ for matter at finite density and zero temperature.
(Right) Sound velocity squared, c2s, as a function of ⌘ (thick solid line). The dotted and the dashed lines represent the non-

derivative (c2(0)s ) and the derivative (c2(1)s ) contributions to c2s.

For the moment let us discard the perturbative tail and work with � = 0.

The plots can be made in the same way as the finite temperature case, which look very di↵erent from Fig. 1. As

a function of dimensionless ⌘, the trace anomaly exhibits transitional change as in the left panel of Fig. 2 and the

sound velocity is dominated by the nonderivative contribution as shown in the right panel of Fig. 2.
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Interesting question…   ???Δ < 0

Δ ∝ ε − 3p

∝
d

dμ ( p
μ4 )

Thermodynamic 
degrees of freedomNegative trace anomaly implies 

the presence of “condensates”!?
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Lesson from high-isospin matter

12

FIG. 13. The polytropic index, �, as a function of the isospin
chemical potential on the A(B) ensemble is shown as the
blue(red) region. The expectations in perturbative QCD (or-
ange hatched region), chiral perturbation theory (blue dashed
curve) and the Stefan-Boltzmann limit (orange dotted line)
are shown for comparison. In addition, the bound at � = 1.75
below which the medium is expected to correspond to quark
degrees of freedom [54] is indicated as the green horizontal
line.
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FIG. 14. The normalized trace anomaly, �, as a function
of the isospin chemical potential on the A(B) ensemble is
shown as the blue(red) region. This quantity is bounded as
�2/3 < � < 1/3 by causality. The expectations in perturba-
tive QCD (orange hatched region), chiral perturbation theory
(blue dashed curve) and the Stefan-Boltzmann limit (orange
dotted line) are shown for comparison.

ously achieved. Exploring such high-density and high-
energy correlation functions presents its own suite of chal-
lenges owing to the range of numerical scales spanned
by the correlation functions. Even on the same times-
lice, correlation functions can vary by many orders of
magnitude across configurations, leading to an e↵ective
breakdown of the applicability of the Central Limit The-
orem. The analysis presented here overcomes this by
making the empirically-driven assumption that the dis-

tributions of correlation functions across gauge configu-
rations are log-normal, which allows the incorporation of
more information about the LQCD data than just the
sample mean and variance of the correlation functions.
With this assumption, it becomes possible to extract en-
ergies and chemical potentials from the LQCD correla-
tion functions, which smoothly interpolate between the-
oretical predictions from chiral perturbation theory and
perturbative QCD for low- and high-isospin density sys-
tems, respectively. The speed of sound computed in this
medium exceeds the ideal gas limit over a large range
of µI , reaching a maximum of c2s ⇠ 0.6 at µI/m⇡ ⇠ 2.
This result is in agreement with the results of Ref. [10]
but extends over a larger range of chemical potential,
lower temperatures, and to a finer discretization scale.
The isospin chemical potential is implemented through
the grand canonical partition function in Ref. [10] and
therefore the systematic uncertainties in that calculation
are very di↵erent from those in this work, making the
broad agreement seen more significant. The speed of
sound and other properties of the medium indicate that
the asymptotic agreement with perturbative QCD ex-
pectations requires large values of the isospin chemical
potential, µI & 2 GeV.
In this exploratory study, calculations have been per-

formed at only a single set of quark masses and lattice
spacing. The results show qualitative agreement with
expectations, but understanding this system at a more
precise level will require the use of additional ensembles
with multiple lattice spacings, quark masses, and with
other spatial and temporal extents in order to properly
quantify the e↵ects of these parameters on the calcula-
tion. Lattice cuto↵ e↵ects are of particular concern since
the maximum chemical potential reached in the calcula-
tions presented here comes close to the lattice cuto↵ scale
used in this work.
Beyond systems of many pions, the methods devel-

oped here could also be used in applications to other
systems of mesons, including systems of kaons and/or
pions, and systems with non-zero momentum. The con-
cepts of symmetry and representation theory explored
here to construct the algorithm for many-pion contrac-
tions can potentially be applied more broadly to bary-
onic systems. In addition, the success of log-normality
in enabling analysis of many-pion systems points to the
general observation that there is more information in the
distributions of correlation functions than just their cen-
tral values [21–31, 56, 57], and using this information can
allow the extraction of physical results even when the dis-
tributions of correlation functions are far from the regime
of applicability of the Central Limit Theorem.
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FIG. 11. The ratio of the energy density of the many-pion
systems to the Stefan-Boltzmann prediction, Eq. (31), for the
A and B lattice ensembles. The blue (A) and red (B) shaded
regions represent interpolations of the LQCD results and their
uncertainties as discussed in Appendix C. Also shown are ex-
pectations from chiral perturbation theory (blue dashed line)
and perturbative QCD at next-to-leading order (NLO) [43]
(orange hatched region). The uncertainties on the perturba-
tive QCD result are obtained by varying the renormalization
scale ⇤ between µI/4 and µI .

The speed of sound is shown as a function of the isospin
chemical potential in units of the pion mass in Fig. 12
where it is seen to exceed the ideal gas limit. As for
the energy density, close agreement is seen between the
results from the two lattice ensembles. A similar result
has been found in Ref. [10]; however a larger range of
µI/m⇡ is accessible in the current work. In particular,
c
2
s exceeds 1/3 for 1.5 . µI/m⇡ . 14, rising to a maxi-
mum of c2s,max ⇠ 0.6 at µI ⇠ 2m⇡ before decreasing back
to the ideal-gas limit for large µI . A maximum speed
of sound above the ideal-gas limit at intermediate values
of chemical potential is also seen in two-color QCD [50]
and quarkyonic models [51], but is in contradiction to
the predictions of leading-order chiral perturbation the-
ory in which cs rises monotonically to 1. This behavior
is indicative of additional degrees of freedom other than
in-vacuum pions becoming excited in the medium. From
the numerical results herein, it remains an open ques-
tion as to whether the speed of sound approaches the
free gas limit from below (as expected from perturbation
theory [43]) or from above (as expected from resummed
perturbation theory [52] or from the inclusion of power
corrections [53]).

Two additional quantities that provide information
about the nature of high-isospin-density matter are the
polytropic index [54] and the trace anomaly [55] defined
by

� =
✏

p
c
2
s, (33)

� =
1

3
�

p

✏
, (34)
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FIG. 12. The squared speed of sound computed as in Eq. (32)
as a function of the isospin chemical potential on ensemble A
(blue) and ensemble B (red). The expectations in perturba-
tive QCD (orange hatched region), chiral perturbation theory
(blue dashed curve) and the Stefan-Boltzmann limit (orange
dotted line) are shown for comparison.

respectively. The behavior of these two quantities is
shown in Figs. 13 and 14 and compared to the expec-
tations of a free gas, �PT and pQCD in each case. As
for cs, the behaviour of � and � is similar to that seen in
Ref. [10], but the current work extends the range of chem-
ical potential significantly which reveals additional inter-
esting features. In Ref. [54], it is suggested that the point
at which the polytropic index decreases below 1.75 is a
sign of quark degrees of freedom at large baryon chemical
potential, i.e., the BCS state. In the case of isospin chem-
ical potential, � decreases to this value at µI ⇠ 1.5m⇡,
corresponding approximately to the position of the peak
seen in the normalized energy density (Fig. 11). The
trace anomaly is clearly seen to be negative at interme-
diate µI in Fig. 14, as is suggested to be consistent with
neutron star observations in Ref. [55]. As for the quanti-
ties above, the results from the two lattice ensembles are
in agreement for both the trace anomaly and the poly-
tropic index. A robust conclusion from the study of these
transport quantities is that large isospin chemical poten-
tial is needed before the expected asymptotic behavior
sets in. At least for the case of isospin chemical poten-
tial, the use of pQCD to describe the behavior seen in
the LQCD calculations requires µI & 10m⇡ ⇠ 2 GeV at
a minimum.

VI. SUMMARY AND OUTLOOK

In this work, a new, more e�cient method of com-
puting maximal-isospin, multi-pion correlation functions
is presented. Using this method, we have calculated
all n-⇡+ correlation functions for n  6144, extending
such calculations of many-pion systems into regions of
larger isospin chemical potential than have been previ-

[Speed of sound peak] [Negative trace anomaly]

pχPT =
f 2
π μ2

I

2 (1 −
m2

π

μ2
I

)
2

No loops, just condensates
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Brandes-Fukushima-Iida-Yu (2024)
Assume a general Ginzburg-Landau potential 
for “some” bosonic condensates to fit the 
NS trace anomaly behavior: 50 - 300 MeV

cf. Kurkela-Rajagopal-Steinhorst (2024)

 
for 
Δpair < 457 MeV (216 MeV)

μB = 2.6 GeV

Maybe 2SC vs. CFL?? 
Different condensates??1.00 1.25 1.50 1.75 2.00

µB [GeV]

°0.2

0.0

0.2

0.4

¢
(N

S
)



August 21, 2024 @ Fudan U.

PT and GW

80

Gravitational waves from the binary NS merger
GW170817  (2017 August 17)

EOS. This means that the posterior is indicating more
support for softer EOS than the prior. The solid vertical
lines denote the nuclear saturation density and two
more rest-mass density values that are known to approx-
imately correlate with bulk macroscopic properties
of NSs [19]. The pressure at twice (six times) the nuclear
saturation density is measured to be 3.5þ2.7

−1.7 × 1034

ð9.0þ7.9
−2.6 × 1035Þ dyn=cm2 at the 90% level.

The pressure posterior appears to show minor signs of a
bend above a density of ∼5ρnuc. Evidence of such behavior
at high densities would be an indication of extra degrees of
freedom, though this is not an outcome of the GW data
alone. Indeed in the top (right) panel, the vertical (hori-
zontal) lines denote the 90% confidence intervals for the
central densities (pressures) of the two stars, suggesting that
our data are not informative for densities (pressures) above
those intervals. The bend is an outcome of two competing
effects: the GW data point toward a lower pressure, while
the requirement that the EOS supports masses above
1.97 M⊙ demands a high pressure at large densities. The
result is a precise pressure estimate at around 5ρnuc and a
broadening above that, giving the impression of a bend in

the pressure. We have verified that the bend is absent if we
remove the maximum mass constraint from our analysis.
Finally we place constraints in the 2-dimensional param-

eter space of the NS mass and areal radius for each binary
component. This posterior is shown in Fig. 3. The left panel
is obtained by first using the ΛaðΛs; qÞ relation to obtain
tidal deformability samples assuming a common EOS and
then using the Λ-C relation to compute the NS radii. The
right panel is computed by integrating the TOVequation to
compute the radius for each sample in the spectral EOS
parametrization after imposing a maximum mass of at least
1.97 M⊙. At the 90% level, the radii of the two NSs are
R1 ¼ 10.8þ2.0

−1.7 km and R2 ¼ 10.7þ2.1
−1.5 km from the left

panel and R1 ¼ 11.9þ1.4
−1.4 km and R2 ¼ 11.9þ1.4

−1.4 km from
the right panel. The one-sided 90% lower [upper] limit on
m2ðm1Þ is ð1.15; 1.36Þ M⊙½ð1.36; 1.62Þ M⊙& from the left
panel and ð1.18; 1.36Þ M⊙½ð1.36; 1.58Þ M⊙& from the right
panel, consistent with the results of Ref. [52]. We note
that the Λ-C relation has not been established to values
of Λ less than 20 [104]. In order to check the validity of our
EoS-insensitive results in this regime, we first verify that
the parametrized-EoS results without a maximum mass
constraint satisfy the Λ-C relation to the required accuracy,
even for Λ1 < 20. Furthermore, we find that our radius and
mass estimates are unaffected if we discard all Λ1 < 10
samples.
The difference between the two radius estimates is

mainly due to different physical information included in
each analysis. The EOS-insensitive-relation analysis (left
panel) is based on GW data alone, while the parametrized-
EOS analysis (right panel) imposes an additional observa-
tional constraint, namely that the EOS must support NSs of
at least 1.97 M⊙. This has a large effect on the radii priors
as shown in the 1-dimensional plots of Fig. 3, since small
radii are typically predicted by soft EOSs, which cannot
support large NS masses. In the case of EOS-insensitive
relations (left panel), the prior allows for smaller values of
the radius than in the parametrized-EOS case (right panel),
something that is reflected in the posteriors since the GW
data alone cannot rule out radii below ∼10 km. Therefore
the lower radius limit in the EOS-insensitive-relations
analysis is determined by the GW measurement, while
in the case of the parametrized-EOS analysis it is deter-
mined by the mass of the heaviest observed pulsar and its
implications for NS radii [65]. Additionally, we verified
that the parametrized-EOS analysis without the maximum
mass constraint leads to similar results to the EOS-insen-
sitive-relations analysis.
To quantify the improvement from assuming that both

NSs obey the same EOS, we apply the Λ-C relation to
tidal deformability samples calculated without assuming
the ΛaðΛs; qÞ relation (the orange posterior of Fig. 1) and
obtain R1 ¼ 11.8þ2.7

−3.3 km and R2 ¼ 10.8þ2.9
−3.0 km at the 90%

level. This suggests that imposing a common EOS for the
two binary components leads to a reduction of the 90%

FIG. 2. Marginalized posterior (green bands) and prior (purple
dashed) for the pressure p as a function of the rest-mass density ρ
of the NS interior using the spectral EOS parametrization and
imposing a lower limit on the maximum NS mass supported by
the EOS of 1.97 M⊙. The dark (light) shaded region corresponds
to the 50% (90%) posterior credible level and the purple dashed
lines show the 90% prior credible interval. Vertical lines
correspond to once, twice, and six times the nuclear saturation
density. Overplotted in gray are representative EOS models
[121,122,124], using data taken from [19]; from top to bottom
at 2ρnuc we show H4, APR4, and WFF1. The corner plots show
cumulative posteriors of central densities ρc (top) and central
pressures pc (right) for the two NSs (blue and orange), as well as
for the heaviest NS that the EOS supports (black). The 90%
credible intervals for ρc and pc are denoted by vertical and
horizontal lines respectively for the heavier (blue dashed) and
lighter (orange dot-dashed) NS.

PHYSICAL REVIEW LETTERS 121, 161101 (2018)

161101-5

LIGO/Virgo (2018)

Softer than H4? 
WFF1 okay? 
APR4 preferred?

Favors soft EOS 
at low density 
(high density regions 
really constrained?)
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Very Soft!

Very Soft!

Stiffening!
Necessary and 
likely behavior 
but how to 
explain it from 
nuclear physics? 
A big challenge…
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1st-order phase transition is NOT excluded…

Figure 16. (Left) 100 output EoSs predicted from each bagging predictor with a first-order tran-
sition highlighted by the orange thick lines. (Right) Histogram of the first-order phase transitions
in each energy density region of piecewise polytropes.

a weak first-order phase transition with finer bin and its implication on the uncertainty
quantification.

To this end we prepared N = 100 NNs in the bagging outlined in Sec. 4.3. We note
that each NN is trained so as to predict an EoS in response to the real observational data.
Here we use the M -R data of qLMXBs and thermonuclear bursters without the NICER
data. In the left panel of Fig. 16 we show 100 EoSs predicted from 100 independent NNs.
There are 44 EoSs out of 100 that have a first-order phase transition. We highlight the
region of first-order phase transition with orange thick lines in Fig. 16. We remind that the
activation function in the output layer is chosen to be tanh which takes a value over [�1, 1],
and for c2s < � = 0.01 we adjust it to c2s = � and identify a first-order phase transition then.
From this plot we can understand why we increased the number of segments. If we use the
EoS parametrization with 5 segments, weak first-order phase transitions are too strongly
prohibited by coarse discretization.

We also make a histogram in the right panel of Fig. 16 to show a breakdown of the EoS
regions with a first-order phase transition. This histogram counts the number of first-order
transition EoSs in each energy density region. It is interesting to see that the most of the
first-order phase transition is centered around the energy region [202, 272]MeV. On the one
hand, in the lower energy region [150, 202]MeV the first-order phase transition is less likely,
and this tendency is consistent with the fact that a stronger first-order phase transition
in a lower energy region is more disfavored by the two-solar-mass pulsar constraint [97].
In the higher energy region, on the other hand, there are also less EoSs with a first-order
phase transition. One may think that a first-order phase transition would be more allowed
in the higher energy region, but it is not the case in the NN analysis. In Sec. 3.4 we already
discussed that the NN model tends to predict the most conservative value around c2s ⇠ 0.5

in the high energy density regions where the constraints are inadequate. Therefore, the
correct interpretation of the absence of the first-order transition in the high density regions
as shown in Fig. 16 should be, not that our results exclude a first-order transition there,
but merely that the observational data analyzed in our NN method does not favor a first-
order transition there. Another artificial factor in the high energy density region is that

– 28 –

ML inferred EoSs: Fujimoto-Fukushima-Murase (2021)
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Can we see the phase transition with the GW signal?
Most-Papenfort-Dexheimer-Hanauske-Schramm-Stocker-Rezzolla (2018)

CMFQ : EOS with a strong-1st PT to Quark Matter (3~4 times ) 
CMFH : EOS without quarks
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FIG. 4. Properties of the GW emission for the low- (left panels) and high-mass binaries (right panels). The top panels report the strain h22

+ for
the two EOSs, together with the instantaneous GW frequency fGW (semitransparent lines); the bottom panels show the phase difference ��
between the two signals. The inset in the top-right panel highlights the differences in the ringdown.

As can be seen from the last marker of the density evolu-
tion in Fig. 3, the HMNS core undergoes a complete PT to
quarks and the whole HMNS collapses immediately after the
PT. Note that the region of highest temperature is initially at
densities smaller than ⇠ nsat, but the temperature is suffi-
ciently high for quarks to appear in small amounts. After the
HMNS core crosses the PT boundary, the maximum temper-
ature rises steeply and thus the fluid elements with maximum
density and temperature coincide.

We complete our discussion of the PT by considering its
signatures on the GW emission by means of the strain, fre-
quency and phase difference, which are reported in Fig. 4 for
the low- and high-mass binary. Note that because the den-
sities and temperatures during the inspiral are too small to
cause the formation of quarks, the GW signal is identical for
the two EOSs and for both masses. This is radically differ-
ent from what happens when comparing merger simulations
using EOSs with and without hyperons, as these show differ-
ences in the GW signal already during the inspiral [9, 10], due
to the softening caused by the presence of hyperons. For such
EOSs, a dephasing is thus always present, both during the in-
spiral and after the merger, since there are always portions of
the stars with intrinsically different EOSs. In our case, in-
stead, it is only after the merger that differences arise due to
the presence of quarks.

For the low-mass binary, and after ⇠ 5 ms from the merger,
the GWs from the remnants start to show a linear dephasing
that reaches about three radians by the time the binary with the
CMFQ EOS collapses to a black hole (bottom-left panel). The
start of the phase difference, which is essentially zero even af-
ter the merger, coincides with the formation of the two hot
spots and, thus, with the appearance of quarks. In fact, al-
though Yquark is very small at those times, it is sufficient to
produce changes in the pressure of ⇠ 5%, that are responsi-
ble for the changes in the GW emission, both in amplitude
and in frequency (top-left panel), thus producing a mismatch

between two post-merger spectra [42–47]. These changes in
pressure also lead to a small damping of the GW amplitude
prior to collapse, which is triggered by the first-order PT for
the CMFQ EOS. Hence, the lifetime of the HMNS is shorter
than in the purely hadronic case.

In many respects, the left panels of Fig. 4 are a representa-
tive example of the signatures of a PT in a binary merger. In
an idealized scenario where the GW signal from the inspiral
is measured with great precision and can be associated with
confidence to a purely hadronic EOS (the inspiral can only
probe comparatively low-density regions of the EOS), the
unexpected dephasing of the template-matched post-merger
signal [48, 49], together with the anticipated collapse of the
HMNS, would provide evidence that a PT at several times
nsat, possibly of the type described here, has taken place in
its core. Of course, a single detection could still be accomo-
dated via a tweaking of the EOS in the high-density part of
a hadronic EOS. However, the “tweaking” would be increas-
ingly hard with multiple detections as it cannot describe the
complex nonlinear occurrence of the PT.

The right panels of Fig. 4 report the properties of the GW
signal for the high-mass binaries, both of which collapse very
rapidly for EOSs with and without quarks. The differences in
this case are harder to detect since the dephasing starts only
after ⇠ 5 ms, but is very quickly suppressed by the collaps-
ing signal. The latter, however, is different, as shown in the
small inset in the top-right panel of Fig. 4, where the two
ringdown signals are suitably aligned. These differences are
caused by distinct free-fall times of the cores of the HMNSs,
which are shorter in the case of the ultra-softened EOS with
quarks. Although these differences are not large (the relative
difference in the ringdown-frequency is . 25%, yielding an
overlap of only O = 0.92 [50, 51]) they are large enough
to be distinguishable if detected by third-generation GW de-
tectors [52, 53]. As a final remark, we point out that all of
the dynamics reported above is found also when simulating

Quark matter shortens the 
lifetime of post-merger 
supramassive/hypermassive 
     ( uniform / differential ) 
neutron star.

What if the transition is only a smooth crossover?
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Fujimoto-Fukushima-Kyutoku-Hotokezaka (2022-2024)
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Fujimoto-Fukushima-Kyutoku-Hotokezaka (2022-2024)

CO

PT
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Fujimoto-Fukushima-Kyutoku-Hotokezaka (2022-2024)
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Fujimoto-Fukushima-Kyutoku-Hotokezaka (2022-2024)

Discriminable Window

14

FIG. 9. Evolution of the maximum rest-mass density of the system for various models in the CO scenario. The left panel
shows the results for the equal-mass models with di↵erent values of m0. The right panel shows the results for the models with
m0 = 2.75M� with di↵erent values of q. The dotted line indicates the maximum mass of a spherical neutron star for the CO
scenario, that is ⇡ 1.5⇥ 1015 g cm�3.
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FIG. 10. Lifetime of the remnant, tlife, as a function of the total mass of the system, m0, for equal-mass (q = 1) models
(left) and tlife as a function of the mass ratio, q, for m0 = 2.75M� models (right). The large-purple and small-green symbols
represent the results for the CO and PT scenarios, respectively. Results for high (⇡ 190m) and low (⇡ 280m) resolutions are
shown by circles and squares, respectively, for the check of numerical uncertainties.

E. Remnant disk and ejected material

Electromagnetic counterparts to compact binary merg-
ers also provide us with valuable information about the
merger dynamics and the underlying EoS properties. Al-
though the detailed prediction of electromagnetic signals
is out of our current scope, the masses of the remnant
disk and the ejected material serve as a basis for fu-
ture considerations. In particular, because the kilonova
AT 2017gfo, that followed GW170817, is likely to require
massive ejecta of ⇡ 0.05M� [100, 101], the realistic EoS
must leave this amount of material in any form outside
the black hole at the very least. In reality, substantially
larger masses will be required, because the ejection e�-
ciency from the remnant disk is likely to be O(10%) (see,

e.g., Refs. [102–104]).

In this study, we estimate the amount of unbound ma-
terial based on the Bernoulli criterion. That is, the mate-
rial outside the apparent horizon is regarded as unbound
if�hut > 1, and vice versa, where ut is the covariant time
component of the four velocity. It should be cautioned
that this criterion could overestimate the amount of mass
ejection, because the internal energy is not necessarily
converted to the kinetic energy before the fallback. On
another front, the geodesic criterion based on �ut rather
than �hut inevitably underestimates the unbound mass
(see Refs. [105, 106] for further discussions). Precise eval-
uation requires longterm simulations incorporating the r -
process heating [107–109]. Fortunately, this uncertainty
does not a↵ect our discussion about AT 2017gfo, because

We are very LUCKY! 
GW170817: m0 = 2.75M⊙
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FIG. 6. Gravitational waveform (left) and spectrum (right) for the model 1.4–1.35. The purple and green curves show the results
for the CO and PT scenarios, respectively. The spectrum is presented for a hypothetical distance of 100Mpc and compared
with the design sensitivity of Advanced LIGO (ALIGO) and Einstein Telescope (ET-D) [89]. Wiggles on the spectrum for the
CO scenario is caused by the minor amplitude peak at the moment of black-hole formation.

FIG. 7. Same as the left panel of Fig. 6 but for the models 1.25–1.25 (top left), 1.4–1.4 (top right), 1.55–1.55 (left bottom),
and 1.7–1.7 (right bottom).

Post-merger stage is very challenging to see: 3

have similarly. Figure 1 displays the evolution of the
maximum rest-mass density as function of time for 1.35-
1.35 M� simulations with the DD2F-SF-1 (green) and
the purely hadronic counterpart DD2F (black). The dot-
ted horizontal green lines indicate the onset density ⇢onset
of the phase transition at T = 0 and 20 MeV for beta-
equilibrium. During the inspiral phase the central density
of the stars is below the transition density and the two
systems evolve identically. The two stars merge at about
7 ms and form a single central object associated with a
steep increase of the maximum rest-mass density. For the
quark matter EOS the density rises above the threshold
for the hadron-quark phase transition, reaching the pure
quark matter phase. A quark core forms in the center
of the merger remnant. The mass enclosed inside the
quark matter core comprises about 20–30% of the to-
tal mass. The maximum density in the calculation with
the purely hadronic EOS always remains below that of
DD2F-SF-1. The stronger density increase in the model
with quark matter is a direct consequence of the density
jump across the phase transition and the sti↵ening only
at higher densities.
GW spectrum: The di↵erent evolution of the mergers

with and without phase transition to quark matter is re-
flected in the GW signal. Figure 2 shows the GW spectra
of the cross polarization at a distance of 20 Mpc along the
polar axis comparing the DD2F-SF-1 EOS (green) and
the DD2F EOS (black). During the pre-merger phase
the GW signals reach a maximum frequency of about
1.7 kHz, and the GW spectra are similar below this fre-
quency. The high-frequency content of the spectra is
shaped by the postmerger stage and significant di↵er-
ences between the two simulations are apparent. In par-
ticular, the frequency fpeak of the dominant oscillation
of the postmerger phase is clearly di↵erent. This peak
is a robust and generic feature that occurs in all sim-
ulations which do not directly form a black hole after
merging [32, 98–102].

The frequency of the main peak depends sensitively on
the EOS [98–100, 103]. It has been found [31, 32] that
fpeak scales tightly with radii R of nonrotating cold NSs
for di↵erent fixed binary masses (cf. Figs. 9–12 and 22–
24 in [32]). In turn, these relations fpeak(R) o↵er the
possibility to determine NS radii from a measurement of
the dominant postmerger GW frequency [44–48].

Moreover, during the inspiral phase of NS mergers
finite-size e↵ects are measurable and encoded in the tidal
deformability ⇤ = 2

3k2
�
R
M

�5
with the tidal Love number

k2 [21, 23]. Considering the strong dependence of ⇤ on
NS radii, it is clear that fpeak also correlates with the
tidal deformability of NSs (see Fig. 3 and [104, 105] for
plots with the tidal coupling constant including di↵erent
total binary masses). It is conceivable that ⇤ will be
measured with significantly better precision in future ob-
servations compared to GW170817, which resulted in a
measurement uncertainty on ⇤ of a 1.4 M� NS of about
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FIG. 2: GW spectrum of the cross polarization at a distance
of 20 Mpc along the polar axis comparing the DD2F-SF-1
EOS (green curve) and the DD2F EOS (black curve).

510 at the 90% level [6, 40, 41]. For instance, an event
similar to GW170817 would reduce this error by a factor
of about 3 once the detectors reach their design sensitiv-
ity [22, 24–30]. Similarly, it is expected that the dom-
inant postmerger frequency will be measured to within
a few 10 Hz in future nearby events with the projected
improvements for the current generation of detectors [44–
49].
Observational signature of phase transitions: In Fig. 3

we show the dominant postmerger frequency fpeak as
function of the tidal deformability ⇤1.35 = ⇤(1.35 M�)
for the 1.35-1.35 M� mergers for all EOSs of this study.
As anticipated, fpeak scales tightly with the tidal de-
formability for all EOS models (black symbols). There
is only one exception: the DD2F-SF EOSs lead to signif-
icantly higher peak frequencies of 3.3 kHz to 3.7 kHz
(green symbols). The purely hadronic counterpart of
these EOS models without phase transition yields a peak
frequency of only 3.098 kHz, while the tidal deformability
parameters are identical for both types of EOSs.

Excluding the hybrid models DD2F-SF, ALF2 and
ALF4 we obtain a least square fit

fpeak = (6.486 ⇥ 10�7 ⇤2 � 2.231 ⇥ 10�3 ⇤ + 4.1) kHz ,
(1)

for all purely hadronic EOSs (solid curve in Fig. 3). The
maximum deviation between data (black symbols) and
the fit Eq. (1) is 113 Hz (grey band in Fig. 3), with an
average scatter of 44 Hz [123]. In comparison, for the
DD2F-SF-1 model the peak frequency is 448 Hz above
the value which is expected from the fpeak(⇤) fit for the
given tidal deformability of this EOS.

A deviation of nearly 0.5 kHz is significant also if we
assume a measurement accuracy of the tidal deforma-
bility of 100–200 and of several tens of Hz for the peak

↓ Our crossover case… no difference?

↑ Strong 1st-order 
PT scenario 
Bausewein+ (2018)
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Kilonova brightness: 
ejected mass > 0.05M⊙

 天文月報　2021年 1月18

いう観測ネットワークを組織し，2015年に初めて
重力波が観測されて以来，継続的に重力波天体の
電磁波対応天体の観測を行ってきた [17‒21]．日
本時間2017年8月17日の夜にGW170817の検出
の速報を受け，8月18日の未明にはLIGO（2台）
とVirgoの計3台の干渉計のデータから重力波の
到来方向が30平方度程度と精度良く定まった．
対応天体を発見するには格好のターゲットである
（30平方度というと可視光・赤外線天文学では広
大な領域だが，重力波天体の追観測をしていると
1,000平方度を超えるイベントを見慣れているため，
既に感覚が麻痺してきている）．幸運にもすばる
望遠鏡に超広視野カメラHyper Suprime-Cam
（HSC）が搭載されており，30平方度であれば大
半の領域をカバーできそうである．そうこう考え
ているうちに，J-GEMのメンバーで，すばる望
遠鏡HSCの開発者の一人である内海洋輔氏が驚
くほどのスピードで実際の観測領域を決定してく
れた．
日本時間8月18日の朝，ハワイで日が沈むのを

待ちながら観測の準備を始めた矢先，チリの望遠
鏡による可視光観測によって，40 Mpcの距離に
ある銀河NGC 4993に今まで存在しなかった天体
が発見されたという情報が飛び込んできた．この
時ハワイではまだ15時頃である．これほど地球
の自転の遅さを恨んだ日は人生で後にも先にもな
い．しかし，この時点ではその天体が対応天体か
は分からないため，すばる望遠鏡ではその広視野
サーベイ能力を生かして，なるべく広い領域を観
測することにした．日没後，まずはNGC 4993が
視野に入る領域を観測し，確かに新しい天体が現
れていることが確認できた（図2, [22]）．今思え
ば，これが重力波天体が画像におさめられたのを
初めて見た瞬間だったが，この天体が対応天体か
は定かではなかったこともあり，観測に立ち会っ
たメンバーも 「確かにいるね」 という反応で，大
きな感動はなかったと記憶している．そのまま
HSCでは内海氏のプランに従って重力波到来方

向のサーベイ観測に移った．
その後も J-GEMではNGC 4993に現れた天体

（AT 2017gfo） の追観測を続け，HSCによる観測で
は可視光の明るさが急激に暗くなっていったこと，
南アフリカに設置された名古屋大学 IRSF望遠鏡
での観測では赤外線で10日間にかけて長く輝いた
ことが確認された （図3, [23]）．次章で紹介する通

図2 GW170817の電磁波対応天体．左が Pan- 
STARRS1望遠鏡による合体前の画像で，右が
すばる望遠鏡HSCで8月18日に得られた画像
[22]．対応天体の場所を線で表している．右下
の明るい領域がNGC 4993．画像の大きさはお
よそ1分角．

図3 GW170817の対応天体の光度曲線．横軸は合
体からの日数を表し，縦軸は観測等級（左）と
距離を加味して変換した絶対等級（右）を表
す．大きい点は J-GEMによって得られたデー
タ [23] で， 小さい点は他のグループによって
得られたデータ[24]．線はキロノバの中性子過
剰度が中間の場合（図4）の数値計算結果 [6]．

◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆欧文研究報告論文賞

AT 2017 gfo

Illustration from Korobkin+ (2021)

Brightness and 
“color” depend on 
the EOS and the 
total mass.
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FIG. 11. Mass of the remnant disk, Mdisk, as a function of the total mass of the system, m0, for equal-mass models (left) and
as a function of the mass ratio, q, for m0 = 2.75M� models (right). The large purple and small green symbols represent the
results for the crossover and phase-transiton scenarios, respectively. Results for high (⇡ 190m) and low (⇡ 280m) resolutions
are shown with circles and squares, respectively, to give an idea of numerical uncertainties.

FIG. 12. Mass of the ejected material, Mej, as a function of the total mass of the system, m0, for equal-mass models (left) and
as a function of the mass ratio, q, for m0 = 2.75M� models (right). The large purple and small green symbols represent the
results for the crossover and phase-transiton scenarios, respectively. Results for high (⇡ 190m) and low (⇡ 280m) resolutions
are shown with circles and squares, respectively, to give an idea of numerical uncertainties.

spin parameter � of the remnant black hole in Table II. In
this study, the spin of the black hole is estimated from the
ratio of the polar to equatorial circumferential radii [117].
Previous numerical experiments suggest that this approx-
imate method is su�cient to characterize the spin magni-
tude and capture overall dependence on binary parame-
ters (see, e.g., Ref. [118]). While measurements based on
the isolated or dynamical horizon may be sophisticated
alternatives [119–121], any method has limitations to its
legitimacy in dynamical spacetimes with mass accretion.

The black hole formed via prompt collapse, which oc-
curs only for equal-mass models in our study, spins as

rapidly as � ⇡ 0.8. This value is largely consistent with
those found in previous studies [91, 92] and significantly
larger than 0.686 found for equal-mass binary black holes
[122]. This is because the finite size of neutron stars ter-
minates the inspiral phase of binary neutron stars ear-
lier than that of binary black holes and accordingly the
angular momentum emission prior to merger is less e�-
cient. Among the cases of prompt collapse, more massive
systems lead to slightly smaller values of �. This is rea-
sonably understood to reflect the high compactness of a
massive neutron star. Binaries with more massive (and
more compact) neutron stars are closer to binary black

Electromagnetic Counterpart

90

Consistency with the kilonova tells us a lot!

q = 1

m0 = 2.75M⊙

This situation (1.375+1.375) 
is already ruled out.

Asymmetric mass system 
can still be consistent.
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FIG. 9. Evolution of the maximum rest-mass density of the system for various models in the CO scenario. The left panel
shows the results for the equal-mass models with di↵erent values of m0. The right panel shows the results for the models with
m0 = 2.75M� with di↵erent values of q. The dotted line indicates the maximum mass of a spherical neutron star for the CO
scenario, that is ⇡ 1.5⇥ 1015 g cm�3.
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FIG. 10. Lifetime of the remnant, tlife, as a function of the total mass of the system, m0, for equal-mass (q = 1) models
(left) and tlife as a function of the mass ratio, q, for m0 = 2.75M� models (right). The large-purple and small-green symbols
represent the results for the CO and PT scenarios, respectively. Results for high (⇡ 190m) and low (⇡ 280m) resolutions are
shown by circles and squares, respectively, for the check of numerical uncertainties.

E. Remnant disk and ejected material

Electromagnetic counterparts to compact binary merg-
ers also provide us with valuable information about the
merger dynamics and the underlying EoS properties. Al-
though the detailed prediction of electromagnetic signals
is out of our current scope, the masses of the remnant
disk and the ejected material serve as a basis for fu-
ture considerations. In particular, because the kilonova
AT 2017gfo, that followed GW170817, is likely to require
massive ejecta of ⇡ 0.05M� [100, 101], the realistic EoS
must leave this amount of material in any form outside
the black hole at the very least. In reality, substantially
larger masses will be required, because the ejection e�-
ciency from the remnant disk is likely to be O(10%) (see,

e.g., Refs. [102–104]).

In this study, we estimate the amount of unbound ma-
terial based on the Bernoulli criterion. That is, the mate-
rial outside the apparent horizon is regarded as unbound
if�hut > 1, and vice versa, where ut is the covariant time
component of the four velocity. It should be cautioned
that this criterion could overestimate the amount of mass
ejection, because the internal energy is not necessarily
converted to the kinetic energy before the fallback. On
another front, the geodesic criterion based on �ut rather
than �hut inevitably underestimates the unbound mass
(see Refs. [105, 106] for further discussions). Precise eval-
uation requires longterm simulations incorporating the r -
process heating [107–109]. Fortunately, this uncertainty
does not a↵ect our discussion about AT 2017gfo, because

Fujimoto-Fukushima-Kyutoku-Hotokezaka (2022-2024)

Bright 
Kilonova

No Kilonova

Dark (red) 
Kilonova

In the near future, 
more data should 
be accumulated, 
and then, we can 
say much more!



August 21, 2024 @ Fudan U.

Summary

Speed of sound at high density may increase above 
the conformal value.  This could be confirmed by 
the heavy-ion collision. 

Trace anomaly is going negative and it implies the 
presence of some condensates.  Color-super? 

QCD phase transition is detectable through the 
GW signal even if it is a smooth crossover. 

GW170817 was such a fine-tuned event!!!
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