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The top quark Yukawa coupling
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Relevant for

➤ Origin of masses of fundamental fermions 
➤ Matter-anti-matter asymmetry (possible source 

of CP violation) 
➤ Higgs effective potential (vacuum stability)



Associated tTH production
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➤ Direct probe of top quark Yukawa coupling 
➤ Observed in 2018 by ATLAS and CMS 
➤ CP structure probed in 2020



The need for precision
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cross-sections, are: production in association with a vector boson or 
‘Higgsstrahlung’ (VH) depicted in Fig. 1c, and production in association 
with top (tH and ttH) or bottom (bbH) quarks, depicted in Fig. 1d–f. 
The bbH mode has not been studied in the context of the SM Higgs 
boson because of limited sensitivity.

Events are categorized according to the signatures particular to each 
production mechanism. For example, they are categorized as 
VBF-produced if there are two high transverse momentum (pT) jets, or 
as VH-produced if there are additional charged leptons (ℓ) and/or pT

miss, 
or ttH- and tH-produced if there are jets identified as coming from b 
quarks, or otherwise ggH-produced. (The top quark predominantly 
decays into a W boson and a b-quark jet).

Decays
In the SM, particle masses arise from spontaneous breaking of the gauge 
symmetry, through gauge couplings to the Higgs field in the case of 
vector bosons, and Yukawa couplings in the case of fermions. The SM 
Higgs boson couples to vector bosons, with an amplitude proportional 
to the gauge boson mass squared mV

2, and to fermions with an amplitude 
proportional to the fermion mass mf. Hence, for example, the coupling 
is stronger for the third generation of quarks and leptons than for those 
in the second generation. The observation of many Higgs boson decays 
to SM particles and the measurement of their branching fractions are 
a crucial test of the validity of the theory. Any sizeable deviation from 
the predictions could indicate the presence of BSM physics.

The Higgs boson, once produced, rapidly decays into a pair of  
fermions or a pair of bosons. In the SM, its lifetime is τ ≈ 1.6 × 10 sH

−22 , 
and its inverse, the natural width, is Γ ħ τ= / = 4.14 ± 0.02 MeVH  (ref. 39), 
where ħ is the reduced Planck's constant. The natural width is the sum 
of all the partial widths, and the ratios of the partial widths to the total 
width are called branching fractions and represent the probabilities 
for that decay channel to occur. The Higgs boson does not couple 
directly to massless particles (for example, the gluon or the photon), 
but can do so through quantum loops (for example, Fig. 1a,i,j).

By design, the event selections do not overlap among analyses target-
ing different final states. Where the final states are similar, the overlap 
has been checked and found to be negligible.

Detailed information on the analyses included in the new combina-
tion along with improvements, and the online and offline criteria used to 
select events for the analyses can be found in Methods, Extended Data 
Tables 2 and 3, and the associated references. Online reconstruction is 
performed in real time as the data are being collected. Offline recon-
struction is performed later on stored data. The background-subtracted 
distributions of the invariant mass of final-state particles in the indi-
vidual decay channels are shown in Extended Data Figs. 3 and 4. The 
channels that are used in this combination are as follows.

Bosonic decay channels: H → γγ (Fig. 1i, j)42; H → ZZ → 4ℓ (Fig. 1g)43; 
H → WW → ℓνℓv (Fig. 1g)44, H → Zγ (Fig. 1i, j)45; fermionic decay channels: 
H → ττ, third-generation fermion (Fig. 1h)46, H → bb, third-generation 
fermion (Fig. 1h)47–51, H → µµ, second-generation fermion (Fig. 1h)52;  
ttH and tH with multileptons (Fig. 1d–f)53; Higgs boson decays beyond 
the SM35.

Higgs boson pair production
The measurement of the pair production of Higgs bosons can probe its 
self-interaction λ. The pair production modes are shown in Fig. 1k–o.

In the ggH mode, there are two leading contributions: in the first 
(Fig. 1l), two Higgs bosons emerge from a top or bottom quark loop; 
in the second (Fig. 1k), a single virtual Higgs boson, H*, emerges from 
the top or bottom quark loop and then decays to two Higgs bosons 
(gg → H* → HH).  Explicit establishment of the latter contribution, a 
direct manifestation of the Higgs boson’s self-interaction, would elu-
cidate the strikingly unusual potential of the BEH field.

In the VBF mode, there are three subprocesses that can lead to pro-
duction of a pair of Higgs bosons: (1) through a virtual Higgs boson 
(Fig. 1m); (2) through a four-point interaction: VV → HH (Fig. 1n); and 
(3) through the exchange of a vector boson (Fig. 1o).
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Fig. 3 | A portrait of the Higgs boson couplings to fermions and vector 
bosons. Left: constraints on the Higgs boson coupling modifiers to fermions 
(κf) and heavy gauge bosons (κV), in different datasets: discovery (red), the full 
LHC Run 1 (blue) and the data presented here (black). The SM prediction 
corresponds to κV = κf = 1 (diamond marker). Right: the measured coupling 
modifiers of the Higgs boson to fermions and heavy gauge bosons, as functions 

of fermion or gauge boson mass, where υ is the vacuum expectation value of 
the BEH field (‘Notes on self-interaction strength’ in Methods). For gauge 
bosons, the square root of the coupling modifier is plotted, to keep a linear 
proportionality to the mass, as predicted in the SM. The P value with respect to 
the SM prediction for the right plot is 37.5%.
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but can do so through quantum loops (for example, Fig. 1a,i,j).
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ing different final states. Where the final states are similar, the overlap 
has been checked and found to be negligible.

Detailed information on the analyses included in the new combina-
tion along with improvements, and the online and offline criteria used to 
select events for the analyses can be found in Methods, Extended Data 
Tables 2 and 3, and the associated references. Online reconstruction is 
performed in real time as the data are being collected. Offline recon-
struction is performed later on stored data. The background-subtracted 
distributions of the invariant mass of final-state particles in the indi-
vidual decay channels are shown in Extended Data Figs. 3 and 4. The 
channels that are used in this combination are as follows.
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fermion (Fig. 1h)47–51, H → µµ, second-generation fermion (Fig. 1h)52;  
ttH and tH with multileptons (Fig. 1d–f)53; Higgs boson decays beyond 
the SM35.

Higgs boson pair production
The measurement of the pair production of Higgs bosons can probe its 
self-interaction λ. The pair production modes are shown in Fig. 1k–o.

In the ggH mode, there are two leading contributions: in the first 
(Fig. 1l), two Higgs bosons emerge from a top or bottom quark loop; 
in the second (Fig. 1k), a single virtual Higgs boson, H*, emerges from 
the top or bottom quark loop and then decays to two Higgs bosons 
(gg → H* → HH).  Explicit establishment of the latter contribution, a 
direct manifestation of the Higgs boson’s self-interaction, would elu-
cidate the strikingly unusual potential of the BEH field.

In the VBF mode, there are three subprocesses that can lead to pro-
duction of a pair of Higgs bosons: (1) through a virtual Higgs boson 
(Fig. 1m); (2) through a four-point interaction: VV → HH (Fig. 1n); and 
(3) through the exchange of a vector boson (Fig. 1o).
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(κf) and heavy gauge bosons (κV), in different datasets: discovery (red), the full 
LHC Run 1 (blue) and the data presented here (black). The SM prediction 
corresponds to κV = κf = 1 (diamond marker). Right: the measured coupling 
modifiers of the Higgs boson to fermions and heavy gauge bosons, as functions 

of fermion or gauge boson mass, where υ is the vacuum expectation value of 
the BEH field (‘Notes on self-interaction strength’ in Methods). For gauge 
bosons, the square root of the coupling modifier is plotted, to keep a linear 
proportionality to the mass, as predicted in the SM. The P value with respect to 
the SM prediction for the right plot is 37.5%.
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Fig. 30: (left) Summary plot showing the total expected ±1� uncertainties in S2 (with YR18 systematic
uncertainties) on the coupling modifier parameters for ATLAS (blue) and CMS (red). The filled coloured
box corresponds to the statistical and experimental systematic uncertainties, while the hatched grey area
represent the additional contribution to the total uncertainty due to theoretical systematic uncertainties.
(right) Summary plot showing the total expected ±1� uncertainties in S2 (with YR18 systematic uncer-
tainties) on the coupling modifier parameters for the combination of ATLAS and CMS extrapolations.
For each measurement, the total uncertainty is indicated by a grey box while the statistical, experimental
and theory uncertainties are indicated by a blue, green and red line respectively.

a simple scaling of the cross sections and luminosities is applied, which is a fair assessment with the
current systematic uncertainties and assuming that the experimental performance and systematic uncer-
tainties are unchanged with respect to the current LHC experiments. Two scenarios are then assumed
for the theoretical and modelling systematic uncertainties on the signal and backgrounds. The first (S2)
is the foreseen baseline scenario at HL-LHC, and the second (S20) is a scenario where theoretical and
modelling systematic uncertainties are halved, which in many cases would correspond to uncertainties
roughly four times smaller than for current Run 2 analyses. It should be noted that HL-LHC measure-
ments, whose precision is limited by systematic uncertainties, would also improve for S2’. The results
of these projections are reported in Table 40.

2.8 Higgs couplings precision overview in the Kappa-framework and the nonlinear EFT24

After the discovery of the Higgs boson at the LHC, the first exploration of the couplings of the new
particle at Run I and Run II has achieved an overall precision at the level of ten percent. One of the main
goals of Higgs studies at the HL-LHC or HE-LHC will be to push the sensitivity to deviations in the
Higgs couplings close to the percent level.

In this section we study the projected precision that would be possible at such high luminosity
and high energy extensions of the LHC from a global fit to modifications of the different single-Higgs
couplings. Other important goals of the Higgs physics program at the HL/HE-LHC, such as extend-
ing/complementing the studies of the total rates with the information from differential distributions, or
getting access to the Higgs trilinear coupling, will be covered in other parts of this document.

In order to study single-Higgs couplings, we introduce a parametrisation, the nonlinear EFT, that
24 Contacts: J. de Blas, O. Catà, O. Eberhardt, C. Krause
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➤ NLO + resummation Broggio, Ferroglia, Pecjak, LLY: 1611.00049

➤ Coulomb corrections Ju, LLY: 1904.08744



Theoretical status

5

➤ NLO + resummation Broggio, Ferroglia, Pecjak, LLY: 1611.00049

➤ Coulomb corrections Ju, LLY: 1904.08744

➤ Bottlenecks towards NNLO

➤ Two-loop amplitudes

➤ IR subtraction



Two-loop amplitudes for tt̄H

6

e.g.: 2312.08131, 2402.03301

+ many more planar and non-planar families

➤ Two-loop five-point amplitudes with 7 scales

➤ Partial results for simpler families

➤ Full results require much more efforts (analytic + numeric methods)
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Figure 27: Different steps of the factorisation procedure. a) Factorisation of the soft subgraph:
multiple soft gluon emissions are modelled via eikonal Feynman rules. b) Factorisation of the
jet subgraph from the hard part: collinear gluons attach to eikonal vertices

where we used Feynman’s prescription to define the parameter integral at large distances, re-
sulting in
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reflecting the Feynman rules in Eq. (3.51). At the next order in the expansion the path-ordering
prescription becomes relevant, yielding the correct partial denominators of Eq. (3.58). Indeed
one finds
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n · Ãb(k2)

(k1 + k2) · n+ i⌘
Ta Tb , (3.62)

which is fully consistent with the diagrammatic expression of a double emission. The pattern in
Eq. (3.62) generalises to all orders, yielding
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which reproduces the leading-power result for soft gluon attachments to a hard line, exemplified
in Eq. (3.58).

These results confirm our intuition, that the interactions of a hard particle as it propagates
in a background of soft gluons without recoil are correctly reproduced by replacing the particle
with an appropriate Wilson-line operator. Interactions between different hard particles propa-
gating in different directions and exchanging soft gluons will similarly be reproduced by taking
a vacuum expectation value of a set of Wilson lines, each in the appropriate representation of
the gauge group, and defined along the classical straight-line trajectory of the hard emitter. The
path-integral evaluation of the resulting correlator will automatically generate all the radiative
corrections building up the generic soft subgraphs discussed in the previous sections. To illus-
trate these facts in the simplest case, we can easily reproduce the expression of the one-loop
eikonal integral in Eq. (2.39) by considering the correlator of two Wilson lines. Writing explicitly

76

Z−1(ϵ) ℳUV renormalized(ϵ) = 𝒪(ϵ0)

IR singularities of QCD amplitudes admit a universal structure 
due to soft/collinear factorization

Two-loop poles = Two-loop Z-factor  One-loop amplitude to × ϵ1

Chen, Ma, Wang, LLY, Ye: 2202.02913
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which reproduces the leading-power result for soft gluon attachments to a hard line, exemplified
in Eq. (3.58).

These results confirm our intuition, that the interactions of a hard particle as it propagates
in a background of soft gluons without recoil are correctly reproduced by replacing the particle
with an appropriate Wilson-line operator. Interactions between different hard particles propa-
gating in different directions and exchanging soft gluons will similarly be reproduced by taking
a vacuum expectation value of a set of Wilson lines, each in the appropriate representation of
the gauge group, and defined along the classical straight-line trajectory of the hard emitter. The
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eikonal integral in Eq. (2.39) by considering the correlator of two Wilson lines. Writing explicitly
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Chen, Ma, Wang, LLY, Ye: 2202.02913
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which reproduces the leading-power result for soft gluon attachments to a hard line, exemplified
in Eq. (3.58).

These results confirm our intuition, that the interactions of a hard particle as it propagates
in a background of soft gluons without recoil are correctly reproduced by replacing the particle
with an appropriate Wilson-line operator. Interactions between different hard particles propa-
gating in different directions and exchanging soft gluons will similarly be reproduced by taking
a vacuum expectation value of a set of Wilson lines, each in the appropriate representation of
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path-integral evaluation of the resulting correlator will automatically generate all the radiative
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Jiang, LLY: 2303.11657
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Ta Tb , (3.62)

which is fully consistent with the diagrammatic expression of a double emission. The pattern in
Eq. (3.62) generalises to all orders, yielding

P exp


ig Ta

Z
1

0
d�n ·Aa(�n)

�
= 1 +

1X

n=1

"
nY

i=1

 Z
ddki
(2⇡)d

g Tai n · Ãai(ki)P
i

j=1 n · ki + i⌘

!#
, (3.63)

which reproduces the leading-power result for soft gluon attachments to a hard line, exemplified
in Eq. (3.58).

These results confirm our intuition, that the interactions of a hard particle as it propagates
in a background of soft gluons without recoil are correctly reproduced by replacing the particle
with an appropriate Wilson-line operator. Interactions between different hard particles propa-
gating in different directions and exchanging soft gluons will similarly be reproduced by taking
a vacuum expectation value of a set of Wilson lines, each in the appropriate representation of
the gauge group, and defined along the classical straight-line trajectory of the hard emitter. The
path-integral evaluation of the resulting correlator will automatically generate all the radiative
corrections building up the generic soft subgraphs discussed in the previous sections. To illus-
trate these facts in the simplest case, we can easily reproduce the expression of the one-loop
eikonal integral in Eq. (2.39) by considering the correlator of two Wilson lines. Writing explicitly
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Z−1(ϵ) ℳUV renormalized(ϵ) = 𝒪(ϵ0)

IR singularities of QCD amplitudes admit a universal structure 
due to soft/collinear factorization

Two-loop poles = Two-loop Z-factor  One-loop amplitude to × ϵ1

Ferroglia, Neubert, Pecjak, LLY: 
0907.4791, 0908.3676

Generically known in terms of symbols 
Chen, Ma, LLY: 2201.12998 
Jiang, LLY: 2303.11657

J
H
E
P
0
4
(
2
0
2
2
)
0
2
5

ϵ−4 ϵ−3 ϵ−2 ϵ−1

Ag 17.37022326 6.277797530 −162.1830217 559.8062598
Bg −32.49510001 −34.75486260 −624.1343773 3901.332369
Cg −9.463444735 −54.41556200 −497.5350517
Dg 143.6321997 −578.4857199
Eg

l −20.26526047 46.54471184 −10.69967085
Eg

h −24.23013938 79.68650479
F g
l 37.91095001 −74.94866603 71.66904977

F g
h 43.70151160 −132.3384924

Gg
l 4.731722368 85.25318119

Gg
h 6.363526190

Hg
l 3.860049613 −10.52987601

Hg
lh 8.076713126

Hg
h

Igl −7.221133335 19.49234494
Iglh −14.56717053
Igh
Aq 2.390051823 15.03938540 0.597121534 −34.95784899
Bq −4.780103646 −22.69017086 49.54607207 106.0851578
Cq 2.390051823 7.650785464 −186.5751188 −21.39439443
Dq

l −2.390051823 0.308675876 −6.605875838
Dq

h 6.244349191 4.860387981
Eq

l 2.390051823 1.610219156 77.52356965
Eq

h −6.244349191 19.76269918
F q
l

F q
lh

F q
h

Table 1. IR poles decomposed as color coefficients for the phase-space point x12 = 10, x13 =
−1339/920, x14 = −2269/465, x23 = −1951/620, x24 = −1803/1810 and x34 = 5.

– 16 –

➤ Predict two-loop IR poles for tTH
➤ Provide strong check on two-loop amplitudes
➤ Validate IR subtraction

Chen, Ma, Wang, LLY, Ye: 2202.02913
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∫
x

x0

dαin(xn)⋯∫
x3

x0

dαi2(x2)∫
x2

x0

dαi1(x1)

It’s very often that Feynman integrals can be written as iterated integrals

Structure determined by symbol letters
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x3

x0

dαi2(x2)∫
x2

x0

dαi1(x1)

It’s very often that Feynman integrals can be written as iterated integrals

Works for elliptic integrals as well

Jiang, Wang, LLY, Zhao: 2305.13951

Structure determined by symbol letters
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,

Figure 1. The n-point, all-mass integral and its dual-momentum space representation.

(We will have more to say about other space-time signatures in section 2.3.) Notice

that we have decorated I
0
n with a superscript ‘0’ to emphasize that we will soon have

reason to change its normalization.

In order to manifest momentum conservation and the invariance of (1.1) under

translations of the loop momentum `, we introduce dual-momentum coordinates {xi}
such that pi=:(xi+1 � xi), with cyclic indexing understood. In terms of these coordi-

nates, it is easy to see that consecutive sums of external momenta appearing in the

propagators of (1.1) become squared di↵erences:

I
0
n =

Z
d
n
`

1⇥
(`� (x1 � x1))2 +m2

1

⇤⇥
(`� (x2 � x1))2 +m2

2

⇤
· · ·

⇥
(`� (xn � x1)2 +m2

n

⇤

=:
Z
d
n
x`

1⇥
(x` � x1)2 +m2

1

⇤⇥
(x` � x2)2 +m2

2

⇤
· · ·

⇥
(x`� xn)2 +m2

n

⇤

=:
Z
d
n
x`

1�
x2
`1 +m2

1

��
x2
`2 +m2

2

�
· · ·

�
x2
`n +m2

n

� , (1.2)

where in the second step we defined the dual loop-momentum variable x` according

to `=:x` � x1 and in the last step we introduced the familiar notation for dual-

momentum Mandelstam invariants, x2
ij := (xj � xi)2.

Introducing Feynman parameters in the canonical way (and doing the standard

translations and rescalings), it is not hard to express (1.2) as

I
0
n = �(n)

1Z

0

⇥
d
n�1

~↵
⇤Z

d
n
x`

1⇥
x2
` +F

⇤n = ⇡
n/2�(n/2)

1Z

0

⇥
d
n�1

~↵
⇤ 1

F
n
2
, (1.3)

where F is the second Symanzik polynomial

F :=
hX

i

↵
2
im

2
i

i
+
X

i<j

↵i↵j

�
x
2
ij +m

2
i +m

2
j

�
(1.4)

and we have used
⇥
d
n�1

~↵
⇤
to denote the canonical volume form on the projective

space RP
n�1 of Feynman parameters
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where z = {z1, . . . , zN} is the collection of the Baikov variables. The function GN (z) is a

polynomial of the N variables, while KN is independent of z. They are given by

GN (z) ⌘ G(l, p1, . . . , pE) , KN = G(p1, · · · , pE) , (2.4)

where the Gram determinant is defined as

G(q1, . . . , qn) ⌘ det

0

BBBB@

q1 · q1 q1 · q2 · · · q1 · qn

q2 · q1 q2 · q2
...

...
. . .

...

qn · q1 · · · · · · qn · qn

1

CCCCA
. (2.5)

Note that in Eq. (2.4), the scalar products involving the loop momentum l should be

re-expressed in terms of z:

l2 = z1 +m2
0 , l · pi =

zi+1 +m2
i+1 � p2i � zi �m2

i

2
. (2.6)

The integration domain C in Eq. (2.3) is determined by the condition GN (z)/KN  0 with

Euclidean kinematics.

We are now ready to write down the UT integrals gN for any N according to [22]. We

need to distinguish between the cases of odd N and even N :

gN
��
N odd

=
✏(N+1)/2

(4⇡)(N�1)/2 �(1� ✏)

Z ✓
�

KN

GN (z)

◆✏ NY

i=1

dzi
zi

,

gN
��
N even

=
✏N/2

(4⇡)(N�1)/2 �(1/2� ✏)

Z p
GN (0)p
GN (z)

✓
�

KN

GN (z)

◆✏ NY

i=1

dzi
zi

, (2.7)

where we set K1 = 1, and 0 means that all zi’s are zero. Note that g2n�1 and g2n can be

naturally identified as Feynman integrals in 2n� 2✏ dimensions:

gN
��
N=2n�1

= ✏n
p
KN I(2n�2✏)

1⇥N ,

gN
��
N=2n

= ✏n
p
GN (0) I(2n�2✏)

1⇥N , (2.8)

where I(d)1⇥N denotes the d-dimensional N -point Feynman integral with all powers ai = 1:

I(d)1⇥N ⌘

Z
ddl

i⇡d/2

1

z1z2 · · · zN
. (2.9)

They can be related to Feynman integrals in 4 � 2✏ dimensions using the dimensional

recurrence relations [39, 40]. Applying the above to all sectors of a family, we build a

complete canonical basis satisfying ✏-form di↵erential equations.

– 4 –

Canonical bases and symbol letters of 
one-loop integrals completely known!

Arbitrary order in ϵ

Input for two-loop IR poles!
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Tested in many non-trivial examples, providing 
new results not available in the literature!

But, tTH is still difficult… seeking approximations

Based on:
➤ Recursive structure of Baikov representations 
➤ Landau singularities for rational letters 
➤ Generic ansatz for algebraic letters

Jiang, LLY: 2303.11657 
Jiang, Lian, LLY: 2312.03453
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Approximation with soft Higgs

11

Eikonal approximation: 2 → 2 kinematics

Catani et al.: 2210.07846

Not a good approximation for two-loop amplitudes:

➤ One-loop already 30% error 
➤ Two-loop estimated 100% error

The argument was: two-loop amplitudes small for 
total cross section

What about differential cross sections?
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and a collinear factor for each leg in the high-energy limit

Mitov, Moch: hep-ph/0612149



Approximation in the high energy limit

12

It is known that a massive amplitude can be factorized into a massless amplitude 
and a collinear factor for each leg in the high-energy limit

Mitov, Moch: hep-ph/0612149

But the heavy-quark bubbles are not included!
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Top quark pair production

13

1205.3662  
1306.1537 
1310.3836 
1601.07020 
1803.07623  
1901.08281

High energy factorization has been applied in the 
resummation for top quark pair production

Best precision: 
NNLO+NNLL’ in QCD + NLO in EW

But the factorization of heavy quark bubbles 
was not understood…



Heavy-quark bubbles

14

HS

J1

J2

(a)

S

J1

J2

H

(b)

Figure 27: Different steps of the factorisation procedure. a) Factorisation of the soft subgraph:
multiple soft gluon emissions are modelled via eikonal Feynman rules. b) Factorisation of the
jet subgraph from the hard part: collinear gluons attach to eikonal vertices

where we used Feynman’s prescription to define the parameter integral at large distances, re-
sulting in

Z
1

0
d� ei(k·n)� !

Z
1

0
d� ei(k·n+i⌘)� =

i

k · n+ i⌘
, (3.61)

reflecting the Feynman rules in Eq. (3.51). At the next order in the expansion the path-ordering
prescription becomes relevant, yielding the correct partial denominators of Eq. (3.58). Indeed
one finds

�
ig
�2
Z

1

0
d�1

Z
�1

0
d�2 n ·Aa(�1n)n ·Ab(�2n)Ta Tb

=
�
ig
�2
Z

ddk1
(2⇡)d

ddk2
(2⇡)d

Z
1

0
d�1

Z
�1

0
d�2 e

i(�1k1+�2k2)·n n · Ãa(k1)n · Ãb(k2)Ta Tb

= g2
Z

ddk1
(2⇡)d

ddk2
(2⇡)d

n · Ãa(k1)

k1 · n+ i⌘

n · Ãb(k2)

(k1 + k2) · n+ i⌘
Ta Tb , (3.62)

which is fully consistent with the diagrammatic expression of a double emission. The pattern in
Eq. (3.62) generalises to all orders, yielding

P exp


ig Ta

Z
1

0
d�n ·Aa(�n)

�
= 1 +

1X

n=1

"
nY

i=1

 Z
ddki
(2⇡)d

g Tai n · Ãai(ki)P
i

j=1 n · ki + i⌘

!#
, (3.63)

which reproduces the leading-power result for soft gluon attachments to a hard line, exemplified
in Eq. (3.58).

These results confirm our intuition, that the interactions of a hard particle as it propagates
in a background of soft gluons without recoil are correctly reproduced by replacing the particle
with an appropriate Wilson-line operator. Interactions between different hard particles propa-
gating in different directions and exchanging soft gluons will similarly be reproduced by taking
a vacuum expectation value of a set of Wilson lines, each in the appropriate representation of
the gauge group, and defined along the classical straight-line trajectory of the hard emitter. The
path-integral evaluation of the resulting correlator will automatically generate all the radiative
corrections building up the generic soft subgraphs discussed in the previous sections. To illus-
trate these facts in the simplest case, we can easily reproduce the expression of the one-loop
eikonal integral in Eq. (2.39) by considering the correlator of two Wilson lines. Writing explicitly
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Wang, Xia, LLY, Ye: 2312.12242

A new factorization formula

A new soft function



The new soft function

15

Rapidity divergence: analytic regulator

Wang, Xia, LLY, Ye: 2312.12242



Validation of the new formula

16

➤ Quark form factors: heavy-heavy, 
heavy-light, light-light 

➤ Gluon form factor 
➤ Top quark pair amplitude

Checked in various situations:

Wang, Xia, LLY, Ye: 2312.12242



Two-loop amplitudes for tTH in the high-energy limit

17

Wang, Xia, LLY, Ye: 2402.00431

➤ Massless amplitudes computed 
using standard techniques 

➤ Very large expressions, simplified 
using MultivariateApart 

➤ Fast numeric evaluation with 
PentagonMI



Numerical results

18

Wang, Xia, LLY, Ye: 2402.00431

IR poles validated against exact results in Chen, Ma, Wang, LLY, Ye: 2202.02913

Note: without the heavy quark bubble, the scale-dependence would be wrong!



Numerical results

19

➤ Two-loop amplitudes at high energies are 
ready 

➤ Combine with low energy approximations 
(threshold / soft Higgs)? 

➤ Differential cross sections (IR subtraction)?

Wang, Xia, LLY, Ye: 2402.00431



Summary and outlook
➤ The tTH production is important for probing the top quark Yukawa coupling 

➤ Theoretical status: 

➤ NLO+NNLL resummation for differential cross sections 

➤ NNLO with soft Higgs approximation for total cross section 

➤ Full NNLO not available (main bottleneck: two-loop amplitudes) 

➤ Two-loop IR poles computed 

➤ Towards NNLO prediction at high energies 

➤ High energy factorization formula for QCD amplitudes 

➤ Applied to tTH production: approximate two-loop amplitudes now available 

➤ Future: combine with real emissions (IR subtraction) for differential cross sections
20
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Thank you!


