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Scattering amplitudes

In past over 30 years, signibPcant progress has been made
In the studies of scattering amplitudes.

[Parke, Taylor, 1986] Agee(lJr,...,i! ,...,j! ,...,n+):




Scattering amplitudes

In past over 30 years, signibPcant progress has been made
In the studies of scattering amplitudes.

New methods Hidden structures



Amplitudes

Form Factors



Form Factors

Matrix element of on-shell states and a local operators:

Fao(l,..., n= dxe "9Ip;...p,|O(x)]0"

Iln

=19 p#g!p...pa|O(0)0"

=1

P2

Pn

(work in momentum space) =S pi, ¢>#0
g
| pyp.E p,! 0" A \# #E #
Amplitudes @/‘Md Correlation functions

(QTO (CEVQTU



Form Factors

Matrix element of on-shell states and a local operators:

: P1
Fro(l,...,n)= d**e 9 Ip,;...p,|O(X)|0" .
Iln
=19 p#0!ps...pn]|O(0)]0" |
. ]Jﬂ-
1=1
: . . 2 0
(work in momentum space) a=) pi 4 F
i
Nuclear form factor Sudakov form factor
¢
N O u | ' e a0 =2,3 (=[5 |m| |
electror/'m strong protor ier!t = (7)) !_a-aﬁa'l\m‘l'l ]‘P|1 i
— =T P T e | T
\p

Hofstadter 1956 Sudakov 1954



Operators

Gauge invariant operators are important in QFT.

¥ Anomalous dimensions (spectrum of hadrons, RG, OPE, E)
¥ Correlation functions (e.g., EEC)

Local operators also appear as vertices in EFT Lagrangian.
For example: Higgs EFT obtained by integrating Top quark loop:

Wilczek, 1977; Shifman et.al., 1979, .

m, | # 3 ot
> La = ©yH Og0 + m—tZk @iHO4+2k;i

k=1 i




Higgs+gluons scattering
Higgs plus jet production  A(Q",18,29,E ,n9) = F;_ (19,29, E , n9Y)

Boughezal, Caola, Melnikov, Petriello, Schulze 2013; Chen,
Gehrmann, Glover, Jaquier 2014; Boughezal, Focke, Giele, Liu, P g9999)
g H
’

Petriello 2015; Harlander, Liebler, Mantler 2016; Anastasiou, Duhr,

Dulat, Furlan, Gehrmann, Herzog, Lazopoulos, Mistlberger 2016;
Lindert, Kudashkin, Melnikov, Wever 2018:; Jones, Kerner, Luisoni p
2018; Neumann 2018; !

Pr 9 2m; —» High-dimension operators become important.

1 # |
Lel - COOO + ) CiOi + O A
Mt =1 M
4 .
_ _ Dimension-7 operators
Dimension-5 operator 01 = Hr(F, F.#F,H)
Op = Htr(F.4F #) O, = Htr(DyF,-D*FW"),

Oz = Htr(D*Fy,DgF*H),

2-loop: Gehrmann, Jaquier, Glover, Koukoutsakis 2011
O4 = Htr(FuD*DgF %),

1-loop: Dawson, Lewis, Zeng 2014
2-loop: Jin, GY 2019



Progress in N=4 SYM

%, =, d*xe* 9 p,, ..., p,!tr(F)(X)! 0"

Full-color integrand up

to 5 loops
Boels, Kniehl, Tarasov, GY 2012

GY, 2016
Integrated results at 4
loops

Boels, Huber, GY 2017

Huber, von Manteuffel, Panzer,
Schabinger, GY 2020

Full-color integrand up Integrated results
to 4 loops at 2 loops
Lin, GY, Zhang, 2021 Guo, Wang, GY, 2022

Guo, Wang, GY, Yin to appear
Integrated results at 3

loops

Lin, GY, Zhang, 2021
Guan, Lin, Liu, Ma, GY 2023

See also: Dixon, Gurdogan, Liu, McLeod, Wilhelm 2021, 2022



Computational tools

¥ On'She” unitarity method Bern, Dixon, Durban, Kosower 1994,

Britto, Cachazo, Feng, 2003

Simple tree blocks -> Higher loop results

¥ COIOr-kinematiCS duallty Bern, Carrasco, Johansson 2008

Large number of diagrams -> Very few OmasterO diagrams

¥ Master-integral bootstrap  cuo. wang, Gy 2021

Construct Pnal results directly using physical constraints



Sudakov form factor
and Casimir scaling conjecture



Sudakov form factor

| Pl 9 .
q pi=pz =10
g = (p1 + p2)*

P2

For dim-reg representation, see:

Logarithm behavior is well-understood: Magnea and Sterman 1990;

Sterman and Tejeda-Yeomans 2002
Bern, Dixon, Smirnov 2005

* 1 (1) 4 ()
0gFy(12) & @%(— A+ — ) (@A) #(%)

=1 8 \ 7

Leading IR singularity -> Cusp anomalous dimension



Color structure

Up to three loops, only quadratic Casimir appears:

At four-loop, there is a new quartic Casimir which contains non-planar part

For SU(N) :

. * w
Diagram-expansion g _ gtree Y ¢2l(—g?yte D
up to 3 loops =1

= D = |




Casimir scaling conjecture

In "On the Structure of Infrared Singularities of Gauge- Theory Amplitudes”,
JHEP 0906, 081 (2009)

Thomas Becher and Matthias Neubert conjectured that:

O@ir formula predicts Casimir scaling of the cusp anomalous
dimension to all orders in perturbation theory, and we explicitly check
that the constraints exclude the appearance of higher Casimir

Invariants at four loops .O

An explicit four-loop computation is needed.



Four-loop Sudakov form factor

¥ Integrand: unitarity + color-kinematics duality  Boels, Kniehl, Tarasov, GY 2012
(@ - (b (© (d) - (e)
(f) (9) (h) (i) (D)

¥ Numerical integration:  Boels, Huber, GY 2017

$§ﬁ)sp, wp = ! 3072" (1.60% 0'19)N_1§ Finding Uniform Transcendental (UT) basis is the key
¥ Analytic integration: Huber, von Manteuffel, Panzer, Schabinger, GY 2020

(See also: Henn, Korchemsky, Mistlberger 2020)

3
| (4) = & 3072, (§8§ +

31 5 1 _ 1
18 P = &3072, 1.52

3
1202 N2 F

Casimir scaling conjecture is incorrect.



Spectrum of YM operators



High dimensional YM operators

Gauge Invariant operators:

TT. TTan

Al 2z z «
# - C(a]_,,a.n) Dull"'DulmlF!lnl aad:)unl...DunmnFl "

N n

D, ! =", +ig[Au!], [Dy,Di]! = ig[Fu,!] Fo = FAT3  [T3, TP = if aeTeC

D-dimensional on-shell methods using form factor formalism:

%, =, dxe¥M™p, ... p,!#(x)!0"

¥ Operator basis
¥ Two-loop renormalization and spectrum (e.g dim-16)

¥ Two-loop EFT amplitudes

1804.04653, 1904.07260, 1910.09384, with Jin; 2011.02494 with Jin,
2202.08285, 2208.08976, 2301.01786, 2312.08445 with Jin, Ren, Yu



Minimal tree form factors

——>
—— |0 & Fo L(L....,0)| /
. q /.
. B \
——>
Dictionary for YM operators:
operator | Dy foy P2 operator | D, Fui
spinor | Fuygte | ety | "F.U"i-#] kinematics | py | pu!t ! p !y
A-dim|  Fu! Frga= "w Bt "l D-dim
Used in N=4 SYM: Zwiebel 2011, Wilhelm 2014 Important for capturing

OEvanescent operatorsO

One can translate any local operator into Oon-shellO kinematics.



Loop form factor computation

On-shell unitarity-IBP method:

| n ] #
| _ P with cuts
= (Tree blockg = Cut integrand "'l'l% Wit et

(1 !
3 “cut — G li'cut

m@@w@
Z>< <§ Zii:§<E




Evanescent operators

Evanescent operator (G0Y O § O}
Vanishing in 4 dimension but non-zeroin d= 4 & 2%

! !
(0) | _ ) |
Foen L agim =0 Foe L gdim F O




Evanescent operators

Evanescent operator (G0Y O § O}
Vanishing in 4 dimension but non-zeroin d= 4 & 2%

! !
(0) | _ ) |
Foen L agim =0 Foe L gdim F O

Four-fermion dimension-6 operators:

#o  =rglE 1 gL EL Y, N 5.
4-ferm =l

Buras, Weisz 1990; Dugan, Grinstein 1991; Herrlich and U. Nierste 1994



Evanescent operators

Evanescent operator (G0Y O § O}
Vanishing in 4 dimension but non-zeroin d= 4 & 2%

| ]
(0) | _ ) 1
I:Oﬁ,n! L 4-dim ~ 0, I:OE,L'ol-olim £0.

Gluonic evanescent operators (start to appear at dimension 10):

I

-!F; ]

B =
=

5

1
= 'Lll%lzhlsk'ljhlztr( D 5FH1H2FH3H4DH5E 11, Fi 3!4) | |.1111|1rr1] - det( | P) =

Oe: 16 '1i2'3tal

>

n

Systematic classibcation and renormalization at two-loop order.

Jin, Ren, GY, Yu, 2022



Evanescent operators

¥ |Is Yang-Mills Theory Unitary in Fractional Spacetime Dimension?

The answer is NO.

YM theory is non-unitary in non-integer spacetime dimensions,
due to the existence of evanescent operators.



Evanescent operators

¥ |Is Yang-Mills Theory Unitary in Fractional Spacetime Dimension?

The answer is NO.

YM theory is non-unitary in non-integer spacetime dimensions,
due to the existence of evanescent operators.

! N +d
Lyl "Faens tr(D1F23F4sDeF7gFey) + Rev.) A ( x
! " #
Ly le "3 285 tr(D1F2sFusDeF7gFgy) + Rev.) My o2 18 g 1 o 14 28\ _
| ' #3$ S A 1 3 3 3 A pair of complex
Ll 2" oeens tr(D1F23D4FseF7Fey) + Rev.) '%'s : @& '#'D!'%!% . ]
| : 45 0 14 12 & g |4 o B eigenvalues:
Ll )" Saene tr(D1F2sDaFssFrFay) + Rev.) o & L ¥ o0 14 0 o0
L s 3 1y 1 3 1 s 5 1 2
byte "3"8gour tr(D1F23FasDeF7sFoy) + Rev.) 12# ' 1% ° BR 1% ° 3 '81#8 2# |#16 1.90386+ 0.181142i.
I 4% o 4 2 o0 o0 11 o 118
bole 3" Sgopr (Da1F23DaFseF7sFou) + Rev.) g 2 L 'E 21218 2
! " #$ |5 ;1 13 ;5 3 1 5 91
[y "é"ggga{ tr(D1F23D4FssF7gFg,) + Rev.) " 6# 3% 3# C 6F A M 12# ° BH
! " #$
Ll "3 350 tr(D1F2sFasDeFrsFoy) + Rev.) One-loop mixing matrix

Dim-12 evanescent operators _
Jin, Ren, GY, Yu, 2023



OColorO evanescent operators

¥ How about Yang-Mills Theory with fractional Nc (rank of gauge group)?

Mathematically we make analytical continuation for Nc and consider
AD as a function of Nc.

In this case, there are also complex AD due to the existence of
OcolorO evanescent operators.

U2 TA T2 TA = r(123) +1r(132) = d1a2as

“Ja1)2)3 11)1 12)2 "13)3



OColorO evanescent operators

How about Yang-Mills Theory with fractional Nc (rank of gauge group)?

In this case, there are also complex AD due to the existence of
OcolorO evanescent operators.

Re(A)

&5 1.0 15: 20 25 3.0

Oh\ :\é
71.696 2.700

—-10 .
—-20 .
—-30 .

—-40 .

Complex AD

=50 .

A sector of dim-8 operators Jin, Ren, GY, Yu, to appear



OColorO evanescent operators

¥ How about Yang-Mills Theory with fractional Nc (rank of gauge group)?

In this case, there are also complex AD due to the existence of
OcolorO evanescent operators.

-10 .

—-15 .

-20 .

—-25 .

dim-12, (=)%(+)?, 8%, part 1, 6 of 16

0.5 1.0 1.5 2.0 2.5 35 3.5 N
—_"' é_/2.769 _ _
T A R e Rich structure for higher
- dimensional operators
0.671\
0.714° : 5 :
0.988 1.666 1.957

A sector of dim-12 operators Jin, Ren, GY, Yu, to appear



Summary

[ On-shell ] [ Off-shell ]

Amplitudes 4 . Operators

- Efbcient new methods
- New higher-loop results

- Novel structures uncovered

¥ More to be explored !

Thank you for your attention!



Thank you for your attention!



Backup slides



Evanescent operators

Evanescent operators are important for renormalization
beyond one-loop order.

70 7@ 20 7

0 7O z(')z(') 12

One can use bnite renormalization scheme such that

B o2
0 B
but the lower-loop evanescent operator result are needed.

T . 1 1
For example, B contains @2 25 2%))



Color-kinematics duality

Color factors Momentum factors

CS:C[+CU Ng = N + N,

Jacobian identity dual Jacobian relation

CK-duality . )
—»  Very few OmasterO diagrams

rour master SRR
5-loop:

GY, PRL 2016



X1 X1 X1 X1
Xa *b Xa Xa Xp Xa Xp
Master graphs X4 X2 Xp)Xa Xal X2X4| /xg 12
Xgq| ¢ Xd| Xc d Txe Xc
X3 X3 X3 X3




Maximal transcendentality part

2 :J4 (_ﬂ) + J4 (_%) + Ja (—%)] —8 i [Li4 (1-ut) + 'Oi_%“'

- 2
4
) Z Lio(1 —u;) + —— Iog uz -I-% [Z log?u;| — 109 L(quww) — 223C4
’L—l 1= :
The same !

—-2G(0,0,1,0,u) + G(0,0,1 —v,1 —v,u) + 2G(0,0,—v,1 —v,u) — G(0,1,0,1 —v,u) + 4G(0,1,1,0,u) — G(0,1,1 —v,0,u) + G(0,1 —v,0,1 — v, u)
+G(0,1 —v,1-v,0,u) —G(0,1 —v,—v,1 —v,u) +2G(0, —v,0,1 —v,u) + 2G(0, —v,1 —v,0,u) — 2G(0, —v,1 —v,1 —v,u) — 2G(1,0,0,1 — v, u)

—2G(1,0,1 — v,0,u) + 4G(1,1,0,0,u) — 4G(1,1,1,0,u) — 2G(1,1 — v,0,0,u) + G(1 — v,0,0,1 — v,u) — G(1 —v,0,1,0,u) — 2G(—v,1 — v, 1 — v,u) H(O,v) Gehrmann, Jaquier,
-2G(1 —-v,1,0,0,u) +2G(1 —v,1,0,1 —v,u) + 2G(1 —v,1,1 —v,0,u) + G(1 —v,1 —v,0,0,u) + 2G(1 —v,1 —v,1,0,u) — 2G(1 —v,1 —v,—v,1 —v,u) Glover’ KOUkOUtS&kIS
-G(1l-v,—v,1 —-2v,0,u) +4G(1 —v,—v,—v,1 —v,u) — 2G(-v,0,1 —v,1 —v,u) — 2G(-v,1 —v,0,1 —v,u) — 2G(-v,1 —v,1 —v,0,u) + 4G(1,0,1,0,u)

+4G(~v,—v,1 —v,1 —v,u) — 4G(—-v,—v,—v,1 —v,u) — G(0,0,1 — v,u)H(0,v) — G(0,1,0,u)H(0,v) — G(0,1 —v,0,u)H(0,v) + G(0,1 —v,1 —v,u)H(0,v) 2011

—-G(0,-v,1 —v,u)H(0,v) — 2G(1,0,0,u)H(0,v) + G(1,0,1 —v,u)H(0,v) + G(1,1 —v,0,u)H(0,v) + G(1 — v,0,0,u)H(0,v) — G(1 —v,0,1 — v,u)H(0,v)
-G(1-v,1,0,u)H(0,v) —G(1 —v,1 —v,0,u)H(0,v) —G(1 —v,—v,1 —v,u)H(0,v) + G(-v,0,1 —v,u)H(0,v) + G(—v,1 —v,0,u)H(0,v) + H(1,0,0,1,v)
—-G(0,0,1 —v,u)H(1,v) — G(0,0, —v,u)H(1,v) + G(0,1,0,u)H(1,v) — G(0,1 —v,0,u)H(1,v) + G(0,1 — v, —v,u)H(1,v) — 2G(0, —v,0,u)H(1,v)
+2G(0,—v,1 —v,u)H(1,v) +2G(1,0,0,u)H(1,v) — G(1 —v,0,0,u)H(1,v) + G(1 —v,0, —v,u)H(1,v) — 2G(1 —v,1,0,u)H(1,v) — G(1 —v,0, —v,1 — v,u)
+G(1 -, v,1 —v,—v,u)H(1,v)

e Maximally transcendental part of QCD SR
) —G(1,0,u)H(1,0,v)

v,u)H(1,0,v) + G(0,0,u)H(1,1,v)
v) +4G(—v,u)H(0,0,1,v)

Higgs-3-gluon amplitude

+G(0,u)H(0,1,0,v) + G(1 — v,u)H(0,1,0,v) — G(0,u) H(0,1,1,v) + 2G(—v,u)H(0,1,1,v) + G(0,u) H(1,0,0,v) + G(1 — v,u)H(1,0,0,v) + H(1,1,0,0,v)
—G(0,u)H(1,0,1,v) 4+ 2G(—v,u)H(1,0,1,v) — G(0,u)H(1,1,0,v) + 4G(1 —v,u)H(1,1,0,v) — 2G(—v,u)H(1,1,0,v) + H(0,0,1,1,v) + H(0,1,0,1,v)
+G(1 —v,1—=v,u)H(0,0,v)+2G(1 —v,1 —v,—v,u)H(1,v) - G(1 —v,-v,0,1 —v,u) + H(0,1,1,0,v) + G(1 —v,0,1 —v,0,u) — G(0,1 —v,1,0,u)
+4G(—v,1 —v,—v,1 —v,u)



