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Why hadronic B decays
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Å direct access to the CKM parameters, 

especially to the three angles of UT

Å further insight into the strong - interaction 

effects involved in hadronic weak decays

Å deepen our understanding of the origin 

& mechanism of CPV

although complicated but necessary!

factorization?  strong phase origin?... 

s

u

u

Яd

b

Яd

K ī

ï+ЯB 0

Å Probing NP beyond the SM

Å insight into the hadron structures : 

especially exotic hadronic states



Exp. status of B physics
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Å Super B -factories ( ▄▄ ):  Belle II Å Hadron colliders ( ▬▬): LHCb @LHC

LHCb & Belle II :  the two currently running 

experiments aimed at heavy flavor physics !

Å Two main goals among others:

ü Check if there are any extra new CP -violation 

mechanisms beyond the KM? 

ü Check if there are new particles/interactions 

that are sensitive to flavor structures?

[E. Kou et al. [Belle II], PTEP 2019 (2019) 123C01]

[R. Aaij et al. [LHCbCollaboration], arXiv:1808.08865]



Precision era of B physics
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Å More precise data from these dedicated experiments

https://hflav.web.cern.ch/

Å Lattice QCD & LCSR etc. also provide more precise 

results for the non -pert. hadronic parameters

http://flag.unibe.ch/2021/we are entering an era of precision flavor physics Ϊ

https://hflav.web.cern.ch/
http://flag.unibe.ch/2021/


Effective Hamiltonian for hadronic B decays
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Å For hadronic B decays: typical multi -scale problem;             EFT formalism more suitable!  

multi -scale problem with highly hierarchical scales!

Å Starting point ֿכἭἮἮ Ἥ︡ἮἮ: obtained after 

integrating out heavy d.o.f . (□╦ȟ╩ȟ◄ḻ□╫)            

[Buras, Buchalla, Lautenbacher '96; Chetyrkin, Misiak, Munz '98 ] 

ÅWilson coefficients ╒░: all physics above □╫; 

perturbatively calculable & NNLL program now complete!  [Gorbahn, Haisch '04; Misiak, Steinhauser '04]

ὡ

Neubert, hep -ph/0006265



Hadronic matrix elements
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Å For a typical two -body decay ║ᴼ╜ ╜ :

Å ╜ ╜ ȿ￼░ȿ║ : depending on spin & parity of ὓȟ; final -state re-scattering introduces strong phases, 

and hence non-zero direct CPV; A quite difficult, multi -scale, strong-interaction problem!

Å Different methods proposed for dealing with ╜ ╜ ȿ￼░ȿ║: naµve fact., generalized fact., éé

form-factor term spectator-scattering term

Å QCDF/SCET: systematic framework to all orders in ▼h, limited by ἝἍἎȾ□╫ corrections [BBNS '99-'03]

צּ ║ᴼ╜ ╜

░

ⱦἍἕἙ ╒░ ╜ ╜ ￼░║

￼░Ⱨ ￼▒
ἮἩἫἼȢⱧ

￼▒
ἮἩἫἼȢⱧ

╜ ╜ ￼░║

how to include higher -order perturbative & power corrections?
how to systematically estimate symmetry -breaking effects?

in heavy -quark limit



QCDF formula for charmless B decays
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Å How to proof QCDF formula:

╠░Ⱨ

Å QCDF formula:  [BBNS '99-'03]

form-factor term

spectator-scattering term

- based on diagrammatic factorization [BBNS '99-'03] 

- method of expansion by regions [Beneke, Smirnov '97]

- use heavy-quark & collinear expansion for hard 

processes [Lepage, Brodsky '80]

ὓὓȿὗȿὄ factorized into ὓȿὮȿὄ (transition form factors ), ὓȿὮȿπ, πȿὮȿὄ (decay constants & LCDAs)

universal non -perturbative hadronic parameters



Soft -collinear factorization from SCET
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Å SCET: a very suitable framework for studying factorization and re-summation for 

processes involving energetic & light particles/jets [Bauer et al. '00;  Beneke et al. '02]

Å For a two -body decay :  simple kinematics, but complicated dynamics with several typical modes

Å From SCET point of view: introduce different fields/modes for different momentum regions, and 

SCET diagrams must reproduce precisely QCD diagrams in collinear & soft momentum region! 

achieve soft -collinear factorization & hence QCDF formula via QFT machinery [Beneke, 1501.07374]

￼░



Soft -collinear factorization from SCET
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Å QCDF formula from SCET:   ╣╘ȟ╘╘= matching coefficients from QCD to SCET

Å For ╣╘:only hard scale involved, one-step matching from ˱ˣˤO 3#%4ÈÃȟÃȟÓ!

Å For ╣╘╘:two scales involved, two-step matching from ˱ˣˤO 3#%4ÈÃȟÃȟÓᴼ3#%4ÃȟÓ!

Ὕ

Å SCET formalism reproduces exact QCDF formula, but more apparent & efficient; [Beneke, 1501.07374]

Ὧ Ḑַײά

Ὧ Ḑַײά
Ὧ Ḑַײ ά ɤ

ὓὓ ὗὄ Ὕ ‘ ‰z ‘ Ὢ π Ὄ ‘ Ὗz᷆ ‘ȟ‘ ὐz‘ ‰z ‘ ‰z ‘ ‰z ‘

ὓὓ ὄײַ ḗὊᴼ Ὕṧ‰ Ὕ ṧ‰ ṧ‰ ṧ‰ QCD - SCET = ╣╘& ╣╘╘

hard

hard
hard -collinear



Phenomenological analyses based on NLO
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Å Various analyses based on NLO hard kernels

naïve factorization

vertex correction

spectator -scattering correction

penguin correction

annihilation correction

very successful but also with some 

problems phenomenologically. !

Å complete sets of final states:

LO



Phenomenological successes based on NLO
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Å Successes at NLO: Å Some problems encountered at NLO:

ü For color-allowed tree- & penguin-dominated decay 

modes, branching ratios usually quantitatively OK

ü Dynamical explanation of intricate patterns of penguin 

interference seen in PP, PV, VPand VV modes

ü Qualitative explanation of polarization puzzle in ὄᴼὠὠ

decays, due to the large weak annihilation

ü Strong phasesstart at ￼‌ , dynamical explanation of 

smallness of direct CP asymmetries

ü Factorization of power corrections generally 

broken, due to endpoint divergence

ü Could not account for some data, such as 

"Òὄ ᴼ““ and ɝὃ “ὑ

ü How important the higher -order pert. corr.? 

Fact. theorem is still established for them?

ü As strong phases start at ￼‌ , NNLO is 

only NLO to them; quite relevant for ὃ ?

we need go beyond the LO in 

pert. and power corrections!

"Òὄ ȟᴼ– ὑᶻ ȟ

ὶ
ςά

ά ά ά



Status of NNLO calculation of  ╣╘& ╣╘╘
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Å For each ╠░insertion, both tree & penguin topologies relevant for charmless decays

ὓὓ ὗὄ ḗὊᴼ Ὕṧ‰

Ὕ ṧ‰ ṧ‰ ṧ‰

Å For tree & penguin topologies, 

both contribute to ╣╘& ╣╘╘

tree

penguin



Tree -dominated B decays
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making ♪ sensitive to NNLO corrections , and large effect possible?

Å║ᴼⱫⱫdecay amplitudes in QCDF:

‗ ὠ ὠᶻ Ḑ￼‗ Ḑ‗ ὠ ὠᶻḐ￼‗

Tree-dominated!

╫ᴼ◊◊▀ȡ

ὠ ὠᶻ ὠ ὠᶻ

ὠ ὠᶻ

Å♪ at NLO:

‌ loop -suppressed vs ‌ȟ

♪ ⱫⱫ Ȣ Ȣ Ȣ ░ἚἘἛ
►ἻἸ

Ȣ
Ȣ ἘἛἻἸ Ȣ ἼἿ

large cancellation between 1-loop vertex correction & LO result



Hard kernel ╣╘at NNLO
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Å Master formula for ╣╘: wrong insertion

Å Master formula for ╣╘: right insertion

ÅἝἍἎO ἡἍἏἢἓmatching calculation:

right insertion

wrong insertion

Å On-shell matrix elements at NNLO: full QCD side

Å On-shell matrix elements at NNLO: SCET side



Two -loop QCD diagrams
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Å═░
ἶἮσrelevant two - loop non -factorizable Feynman 

diagrams in full QCD:

- totally ~ 70 diagrams;

Å Complicated counter - terms from QCD & SCET operators: 

- needs modern multi-loop 

Feynman diagrams techniques;

- IBP reduction, Mellin-Barnes 

representation, Differential 

equations, é 



Final results for ♪ȟ
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Å Tree amplitudes ♪ȟ, after convolution with LCDAs:

Å Numerical results including the NNLO corrections :

LO

NLO

NNLO
Å NNLO corrections both large, but cancelled between ╣╘& ╣╘╘

ὓὓ ὄײַ ḗὊᴼ Ὕṧ‰ Ὕ ṧ‰ ṧ‰ ṧ‰

LO

NLO

ἚἚἘἛ

Å Scale -dependence much reduced!

Beneke, Jager '05

Kivel '06, Pilipp '07



Penguin -dominated B decays
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Å║ᴼⱫ╚decay amplitudes: mediated by ὦO ίήήtransitions 

‗ ὠ ὠᶻḐ￼‗ Ḻ‗ ὠ ὠᶻḐ￼‗ Penguin-dominated!

Tree

Penguin

Å To predict accurately direct CPV, we must calculate both tree & penguin up to NNLO!

Å In QCDF, strong phases generated firstly at NLO in ♪▼

NNLO is only NLO for A CP, 

large effects still possible? 

ɝὃ puzzle

How about the 

situation @ NNLO?
◕═╒╟Ⱬ╚ ═╒╟║ ᴼⱫ╚ ═╒╟║ ᴼⱫ╚

Ȣ Ȣ Ϸ differs from 0 by ~9 Ɑ

Å Driven by the current exp. data on ║ᴼⱫ╚:



Penguin topologies with various insertions
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Å Effective Hamiltonian including penguin operators:                               [ BBL ô96; CMMô98] 

Å Various operator insertions:

current -current operators

QCD penguin operators

chromo -magnetic 
dipole operators

tree topologies penguin topologies

(i) Dirac structure of Qi, (ii) color structure of Qi, (iii) types of contraction, and (iv) quark masses in the fermion loop

CMM operator basis



Hard kernel ╣╘at NNLO
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Å Complete SCET operator basis:

Å On-shell matrix elements at 

NNLO: on the full QCD side

Å Note: always 

wrong insertion!

ÅἝἍἎO ἡἍἏἢἓmatching calculation:

Å On-shell matrix elements at 

NNLO: SCET side

the only physical operator 
and factorizes into FF*LCDA.

▪now up to 4, with 7 gamma matrices



╣╘up to NNLO
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Å Master formulae for ╣╘:

~ 100 two - loop Feynman diagrams

non-vanishing fermion-tadpole

contraction of QCD penguin operators 

tree-level matching of ὗ involves 
already evanescent SCET operators

(i) fermion loop with either ά πȟά ά or ά ά

(ii) genuine 2 -loop two -scale problem: όȟᾀ ά Ⱦά

(iii) threshold at ό τᾀ introduces strong phase

Å Complication during calculations:

ή όά τά



Final results for ╪
▬
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Å Final numerical results:

ü individual NNLO contributions from ╠ȟ
▬

and ╠ ȟ▌significant

ü strong cancellation between NNLO corrections from ╠ȟ
▬

and ╠ ȟ▌

ὓὓ ὄײַ ḗὊᴼ Ὕṧ‰ Ὕ ṧ‰ ṧ‰ ṧ‰



Scale dependence of ╪
▬
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- Scale dependence negligible, especially for µ > 4 GeV.

Å Scale dependence of ╪
▬
: only form -factor term

LO
ἚἚἘἛȿ╠ ȟ▌

NLO
ἚἚἘἛȿ╠ȟ

ἚἚἘἛȿἮἽἴἴ

- total NNLO effects small

- uncertainty at NNLO larger 

than at NLO, due to non-

trivial charm mass

Å Results at different orders:



║▲ᴼ╓▲
ᶻ
╛ class -I decays
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Å At quark - level, these decays mediated by ╫ᴼ╬◊▀▼

Å For class -I decays: QCDF formula much simpler; 

only the form -factor term at leading power  

[Beneke, Buchalla, Neubert, Sachrajda '99-'03; Bauer, Pirjol, Stewart '01]

all four flavors different from each other, 

no penguin operators & no penguin topologies!

i) only color-allowed tree topology ὥ

ii) spectator & annihilation power-suppressed

iii) annihilation absent in ὄ ᴼὈ ὑ“ etc.

iv) they are theoretically simpler and cleaner

Å Hard kernel ╣:  both NLO and NNLO results known;  

[Beneke, Buchalla, Neubert, Sachrajda '01; Huber, Kränkl, Li '16] 

these decays used to test factorization theorems



Calculation of ╣╘
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Å Matching QCD onto SCET Iσ[Huber, Kränkl, Li '16] 

ά also heavy, must keep άȾά fixed as ά ᴼЊ, 

thus needing two sets of SCET operator basis.

Å Renormalized on -shell QCD amplitudes:

on QCD side

Å Renormalized on -shell SCET amplitudes:

Å Master formulas for hard kernels:

on SCET side

physical operators and factorizes into FF*LCDA.

evanescent operators and must be renormalized to zero.



Decay amplitudes for ║▲ᴼ╓▲╛
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Å Numerical result:

- both NLO and NNLO add always constructively to LO result!

- NNLO corrections to real part quite small (2%), but rather     

large to imaginary part ( 60%). 

Å Color -allowed tree amplitude ╪ : collinear factorization established @ NNLO!

Å For different decay modes:  quasi-universal, with small 

process dependence from different LCDA of light mesons.

free from the 

endpoint divergence

collinear factorization established
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Non -leptonic/semi - leptonic ratios
Å Non -leptonic/semi - leptonic ratios :  [Bjorken '89; Neubert, Stech '97; Beneke, Buchalla, Neubert, Sachrajda '01]

Å Updated predictions vs data:  [Huber, Kränkl, Li '16; Cai, Deng, Li, Yang '21]

free from uncertainties from 

ὠ & ὄȟᴼὈȟ
ᶻ

form factors

Å Latest Belle data: 2207.00134

ȿ╪ ║ᴼ╓ᶻⱫ ȿ Ȣ Ȣ Ȣ Ȣ Ȣ Ȣ
Ȣ Ƞ

ȿ╪ ║ᴼ╓ᶻ╚ ȿ Ȣ Ȣ Ȣ Ȣ Ȣ Ȣ
Ȣ Ƞ15%lower than SM
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Power corrections

Å Scaling of the leading -power contribution: [BBNS '01]

Å Sources of sub - leading power corrections : [Beneke, 

Buchalla, Neubert, Sachrajda '01; Bordone, Gubernari, Huber, Jung, van Dyk '20]

ü non-factorizable spectator interactions

ü annihilation topologies

ü non-leading higher Fock-state contributions

ü All ESTIMATEDto be power-suppressed; not 

even chirality-enhanced due to (V-A)(V-A)

ü Difficult to explain why measured values of 

ȿὥ Ὤȿseveral „smaller than SM?

ü Must consider possible sub-leading power 

corrections carefully!

ɤ

ά

ɤ

ά

ü non-factorizable soft-gluon contributions in LCSR with 

B-meson LCDA: [Maria Laura Piscopo, Aleksey V. Rusov '23]
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Charmless two -body hadronic B decays
Å Long -standing puzzles in ἌἺ║ ᴼⱫⱫ and ◕═╒╟Ⱬ╚ ═╒╟Ⱬ╚ ═╒╟Ⱬ╚ : [HFLAV '23]

ἌἺ║ ᴼⱫⱫ Ȣ Ȣ ◕═╒╟Ⱬ╚ Ȣ Ȣ Ϸ differs from 0 by ~9 Ɑ

Å Decay amplitudes in QCDF:

Å Dominant topologies:  LP NNLO known

Find some mechanism ( sub -leading 

power corrections ) to enhance ♪ , 

and hence explain both puzzles!

♪ always plays a key role here!

ρȢυυ πȢρφ ρπ

ςȢω ρȢς ρπ ψȢσφ πȢσς ρπ
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Pure annihilation charmless decays

ÅWith universal ╧═and different scenarios, we have:

large SU(3) - flavor symmetry breaking or flavor -dependent ═ȟ
░ ?

Å How to improve the situation?

o

2
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o

0

0
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S  ( = 55 )

0.
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72 0..155

0 01
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sB

B K K

g j j

p p + +

-

+ + +

- - - -

-

-

- -

-

+

-

­ °

­

-

0.005 0.008 0.000 0.087

011 0.080 0.0150.007 0.014 0.079 0.070+ + + + °

[BBNS '03]

[Wang, Zhu '03; Bobeth et al. '14; 
Chang, Sun et al. '14-15]

ü including higher Gegenbauermoments to include 

SU(3)-breaking effects;

( ) ( )1 ln /Ai

A A B hX e mj= + L

Å Pure annihilation modes: [HFLAV '23]

ἌἺ║▼ᴼⱫⱫ Ȣ Ȣ

ἌἺ║▀ᴼ╚ ╚ Ȣ Ȣ

ü making the parameter ὢ to be flavour dependent & 

depending on its origins;

ü other interesting progress;

Lu, Shen, Wang, Wang, Wang 2202.08073; Boer talk @ SCET2023 and CERN; 

Neubert talk @ Neutrinos, Flavourand Beyond 2022
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Summary
ÅWith exp. and theor . progress , we are 

entering a precision era for flavour physics!

ÅWithin QCDF/SCET framework, NNLO QCD corrections to color -allowed, color -suppressed 

tree & leading -power penguin amplitudes complete, factorization at 2 - loop established

Å Due to delicate cancellation , NNLO corrections found small; some puzzles still remain:

ü long-standing "Òὄ ᴼ““ and ῳὃ “ὑ ὃ ὄ ᴼ“ὑ ὃ ὄ ᴼ“ὑ ; 

ü for class-I ὄ ᴼὈ
ᶻ
ὒ decays, ￼(4ī5ʎ)discrepancies observed in branching ratios;                     

sub - leading power corrections in QCDF/SCET need to be considered! 

ü sub-leading color-octet matrix elements ὓὓ όὝὬ ӶίӶὝόӶ ό ὄ [w.i.p]

ü improved treatments of annihilation amplitudes: SU(3)-breaking effects [w.i.p]

T C
P
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backup



Phenomenological analyses based on NLO
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Å Various analyses based on NLO hard kernels

naïve factorization

vertex correction

spectator -scattering correction

penguin correction

annihilation correction

very successful but also with some 

problems phenomenologically. !

Å complete sets of final states:

LO



Phenomenological successes based on NLO
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Å Successes at NLO: Å Some problems encountered at NLO:

ü For color-allowed tree- & penguin-dominated decay 

modes, branching ratios usually quantitatively OK

ü Dynamical explanation of intricate patterns of penguin 

interference seen in PP, PV, VPand VV modes

ü Qualitative explanation of polarization puzzle in ὄᴼὠὠ

decays, due to the large weak annihilation

ü Strong phasesstart at ￼‌ , dynamical explanation of 

smallness of direct CP asymmetries

ü Factorization of power corrections generally 

broken, due to endpoint divergence

ü Could not account for some data, such as 

"Òὄ ᴼ““ and ɝὃ “ὑ

ü How important the higher -order pert. corr.? 

Fact. theorem is still established for them?

ü As strong phases start at ￼‌ , NNLO is 

only NLO to them; quite relevant for ὃ ?

we need go beyond the LO in 

pert. and power corrections!

"Òὄ ȟᴼ– ὑᶻ ȟ

ὶ
ςά

ά ά ά
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Power -suppressed color -octet contribution 
Å Sub-leading power corrections to ╪ : spectator scattering or final -state re -scatterings

Å Soft -gluon contributions with color -octet operator insertions :

Å Every four -quark operator in ╗ἭἮἮhas a color -octet piece in QCD:

ὗ όὦ ἆ Ӷίό
ρ

ὔ
Ӷίὦ ἆ όό ς ӶίὝὦ ἆόὝό

ὗ όὦ ἆ Ӷίό
ρ

ὔ
όὦ ἆ Ӷίό ςόὝὦ ἆ ӶίὝό

ü The gluon propagator can be in the hard-collinear region

hard-spectator scattering contribution

ü Can also be in the soft region ; expected to be ַײρȾά

can be non -zero at sub -leading power, numerically relevant

ü Other four regions suppressed by more powers of ρȾάmethod of regions: 6 regions
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Pure annihilation B decays
Å Two typical pure annihilation decay modes:

Å Both involve ╫
╒╕

╝╬
╒═░ & ╫

▬ ╒╕

╝╬
╒═░ ╒═░ and kernels ═░ & ═░:

ὄ ᴼ““ vs  ὄ ᴼὑ ὑ related by SU(3)

1 4 4,EW

1
( ) 2

2

p p

s puB B b b bppp p d+ - è ø
­ = + +é ù

ê ú

1 4 4,EW 4 4,EW

1 4 4

1
( )

2

p p p p

d puKK KK

p p

puKK KK

B K K A b B b b

A B b

d b b

d b b

+ - è ø
è ø­ = + + + -ê ú é ù

ê ú

è ø è ø= + +ê ú ê ú

ÅWith the asymptotic LCDAs ╜ ● ●●, we have ═░ ═░: 

b b

( ) ( )

0.5GeV, 1 and an arbitr

n

ary ph

,

ase 

1 l /A

h A A

i

A A B hX e mj

jL = ¢

= + L

[BBNS '99-'03]

═░ȡἤ Ἃ ṧ ╥ ═

═░ȡἤ Ἃ ṧ ╥ ═
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Ways to improve the modelling of annihilations
ÅWith universal ╧═and different scenarios, we have:

Large SU(3) - flavor symmetry breaking or flavor -dependent ═ȟ
░ ?

Å How to improve the situation:

o

2

0 0.003 0.025 0.000 0.163

0.003 0.012 0.000 0.021

0

0.005 0.005 0.000 0.

o Mode  Theory  S1 (large )  S2 (large a )  S3 ( ( = 45 )    Exp. 
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.

4 = 55 )
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.72.0 032 0 1.149 .0 155

0.0 3

1

A

s

A

B

B K K

g j

p p

j
+ - + + + +

- - - -

- +

- - - -

--

­

­

°
0.005 0.008 0.000 0.087

011 0.080 0.0150.007 0.014 0.079 0.070+ + + + °

[BBNS '03]

[Wang, Zhu '03; Bobeth et al. '14; 
Chang, Sun et al. '14-15]

Bobeth et al. '14
ü including higher Gegenbauermoments to include SU(3)-breaking effects;

due to G-parity, ὥ π, but ὥ π

ü including the difference between the chirality factors to include SU(3)-breaking effects;

ὶ ρȢυ'Å6
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Ways to improve the modelling of annihilations

Å SU(3) -breaking effects in ═ȟ
░ : due to higher Gengengauber moments and quark masses

üȿ═ȟ
░ ȿcan differ by more than 20%in the BBNS+ model!

ü The amplitude ratios ═ȟ
░ ⱫⱫȾ═ȟ

░ ╚╚ get enhancedin the BBNS+ model!         what we need!
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