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There are many well-known works in
photoionization
O. Matula, A. Hayrapetyan, V. Serbo, A. Surzhykov, S. Fritzsche. Atomic ionization by
twisted photons: Angular distribution of emitted electrons. J. Phys. B: At. Mol. Opt.
Phys., 2013,
A. Peshkov, D. Seipt, A. Surzhykov, S. Fritzsche. Photoexcitation of atoms by
Laguerre-Gaussian beams. PRA, 2017,. . .
scattering of vortex electrons
V. Serbo, I. P. Ivanov, S. Fritzsche, D. Seipt, and A. Surzhykov. Scattering of twisted
relativistic electrons by atoms. PRA, 2015,
D. V. Karlovets, G. L. Kotkin, V. G. Serbo, and A. Surzhykov. Scattering of twisted electron
wave packets by atoms in the Born approximation. PRA, 2017, . . .

But there would be smth new
evolved state formalism (see D. Karlovets talk on Thursday)
somewhat exotic LG state
vortex electrons of high energies
focus on getting information about an electron beam
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Vortex photo-electron
(preliminary results)



Types of incident photon beams

Bessel profile, l = 2

AB
κℓkzΛ

(r) =
∫

d2k⊥

(2π)2 aκℓ(k⊥)AkΛ(r)e−ik⊥b

aκℓ(k⊥) =
√

2π
κ
(−i)ℓeiℓφkδ(|k⊥| − κ)

Laguerre - Gaussian profile, l = 2, n = 2

ALG
lnkzΛ(r) =

∫
d2k⊥

(2π)2 Uln(k⊥)AkΛ(r)e−ik⊥b

Uln(k⊥) =(−1)ℓ+nπ2l/2iℓwℓ+1
0 kℓ

⊥ exp

[
−k2

⊥w2
0

4

]
× Lℓ

n

(
k2
⊥w2

0
2

)
exp [iℓφk]
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Evolved state

|ev⟩ = Ŝ |i⟩ =
∫ d3pf ′

(2π)3
∣∣f ′〉〈f ′

∣∣ Ŝ |i⟩︸ ︷︷ ︸, |ev⟩ =
∫ d3pf ′

(2π)3
∣∣f ′〉 Sfi

Then the final state wave function in the momentum representation is

ψev(pf ) ≡
〈
pf
∣∣ev

〉
=

∫ d3pf ′

(2π)3
〈
pf
∣∣pf ′

〉
Sfi =

∫ d3pf ′

(2π)3 δ(pf − pf ′)Sfi = Sfi(pf )

state as it is ⇒ no dependence on detection scheme
we keep phase in Sfi

OAM operator action in the momentum representation

⟨p| L̂z |ev⟩ = −i ∂

∂φp
⟨p|ev⟩ = −i ∂

∂φp
ψev(p)
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Reminder: plane wave electron photoemission

In relativistic theory:

S(1)
fi = ie

∫
ψ∗

f (r, t)αA(r, t)ψi(r, t)d4x = 2πiδ(εi + ω − εf )Mfi

In the non-relativistic limit α =⇒ −i∇/m. Then

Mfi = −i e
m

∫
ψ∗

f (r)A∇ψi(r) d3x, AkΛ(r) = ekΛeikr

Initial matter state – an electron in the “hydrogen"-like atom. Final – plane wave.

ψi(r) =
Z3/2e−Zr/a
√
πa3

, a =
1

me2 , ψf (r) = eipr

For the ground 1s state of electron we obtain the plane wave scattering amplitude

Mfi = Np nekΛ(
Z2
a2 + q2

)2 , q = p− k, n = p/p
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Evolved state has OAM = ℓ (incident Bessel photon)

Twisted amplitude: MTW
fi =

∫
d2k⊥
(2π)2 aκℓ(k⊥)e−ik⊥b(k⊥)Mfi

MTW
fi = N

√
κ

2π (−i)ℓeiℓφp

[
p⊥√

2
[
d1
−1ΛIℓ+1(α, β,b, φp)− d1

1ΛIℓ−1(α, β,b, φp)
]
+ pzd1

0ΛIℓ(α, β,b, φp)

]
,

α ≡ Z2

a2 + p2 + k2 − 2pzkz, β ≡ 2p⊥k⊥, φ̃ = φk − φp

Iℓ(α, β,b, φp) ≡
∫

dφ̃
2π eiℓφ̃−iκb cos(φ̃+φp−φb)

1
(α− β cos φ̃)2

where Iℓ here equals − ∂
∂α Ĩℓ in Serbo et al, PRA, 2015.

b = 0 =⇒ Iℓ(α, β,0) does not depend on φp. Thus,

−i ∂

∂φp
MTW

fi = ℓMTW
fi , −i ∂

∂φp
STW

fi = ℓSTW
fi , −i ∂

∂φp
ψev(p) = ℓψev(p)
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Types of targets

To model a target we average the scattering characteristic (amplitude, cross section) f with
some distribution function n(b):

Fℓ(p, k,b) =
∫

d2bn(b)fℓ(p, k,b).

nsingle(b) = δ(b− b0)

nmacro(b) = 1
πR2 θ(R − |b|), R → ∞

nmeso(b) = 1
2πσ2

b
e− 1

2

(
b−b0
σb

)2

,

call σb effective size of a
target

single atom target mesoscopic/macroscopic
target7 24



Non-zero impact parameter

e−iκb cos(φ̃+φp−φb) ≈ 1 − iκb
2 e−iφbei(φ̃+φp) − iκb

2 eiφbe−i(φ̃+φp)

In the matrix element we replace

Iℓ(α, β,b, φp) → In(α, β,0)−
iκb
2 e−iφbeiφp Iℓ+1(α, β,0)−

iκb
2 eiφbe−iφp Iℓ−1(α, β,0)

⇒ final state electron is a superposition of states with l, l ± 1, l ± 2, . . .

Consider coherent averaging over the axially symmetric mesoscopic target

M̃TW
fi =

∫
d2b n(b)MTW

fi =

∫
b db dφbn(b)MTW

fi

Integration over φb eliminates any term containing the factor einφb in the amplitude.
⇒ final state electron has OAM ℓ
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Density matrix approach

Define the density matrix of the evolved state ρ̂ev = |ev⟩ ⟨ev|

⟨Lz⟩ =
1

Tr(ρ̂ev)
Tr

(
L̂zρ̂ev

)
Check:

⟨Lz⟩ =
1

Tr(ρ̂ev)

∫
d3qd3q′

(2π)6

∑
ℓ̃

ℓ̃(2π)2eiℓ̃(φq−φ′
q)δ(q⊥ − q′

⊥)δ(qz − q′
z)

1
q⊥︸ ︷︷ ︸

⟨q|L̂z|q′⟩

ψ∗
ev(q)ψev(q′) = ℓ

Introduction of small impact parameter preserves ⟨Lz⟩ = ℓ.
For the (incoherent approach) – introduce the averaged density matrix

ρ̂′ev =

∫
d2b n(b)ρ̂ev(b)

Pro’s: information on phase remains (not necessarily so for cross sections)
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Probability density of photoelectron

Incident Bessel beam, ℓ = 1, E = −1.2Ei: Incident LG beam, ℓ = 3, n = 1, E = −1.2Ei:
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Probability density of photoelectron

Incident LG beam, ℓ = 10, n = 1,
E = −1.1Ei:

Incident LG beam, ℓ = 10, n = 1,
E = −1.2Ei:
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Transverse coherence length (Bessel beam)

For ℓ = 3, θk = 1 deg: E = −1.2Ei, θk = 1 deg:
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Scattering of non-relativistic LG electron
packets
(arXiv:2404.11497)



Introducing Elegant Laguerre-Gaussian (eLG) beams

l=2, n=2

Out[ ]=

l=2, n=6

ΨeLG
⊥ (ρ) = NeLG

ρ|ℓ|

σ
|ℓ|+1
⊥

L|ℓ|n

(
ρ2

2σ2
⊥

)
exp

(
iℓφ− ρ2

2σ2
⊥

)
Key properties:

introduced by Siegman (1973) in laser optics

good for optical micro manipulation

exact solution of the Schrödinger equation

form a complete set of solutions BUT are not
orthogonal

eLG electrons?
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Profile comparison

l = 0

n = 1

2 4 6 8 10 12 14
ρ
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0.04
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0.08
|ψ 2

sLG packet eLG packet BG packet
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n = 1
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|ψ 2

sLG packet eLG packet BG packet

l = 2

n = 1

2 4 6 8 10 12 14
ρ

0.005

0.010

0.015

|ψ 2

sLG packet eLG packet BG packet

Bessel-Gaussian (BG) wave packet has the Gaussian wave function, in the
momentum representation:

Ce−(κ−κ0)2/(2σ2
κ)
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Scattering characteristics

Number of events for single atom scattering

dν
dΩ =

Ne
cos θk

|F(Q,b)|2, Q = p′ − p, p = ⟨k⟩

F(Q,b) = −me
2π

∫
V(r)Ψ⊥(r + b)e−iQrdr

Ψ⊥(r + b) =
∫

ei(r+b)k⊥Φ⊥(k⊥)
d2k⊥

2π .

Average cross section for macroscopic target

dσ̄
dΩ =

1
Ne

∫ dν
dΩd2b.

dσ̄
dΩ =

1
cos θk

∫
|f (Q− k⊥)|2|Φ⊥(k⊥)|2d2k⊥

Hydrogen-like targets:

VH(r) = −e2

r

(
1 + r

a

)
e−2r/a

Heavy elements (Fe, Ag, Au):
take the potential field as the
superposition of three Yukawa terms

VY(r) = −Ze2

r

3∑
j=1

Aje−µjr,

See akin calculations in V. Serbo et al
(2015)
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Scattering on a single hydrogen-like atom

l = 1

b = 0

0 10 20 30 40 50 60
θ (deg)

10-6

10-4

0.01

1

dν/dΩ

nsLG = 0 nsLG = 2 nsLG = 4

neLG = 0 neLG = 2 neLG = 4

BG: l = 1

p = 10/a (ε = 1.4 keV), σκ = κ/5, θk = 10◦

l = 1
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Macroscopic target of H-like atoms

n = 1

10 20 30 40 50 60
θ (deg)

10-4

0.001

0.010

0.100

dσ/dΩ

lsLG = 1 lsLG = 10 lsLG = 100

leLG = 1 leLG = 10 leLG = 100

BG wave packet

(a)

l = 10

10 20 30 40 50 60
θ (deg)

10-4

0.001

0.010

0.100

dσ/dΩ

nsLG = 0 nsLG = 1 nsLG = 2

nsLG = 3 neLG = 0 neLG = 1

neLG = 2 neLG = 3 BG wave packet

(b)

The average cross section dσ̄/dΩ for different values of OAM (a) and n (b). Results are
presented for the width of the incident packet σκ = κ0/3 and opening angle θk = 15◦.
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Macroscopic target of heavy elements

Fe

n = 1
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(a)

Ag

n = 1
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Au

n = 1
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BG wave packet

(c)

Scattering of sLG (solid lines), eLG (dashed lines), and BG (black line) packets on Fe (a), Ag
(b), and Au (c) macroscopic targets: The average cross section dσ̄/dΩ for different values of
l. Width of the incident packets σκ = κ0/3, opening angle θk = 15◦, and n = 1.
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Scattering of highly relativistic vortex
electrons
(PRA A 108, 062803 (2023))



Relativistic scattering amplitudes

The Mott scattering description is given in
terms of the scattering amplitude:

fλ,λ′(p,p′) = −
∫
ψ†
p′λ′(r)Vat(r)ψpλ(r)d3r,

Sfi = i2πδ(ε− ε′)fλ,λ′(p,p′)

The resulting cross-section is

dσ
dΩ

∣∣∣∣
(PW)

=
1

16π2 |fλ,λ′(p,p′)|2

(
dσ
dΩ

)(single)
= J2

m−λ(κb0)

(
dσ
dΩ

)(PW)

Here we consider scattering of Bessel beam
with TAM m on different targets:

lim
θp→0

(
dσ
dΩ

)(macro)
=

(
dσ
dΩ

)(PW)

θp ≲ 5◦

∣∣∣F(meso)
m,λ,λ′(p,p′,b0)

∣∣∣2 =

=

∫
d2b |F(p,p′,b)|2 e− 1

2

(
b−b0
σb

)2

2πσ2
b
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tan θp =
κ

pz

For various widths rbeam and TAM m at ε = 2me: typical θp (≲ 1 deg). θp ∝ ε−1

0.1 0.5 1 5

107

108

109

1010

1011

1012

dσ
dΩ (barn/sr)

θ' (deg)
0.1 0.5 1 5

107

108

109

1010

1011

1012

dσ
dΩ (barn/sr)

θ' (deg)
0.1 0.5 1 5

107

108

109

1010

1011

1012

dσ
dΩ (barn/sr)

θ' (deg)

θp=0.1 deg

θp=0.5 deg

θp=1 deg

Macroscopic Fe target. Left: ε = 2me, blue θp = 0.1◦ (κ = 1.5 keV), red θp = 0.5◦ (κ = 7.7 keV),
green θp = 1◦ (κ = 15 keV); Middle: ε = 5me, blue θp = 0.1◦ (κ = 4.4 keV), red θp = 0.5◦
(κ = 21.9 keV), green θp = 1◦ (κ = 43 keV); Right : ε = 20me, blue θp = 0.1◦ (κ = 17.8 keV), red
θp = 0.5◦ (κ = 89 keV), green θp = 1◦ (κ = 178 keV).

Peak at θ′ = θp =⇒ κ

The peak is distinguishable only for values of κ ≳ 10 keV.
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0.001 0.010 0.100 1
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1013
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dΩ (barn/sr)

0.001 0.010 0.100 1
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1012

1015

dσ
dΩ (barn/sr)

θ' (deg)
Macroscopic Au target and ultra-relativistic electron energies. Top panel: ε = 100me, blue
solid θp = 0.001◦ (κ = 0.89 keV), dashed red θp = 0.01◦ (κ = 8.9 keV), dot dashed green
θp = 0.1◦ (κ = 89 keV); Bottom panel: ε = 1000me, blue solid θp = 0.001◦ (κ = 8.9 keV),
dashed red θp = 0.01◦ (κ = 89 keV), dot dashed green θp = 0.1◦ (κ = 891 keV).

21 24



Introduce R

Problem: no sensitivity to OAM with macroscopic target

Rm−λ(σb, κ) ≡
(

dν
dΩ

)(meso)/(
dν
dΩ

)(macro)
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m=11/2 
m=51/2 
m=501/2 
m=2001/2

Parameters: ε = 5 me, λ = 1/2.
Left panel: θp = 0.001 deg, κ = 44 eV; middle panel: θp = 0.1 deg, κ = 4.4 keV; right panel:
θp = 1 deg, κ = 44 keV.
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On results with mesoscopic target

A finite size target can be used to retrieve information about OAM m − λ.
However, we need realistic target sizes σb > 1 nm.

Introduce OAM detuning:

δ =
(m2 − λ2)− (m1 − λ1)

m2 − λ2

and necessary accuracy in the scattering amplitude measurement D:
D = max

σb,κ∈R+

(Rm2−λ2(σb, κ)−Rm1−λ1(σb, κ))

A two times difference between the OAM values (δ = 0.5) – D ≈ 0.45.
For closer OAM values (smaller δ), D also decreases: for δ ≈ 0.08 – D ≈ 0.064, and
for δ ≈ 0.01 – D ≈ 0.007.
For example, to distinguish m1 − λ1 = 11 and m2 − λ2 = 12 (detuning δ = 0.083) one
must have experimental setup resolution better than D = 0.064.
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Summary

On photoelectron emission
evolved state gets OAM ℓ

OAM of incident photon is preserved
coherent / incoherent approach

On scattering of LG electrons
OAM dependent (target -averaged) cross sections
info on beam characteristics

On scattering of highly-relativistic electrons
OAM from scattering on targets of varying sizes
measuring κ of a Bessel beam
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Thank you!
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