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 Significant attention has been devoted to the study of double charmonium production 

at B factories at  beginning of this century.   

1.  Background

 Considerable effort has been paid to reduce the discrepancy between experimental 

measurements and theoretical predictions for the  exclusive double charmonium

production processes 

 Exclusive double charmonium production at e+e− collider is among the simplest 

hard exclusive reactions in perturbative QCD, which can be used to testify the 

factorization
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On experiment side:

1.  Background

where         signifies that branching fraction of ηc decay into the 

final states with more than 2 charged tracks
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There is an abundance of theoretical work on this process, based on various 

approaches. Below are several studies conduced within the framework of 

NRQCD

1.  Background

Braaten, Lee,  PRD(2003) 

Liu, He, Chao, PLB(2003) 

Zhang, Gao, Chao, PRL(2006) ---- NLO QCD corrections

He, Fan, Chao, PRD(2007)

Bodwin, Lee, Yu, PRD(2008)  

Gong, Wang, PRD(2008) ---- NLO QCD corrections

Dong, Feng, Jia, PRD(2012) ---- Mixed QCD and relativistic corrections

Li, Wang, CPC(2014) ---- Mixed QCD and relativistic corrections

Sun, Wu, Ma, Brodsky, PRD(2018) 

… …
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Despite of considerable uncertainty, the

theoretical prediction is consistent with the 

experimental data.

Feng, Jia, Mo, SWL, Zhang, arXiv: 1901.08447 (PLB 2024)

Note:    Huang, Gong, Wang, JHEP(2023)

The two-loop corrections are consistent with ours

1.  Background
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PRD(2004), Belle

PRD(2005), BaBar

Braaten, Lee, PRD2003

Liu, He, Hagiwara,  Kou, Qiao, PLB2003

He, Chao, PLB 2003

Zhang, Ma, Chao, PRD2008

Wang, Ma, Chao, PRD2011

Dong, Feng, Jia, JHEP 2011

Jiang, Sun, EPJC 2018

Sun, JHEP 2021

… …

PRD(2004), Belle

1.  Background

On experiment side:

On theoretical side:

---- NLO QCD corrections

---- NLO QCD corrections

---- NLO QCD corrections
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SWL, Feng, Jia, Mo, Zhang, arXiv:2202.11615v2

agree with experimental measurements

1.  Background

Comparison between our finest predictions to the unpolarized cross sections and the 

measurements in two B factories (in units of fb)
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1.  Background

How about double vector charmonia exclusive production at B factory, i.e., 

1) Such processes have to proceed via 𝑒+𝑒− annihilating into two virtual photons

2) Naive expectation is that the production rate is more suppressed due to occurrence of 

the extra QED coupling constants
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1.  Background Bodwin, Lee and Braaten PRL2003;

Bodwin, Lee and Braaten PRD, 2003 (E 2005) 

Unpolarized Cross section (in units of fb)

Note the tree-level prediction for σ(J/ψ + J/ψ) is even bigger than σ(J/ψ +𝜂𝑐)
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1.  Background

How to explain?  

1) Enhanced by fragmentation factor 

2) Enhanced by the propagator of the electron at small azimuth angle θ
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1.  Background

Unfortunately, double J/ψ production has not yet been observed at B factories

Belle finds no evidence for

K. Abe et al. PRD 2008 PRD(RC) (2004), BELLE

Why have the experiment found the signal for the process J/ψ+𝜂𝑐, but not for the process J/ψ+J/ψ
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1.  Background

We have known that both the radiative and relativistic corrections can 

considerably alter the LO cross section for J/ψ+𝜂𝑐

How about the process J/ψ+J/ψ ?
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2002:   Bodwin, Lee, Braaten NRQCD LO                                   8.7 fb

2003:   Bodwin, Lee, Braaten NRQCD LO 6.65 fb

2006:   Davier,  Peskin,  Snyder                    VMD 2.38 fb

2006:   Bodwin, Braaten, Lee, Yu         fragmentation+nonfragmentation 1.69±0.35 fb

2008:   Gong, Wang                              NRQCD NLO in αs -3.4—2.3 fb

2013:   Fan, Lee, Yu                              NRQCD NLO in αs and v2 1—1.5 fb

1.  Background

Current Research Progress

The order-αs correction is negative and significant!

1) Negative total cross section in some range of renormalization scale

2) How about the perturbative convergence? NNLO correction?

To provide useful guidance for experimentalists to search for this channel,  it is crucial 

to present the precise theoretical prediction
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Gong, Wang   PRL(2008)

The main contribution comes 

from the fragmentation diagrams.

1.  Background

Czarnecki, etc. PRL(98); Beneke, etc. PRL(98)

Marquard, etc. PRD(2014);  Feng, etc. arXiv:2207.14259
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2.  Outline of calculation

We split the Feynman diagrams into the fragmentation and non-fragmentation pieces

Fragmentation part

Non-fragmentation part

LO+NLO

NNLO

Total amplitude

Note both amplitudes are 

gauge-invariant
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2.  Outline of calculation

The                    can be calculated using the VMD method 

Special treatment for the fragmentation part

Through this treatment, it implied that we have resummed an infinite towers of perturbative 

and relativistic corrections to all orders.

fJ/ψ can be derived through



18Optimized NRQCD

2.  Outline of calculation

The differential cross section reads: 

So we get 

Fragmentation interference Non-fragmentation

Short-Distance coefficients



19

2.  Outline of calculation

Davier, Peskin, Snyder,  hep-ph/0606155; 

Bodwin, Lee, Braaten and Yu, PRD(2006)

According to NRQCD, the other two SDCs can be parameterized in LO in v but through αs
2 as

renormalization scale                         one-loop coefficient of the QCD β function

The occurrence of the β0 lnμR term is constrained by the renormalization group invariance 
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2.  Outline of calculation

Where            is the anomalous dimension of the NRQCD vector current (first arises at two loop!) 

Czarnecki, Melnikov, PRL(1998)

Beneke, Signer, Smirnov, PRL(1998)At two-loop 

factorization scale,  the explicit expression is constrained by the NRQCD factorization

It is crucial to carry out the nontrivial SDCs 

The occurrence of the γJ/ψ lnμΛ term is demaded by the NRQCD factorization
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2.  Outline of calculation

Our main 

results
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3.  Discussion
Our main results

Differential cross sections for e+e−→J/ψ+J/ψ against cosθ at 

various perturbative accuracy from traditional NRQCD and our 

improved NRQCD approach.

• Both NLO and NNLO correction is 

positive!

• Exhibit decent convergence behavior!

• When J/ψ production plane is nearly 

collinear to e+e−(𝜃 → 0), 

fragmentation contribution dominates!

• As 𝜃 deviates from 0, corrections 

from non-fragmentation amplitude 

start to play non-negligible role!
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3.  Discussion

Integrated cross section of e+e−→J/ψ+J/ψ at various perturbative accuracy. The uncertainties are 

estimated by varying µR from mc to √𝑠

 To date the Belle and the Belle2 experiments have accumulated about 1500 fb−1 data, so we expect about 

3105∼3645 exclusive double J/ψ events. 

 Taking into account Br(J/ψ→l+l−)=12%, about 45∼52 four-lepton events from double J/ψ can be 

produced. 

 Assuming 40% reconstruction efficiency, we expect about 18∼21 signal events may be reconstructed.

 With the designed 50 ab−1 integrated luminosity at Belle2, it seems that the observation prospects of 

exclusive double J/ψ production is promising in the foreseeable future.
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3.  Discussion

A Very recent work prediction from distinct treatment 
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 NNLO prediction for double J/ψ at B factories in conventional NRQCD 

approach exhibits poor perturbative convergence, leading to unphysical 

negative cross section.

 Useful to split the amplitude into photon fragmentation and non-fragmentation 

pieces. In the optimized NRQCD approach, both NLO and NNLO corrections 

are positive and exhibit a reasonable convergence pattern.

 The NNLO prediction for the total cross section is                  fb at CM energy 

10.58 GeV in the optimized approach . With the projected integrated luminosity 

of 50 ab−1, the prospect to observe this exclusive process at Belle 2 

experiment appears to be bright. 

4. Summary
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Thank you for your attention！


