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Some old memories
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⚫  I was honored to be invited to give a review on BBNS(QCDF) method at the 

very first meeting of this series - 2002HFCPV@YanTai, but unfortunately, I 

didn't manage to do it. 

⚫ At that time, talking about factorization almost just meant talking about 

factorizing the matrix element of current-current operators into product of 

matrix elements of currents and corresponding 

"non-factorizable" corrections. QCD
Factorization

(BBNS@1999)

Naïve
Factorization

(BSW)

Generalized
Factorization
(H.Y.Cheng;

Ali,Lv,Krammer)
PQCD

Factorization
(Keum, Li, Sanda; 

Ukai,Lv,Yang@2001)Prof. Maozhi Yang present reviews  on both 
BBNS and PQCD method at 1st HPCPV meeting !



⚫ Mostly based on my personal impressions. Sorry for many 

missed progresses made by colleagues! 

⚫ For a more comprehensive review, one can find the review 

talk given by Prof. Yuming Wang at 2019HFCPV@Huhhot 

⚫ Mainly on EFTs based factorization methods

⚫ Criticisms and comments are welcome!

Disclaimer
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⚫ The Standard Model is a multiple scale problem (from 100s 

GeV down to sub eV).

⚫ QCD is a demon which behaves distinctly at high energy 

(asymptotic freedom) and low energy (color confinement).  

The mass of first heavy quark, charm quark, just lies on the 

edge of above two regimes.

⚫ Factorization is to separate dynamics from well-separated 

scales.

⚫ Factorization is a must-be as we cannot simulate the whole 

dynamics in particle physics yet. 

⚫ Factorization is an approximation (hopefully systematic).

Factorization
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因子化不是万能的；
没有因子化是万万不能的。



A Wilsonian matching EFT is an automatic factorization. 

Therefore, the factorization formula is written as (Step 0)

𝑨𝒇𝒖𝒍𝒍 = σ𝒊𝑪𝒊 𝝁 𝑶𝒊(𝝁)

⚫ The low energy behaviors of underlying theory are 

reproduced by EFT interactions/operators sorted by the power 

counting rules in EFT;

⚫ The high energy contributions are encoded into the strength 

of the couplings, so-called Wilson/short-distance coefficients;

⚫ To get precision phenomenology, it requires:

◼ Perturbative matching to get  SD coefficients (+RGE);

◼ Determinations of LD matrix-elements.

Factorization into EFTs
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⚫ NRQCD/pNRQCD: Productions & Decays of 

quarkonium/Bc/fully heavy baryons/tetraquark

◼ Exclusive processes: WFs at the origin;

◼ Inclusive processes: Singlet/Octet mechanisms

⚫ HQET: heavy-quark symmetry 

Decays of B mesons/D mesons/Heavy-light baryons…

⚫ SCETI/SCETII: 

◼ EFT version of earlier stage soft/collinear factorization

◼ Simplification of proof of factorization

EFTs in heavy-quark physics
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Roadmap of HFP in EFTs
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Underlying Theory 
(String/GUT/SUSY/other new 

physics models)

Standard Model EFT

Weak Effective Hamiltonian

HQET/SCET/…..

The scale separation is standard:
Standard procedure to write down 
the operators, do the matchings, 
apply RGs to resum large logarithms.

QCD
Factorization

(BBNS@1999)

PQCD
Factorization

(Keum, Li, Sanda; 
Ukai,Lv,Yang@2000)

For B meson non-leptonic 
decays



⚫ Perturbative matching is almost the most important task.

⚫ An approach to achieve the asymptotic expansion of the 

multiple well-separated scales involved loop integrals 

(especially convenient in DR)

1. Identify all important momentum regions with homogenous 

power-counting which give the most important contributions;

2. Expand the integrand in each momentum regions w.r.t the 

power counting and integrate the expanded integrand over 

whole momentum region in DR;

3. Add up contributions from all regions to reproduce the 

asymptotic expansions of original loop integral;

Matching by method of regions
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Beneke&Smirnov 1997'



⚫ Advantages: 

1. Technical & explicit demonstration of factorization;

2. Easy to calculate: each expanded integral involves less scales 

than original loop integral;

3. The low energy regions -> EFT contributions;

The large energy regions -> Wilson coefficients

+(sometimes anomalous dimensions)

⚫ Difficulties: 

1. How to identify all the important regions?

2. Some expanded integrals may be ill-defined in DR, need 

extra regularization. 

e.g. Soft-collinear factorization anomaly/endpoint 

singularity/rapidity divergence

Advantages and difficulties
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An example
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=

Beneke&Feldman, 2003

Extra regularization is needed to 

regularize Ic and Is, but the 

corresponding singularities in Ic and Is 

cancel each other 



Endpoint singularity in B decays 
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⚫ Weak annihilation：power suppressed by divergent BBNS,2001

⚫ Heavy-to-light form-factors:   

Beneke&Feldmann, 2000

⚫ Parameterizations are needed to do phenomenology! 



QCDF for 𝑩 → 𝑴𝟏𝑴𝟐
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⚫ Formfactors cannot be fully 

factorized into a convolution;

⚫ All perturbative corrections at 

leading power have been 

calculated up to NNLO in 

strong coupling, which were 

mostly done by M.Beneke, 

X.Q.Li and their collaborators 

in past 20 years;   
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⚫ Consider transvers mentum to regulate the endpoint singularities;

Keum, Li, Sanda; Ukai,Lv,Yang,2000

⚫ Sum the large logarithms by Sudakov factors; 

⚫ Phenomenologically successful!

Huge efforts have been made by C.D.Lv, Z.J.Xiao and their students!

For the most recent comprehensive surveys, please see J.Chai, S.Cheng, 

Y.H. Ju, D.C. Yan, C.D.Lv and Z.J. Xiao, CPC, 2022. 

PQCD for 𝑩 → 𝑴𝟏𝑴𝟐



Analogue in 𝜸∗ → 𝑱/𝝍 𝜼𝒄
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⚫ Big success for NRQCD factorization: 

LO+NLO+NNLO+ +O(v2)+O(v2 NLO)

K.T.Chao, Y.J.Zhang, Z.G.He et al; C.F.Qiao et al; 

J.X.Wang, B.Gong et al; F.Feng,J.Yu,W.L.Sang et al;

⚫ Asymptotic behavior of the amplitude: J.X.Wang, J.Yu, D.S.Yang, 2010.

which is m/Q suppressed comparing with 𝜸∗ → 𝑩𝒄𝑩𝒄 . 

Such suppression is caused by a helicity flip!

Appearance of  
double logs at NLO, 
shocks G.Bodtwin
et al (2014). They 
realized the 
problem connected 
with the endpoint 
singularity!



Tree-level C𝐨𝐥𝐥𝐢𝐧𝐞𝐚𝐫 𝐅𝐚𝐜𝐭𝐨𝐫𝐢𝐳𝐚𝐭𝐢𝐨𝐧
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Fit to the expr.!

Lead to end-point singularity!

Phenomenological 

prediction is severely 

dependent on 

parameterization of 

endpoint singularity!

Ma and Si, 2004; Bonder and Chernyak, 2005;

⚫  High twist LCDAs together with endpoint singularity appears!



More Examples
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A consistent treatment would be an important 

breakthrough in controlling the underlying

power-expansion!

Stolen from Phillip Boeer, seminar@CERN, 2023



⚫ Suppressed by 𝒎𝒃/𝒎𝑯

⚫ Factorization formula

Z.L.Liu & M.Neubert, JHEP, 2020; J.Wang,2020;

bare factorization contains endpoint singularity 

⚫ With the proper subtractions in both jet and soft functions

⚫ Resummation of double logarithms can be done by EFT RGEs:

𝑯 → ɣ ɣ through b quark loop
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⚫ The 𝐵𝑐 meson as a unique non-relativistic bound state of two flavor heavy 

quarks, though experimentally hard to measure, can be a good 

playground for theorists! 

⚫ 𝑩𝒄 → 𝜼𝒄 formfactors can be calculated in NRQCD factorization:

C.F.Qiao, P.Sun, R.L.Zhu, 2012; 

⚫ At large recoil, the NLO corrections contains large double logarithms;

P.Boeer,G.Bell,T.Feldmann et al, 2023;

The diagrammatic resummation

of double logarithms are achieved

in a certain limit, and is confirmed

by explicit 2-loop results.

𝐵𝑐 as a playground
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Weak annihilation on the way
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P.Boeer, M.Neubert et al, on going

More soft functions/distributions

will be involved! Much more complicated

than original 6-quark operator involved

factorization formula will appear, more delicated

subtractions are expected!

Power suppressed soft-collinear interaction 
is essential for SCETI matching onto SCETI I



⚫ Non-perturbative inputs are essential for phenomenological applications;

⚫ The leading twist LCDAs of light mesons are expanded in Gegenbauer

polynomials:

𝝓𝝅 𝒙 = 𝟔ഥ𝒙𝒙 σ𝒂𝒏𝑪𝒏

𝟑

𝟐 𝟐𝒙 − 𝟏 ,

◼ Lattice calculation of Gegenbauer moments;

◼ The inverse moment:  ∫ 𝒅𝒙
𝝓𝝅 𝒙,𝝁

𝒙
= 𝟑 𝟏 + 𝒂𝟐 + 𝒂𝟒 + 𝒂𝟔 +⋯ ;

Data shows very slow convergence!  The inverse moment is very 

sensitive to the profile of light-meson LCDAs.

Lightcone distributions
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Convolutions with hard-kernel at NLO & NNLO, show slow convergence or 

maybe divergence over Gegenbauer expansion. L.B.Chen, W.Chen, F.Feng, J.Yu, 2024;

Lightcone Distributions-Cont.
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Direct Lattice computation of distributions are needed through the Quasi 

DAs (LAMET);       X.D.Ji et al since 2012; see Ji Xu’s talk        

𝜋𝛾∗ → 𝜋
formactors

at NNLO



Un-Scientific Summary 
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⚫ No pain no gain!

⚫ Keep eyes open!

⚫ Salute to all hard-working 

colleagues!  



Thanks
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