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Outline

• Necessity of study on the weak annihilation contribution in B → {K,π} `+`− decays

• QCD factorization of the weak annihilation amplitudes of B → {K,π} `+`− decays

• The phenomenological impact from weak annihilation contribution

• The power suppressed long-distance quark loops

Based on： Y. K. Huang(黄勇康), YLS, C. Wang(王超) and Y. M. Wang(王玉明),

a arXiv: 2403.11258
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b→ (d, s)`+`−: prominent tools in searching for new physics

• Flavor-Changing Neutral Current processes: standard model contribution is loop suppressed

• Rich angular distribution observable in B → V `+`− decays

1

d(Γ + Γ̄)/dq2

d4(Γ + Γ̄)

dq2 d~Ω

∣∣∣∣
P

=
9

32π

[3

4
F̄L sin2 θK + FL cos2 θK +

1

4
F̄L sin2 θK cos 2θ`

−FL cos2 θK cos 2θ` + S3 sin2 θK sin2 θ` cos 2φ

+S4 sin 2θK sin 2θ` cosφ+ S5 sin 2θK sin θ` cosφ

+ 4
3
AFB sin2 θK cos θ` + S7 sin 2θK sin θ` sinφ

+S8 sin 2θK sin 2θ` sinφ+ S9 sin2 θK sin2 θ` sin 2φ
]
,

The “clean ” observables

P ′i (i = 4, 5, 6, 8) =
Si(i = 4, 5, 7, 8)√

FL(1− FL)

Yuelong Shen (OUC) NLO WA correction to B → {K, π} `+`− 3 / 27



Anomalies related to b→ (d, s)`+`−

• Branching ratio of B+ → K+`+`− [B. Capdevila, etc., arXiv: 2309.01311]

B[1.1,2.0],SM

B+→K+µ+µ−
= (0.33± 0.03)×10−7,

B[4.0,5.0],SM

B+→K+µ+µ−
= (0.37± 0.03)×10−7,

B[5.0,6.0],SM

B+→K+µ+µ−
= (0.37± 0.03)×10−7,

B[1.1,2.0],LHCb

B+→K+µ+µ−
= (0.21± 0.02)×10−7 (4.0σ),

B[4.0,5.0],LHCb

B+→K+µ+µ−
= (0.22± 0.02)×10−7 (4.4σ),

B[5.0,6.0],LHCb

B+→K+µ+µ−
= (0.23± 0.02)×10−7 (4.0σ).

• the angular observable P ′5[B. Capdevila, etc., arXiv: 2309.01311]

P
′ [4.0,6.0]
5 SM = −0.72± 0.08; P

′ [6.0,8.0]
5 SM = −0.81± 0.08

P
′ [4.0,6.0]
5 LHCb = −0.439± 0.111± 0.036 (1.9σ), P

′ [6.0,8.0]
5 LHCb = −0.583± 0.090± 0.030 (1.9σ).
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Anomalies related to b→ (d, s)`+`−

• Isospin asymmetry AI(B → K`+`−)

AI =
B(B0 → K(∗)0µ+µ−)− (τ0/τ+) · B(B+ → K(∗)+µ+µ−)

B(B0 → K(∗)0µ+µ−) + (τ0/τ+) · B(B+ → K(∗)+µ+µ−)
,
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• Including 2012 data, AI(B → K`+`−) deviates from zero at the level of 1.5σ (4σ from 2011 data)

[LHCb, JHEP06,133(2024) arXiv:1403.8044]
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The importance of annihilation contribution

• Sensitive to isospin asymmetry and CP asymmetry in B → (K,π)`+`− decays

B K

b s

(a)

Charged B meson decays: (color allowed) tree operators contribute

• Necessary blocks for scale independence of the A(B → (K,π)`+`−) at leading power

• two-loop matrix elements for penguin operators(q2 6= 0)

⊗ ⊗ ⊗

(a) (b) (c)

• one-loop weak annihilation contribution in the longitudinal amplitude
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The decay amplitudes of B → (K, π)`+`− at large recoil

• the decay amplitude

A(B → P`+`−) = −〈P (p′)`+`−|Heff |B(p)〉

we will concentrate on the large recoil region(1GeV2 < q2 < 6GeV2)

• The effective weak Hamiltonian for the semileptonic b→ D`+`− (with D = d, s)

Heff = −GF√
2

[
VtbV

∗
tDH

(t)
eff + VubV

∗
uDH

(u)
eff

]
+ h.c.

where

H(t)
eff = C1Qc1 + C2Qc2 +

∑
i=3−10

CiQi ,H(u)
eff = C1 (Qc1 −Qu1 ) + C2 (Qc2 −Qu2 )

• the semileptonic operator

O9,10 =
αem

2π
(¯̀̀ )V,A (s̄b)V−A,
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The leading power decay amplitudes at large recoil

• Contribution from semileptonic operators O9,10

A(B → K`+`−)|O9,10

=
GF√

2

αem
π

VtbV
∗
ts

[
¯̀γµ` p

µC9f
+
BK(q2) + ¯̀γµγ5` p

µC10f
+
BK(q2)

]
,

• B → P form factors

〈P (p′)|q̄γµγ5b|B̄(p)〉 = f+
BP (q2)

[
pµ + p′µ − m2

B −m2
P

q2
qµ
]

+ f+
BP (q2)

m2
B −m2

P

q2
qµ
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The leading power decay amplitudes at large recoil

• Contribution from electro-magnetic penguin and four-quark operators ：[Beneke etc. , NPB 612

(2001) 25-58 arXiv: hep-ph/0106067] B → (K,π)γ∗, γ∗ → `+`−

〈P (p′) γ∗(q, µ)|H(t, u)
eff |B̄(p)〉 = −gem mb

4π2

T (t, u)
P (q2)

mB

[
q2 (pµ + p′µ)− (m2

B −m2
P ) qµ

]
T (t, u)
P = C

(t, u)
P (q2) f+

BP (q2)

− π
2

Nc

FB fP
mB

∑
m=±

∫ ∞
0

dω

ω

∫ 1

0

duT
(t, u)
P,m (ω, u, µ)φB,m(ω, µ)φP (u, µ) ,

KB

b s
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The leading power decay amplitudes at large recoil

• Hard spectator scattering and annihilation contribution

T (t, u)
P = C

(t, u)
P (q2) f+

BP (q2)

− π
2

Nc

FB fP
mB

∑
m=±

∫ ∞
0

dω

ω

∫ 1

0

duT
(t, u)
P,m (ω, u, µ)φB,m(ω, µ)φP (u, µ) ,

B̄

B K

b s

(a)

• weak annihilation diagrams contribute at leading power for B → P`+`− and the longitudinal

polarization of B → V `+`−
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SCET analysis of B → (K, π)`+`−

• Two step matching: QCD→SCETI→SCETII [Ali etc. EPJC 47 (2006) 625-641 arXiv: hep-ph/0601034]

Heff → −GF√
2
V ∗tsVtb

(
4∑
i=1

∫
ds C̃Ai (s)JAi (s) +

4∑
j=1

∫
ds

∫
dr C̃Bj (s, r)JBj (s, r)

+

∫
ds

∫
dr

∫
dt C̃C(s, r, t)JC(s, r, t)

)
+ Higher power operators

• the A-type operators

JAi = X̄hc(sn̄)(1 + γ5){γµ⊥,
nµ

n · v }h(0) ¯̀γµ(γ5)` ,
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SCET analysis of B → (K, π)`+`−

• the B-type operator

JBi = X̄hc(sn̄)(1 + γ5){γµ⊥,
nµ

n · v } /Ahc⊥(rn̄)h(0) ¯̀γµ(γ5)` ,

• the C-type operator(incomplete)

JC = X̄hc(sn̄)(1 + γ5)
/̄n

2
Xhc(rn̄) X̄hc(an)(1 + γ5)

/n

2
h(0) ,
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SCET analysis of B → (K, π)`+`−

• Mathching from SCETI to SCETII

〈
∫
d4xT{JBi (s, t),L(1)

ξqs
(x)}〉FT = JBij ⊗ 〈OBj (s, t)〉FT

• B-type SCETI operators are matched onto the following SCETII operators

OBi = X̄c(sn̄)(1 + γ5){γµ⊥,
nµ

n · v }
/̄n

2
Xc(0) Q̄s(tn)(1− γ5)

/n

2
Hs(0) ¯̀γµ(γ5)` ,

• Definition of LCDAs

〈P (p′)| (χ̄Wc̄) (tn̄)
6 n̄
2
γ5

(
W †c̄ χ

)
(0)|0〉 = −i fP

n̄ · p′

2

∫ 1

0
du ei (n̄·p′)u t φP (u, µ),

〈0| (q̄sYs) (tn̄) 6 n̄(6n) γ5 (Y †s hv)(0)|0〉 = −
ifB(µ)mB

4

∫ ∞
0

dω eiωt φ
+(−)
B (u, µ),
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The NLO annihilation contribution

• An additional operator O(B1) also contributes at leading power

Qi = HI
i ?O(A0) +HII

i ?O(B1) ,

O(A0) =

[
(χ̄Wc̄) (tn̄)

6 n̄
2

(1− γ5)
(
W †c̄ χ

)
(0)

] [(
ξ̄Wc

)
(0) 6n (1− γ5)hv(0)

]
,

O(B1) =
1

mb

[
(χ̄Wc̄) (tn̄)

6 n̄
2

(1− γ5)
(
W †c̄ χ

)
(0)

] [(
ξ̄Wc

)
(0)
6n
2

[
W †c i 6D⊥cWc

]
(sn) (1 + γ5)hv(0)

]
,

• Hard functions HI,II
i have been calculated up to two-loop order.

• tree operator [Beneke etc. , NPB 832 (2010) 109-151 arXiv: 0911.3655]

• penguin operator [Bell etc. , JHEP 04 (2020) 055 arXiv: 2002.03262 ]
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The annihilation contribution in SCET

• Matching to O(B1):

〈u(l′)ū(ūp)s(up)g(l)|T{
∫
d4xLQCD(x), Pi}|b(pb)〉(0)

= HII(0)
ia 〈u(l′)ū(ūp)s(up)g(l)|OII

a |b(pb)〉
(0)
FT

HII(0)
1 =

1

Nc

1

ū
, HII(0)

2 = 2,

H̃II(0)
1,4 =

1

Nc

[
2CF −

1

Nc

1

ū

]
, H̃II(0)

2,3 =
2

Nc

[
1 +

1

ū

]
,

H̃II(0)
5 = 16 H̃II(0)

2 , H̃II(0)
6 = 16 H̃II(0)

1 ,
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calculation of jet function

• Match O(A0) to SCETII

J (A0)
P (n · q, n̄ · q) n̄µ =

∫
d4x eiq·x〈0|T

{
j‖,(2)
em, µ(x),

(
ξ̄Wc

)
(0)γ5hv(0)

}
|B̄(p)〉

+

∫
d4y〈0|T

{
j‖,(0)
em, µ(x), iL(2)

ξqs
(y)
(
ξ̄Wc

)
(0)γ5hv(0)

}
|B̄(p)〉,

J(1)
‖,− = 1 + CF

[
ln2 µ̂2

ω − n̄ · q
− 2 ln

µ̂2

ω − n̄ · q
ln(1 + η)− ln2(1 + η) +

(
2

η
− 1

)
ln(1 + η)−

π2

6
− 1

]
,
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Calculation of jet function

• jet function from B-type operators

n · q
2π

∫
d4x eiq·x

∫
ds ei(n·q)τs∫

d4y〈0|T
{
j‖,(0)
em, µ(x), iL(1)

ξqs
(y),

(
ξ̄Wc

)
(0)γ5

[
W †c i 6D⊥cWc

]
(sn)hv(0)

}
|B̄(p)〉

= J (B1)
P (n · q, n̄ · q, τ) n̄µ.

J(1)
‖,+ = 2CF

n · q
ω

ln(1 + η) (1− τ) θ(τ) θ(1− τ),
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The analytic result

• the explicit expressions of the NLO weak annihilation corrections to the short-distance matching functions

T
(t, u)
P,m {

T
(u)
P,+, T

(t)
P,+

}
⊃ −QqNc

2mB

mb

∫ 1

0

dτJ‖,+(n · q, n̄ · q, ω, τ){
−

2∑
i=1

Ci
[
HII
i (u, τ) δqu − H̃II

i (u, τ) δqd δPπ
]
,

6∑
i=3

Ci H̃II
i (u, τ)

}
,

{
T

(u)
P,−, T

(t)
P,−

}
⊃ QqNc

4mB

mb

J‖,−(n · q, n̄ · q, ω)

q̂2 − 1 + i 0{
−

2∑
i=1

Ci
[
HI
i(u) δqu − H̃I

i(u) δqd δPπ
]
,

6∑
i=3

Ci H̃I
i(u)

}
,

the effective Wilson coefficients

C(i)
9,P (q2) = C9 δ

it +
2mb

mB

T (i)
P (q2)

f+
BP (q2)

.
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Convergence of the integral

• the asymptotic behavior of B meson LCDA

φ+
B(ω)→ ω, φ−B(ω)→ 1, ω → 0

φ+
B(ω)→ 1

ω
ln
µ

ω
, φ−B(ω)→ 1

ω
ln
µ

ω
ω →∞

• the asymptotic behavior of the jet function

J+(ω)→ 1, J−(ω)→ 1, ω → 0

J+(ω)→ 1

ω
ln

ω

n̄ · q , J−(ω)→ ln2 ω

n̄ · q , ω → 0

• convergence of the convolution ∫
dωJ+(ω)φ+

B(ω)

and ∫
dω

n̄ · q − ω J−(ω)φ−B(ω)
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Phenomenology

• impact on C(u)
9 in b→ π`+`−: NLO WA contribution brings about 35% reduction for real part, and

15% reduction for imaginary part(comparable to other NLO contribution )

-2

0

2

4

1 2 3 4 5 6
-9

-6

-3

0

• only 3% corrections to T (t)
P
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Phenomenology

• including the NLO weak annihilation correction in the improved theory predictions can lead to the negligible

impacts on BR(B → K`+`−) and BR(B → π`+`−).

• ACP = {1.02+0.05
−0.22, 0.64+0.06

−0.24, 0.42+0.10
−0.17, 0.31+0.10

−0.13, 0.26+0.09
−0.10} B− → K−`+`−

ACP = {0.01+0.08
−0.12, 0.04+0.07

−0.11, 0.06+0.07
−0.10, 0.08+0.07

−0.10, 0.09+0.07
−0.09} B̄0 → K̄0`+`−,

[q2
min, q

2
max] = {[1.1, 2.0], [2.0, 3.0], [3.0, 4.0], [4.0, 5.0], [5.0, 6.0]} GeV2.

• CP asymmetry in B → π`+`−

-0.20

0.00

0.20

1 2 3 4 5 6
-0.60

-0.30

0.00

• about 15% corrections to ACP(B → π`+`−)
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Phenomenology

• the isospin asymmetry of B → K`+`− in the kinematic ranges q2 ∈ [2.0, 4.0] GeV2 and

q2 ∈ [4.0, 6.0] GeV2 are given by (−0.74)+0.21
−0.12 % and (−0.44)+0.08

−0.06 %, respectively,

• isospin asymmetry in B → π`+`−

1 2 3 4 5 6
-0.15

-0.10

-0.05

0.00

0.05

about 25% corrections to AI(B → π`+`−)
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Power suppressed quark-loop contribution

• the power supprssed contribution： long distance quark-loop

• Firstly calculated by A. Khodjamirian etc.using light-cone sum rules [JHEP09(2010)089

arXiv:1006.4945], the predicted contribution is about 5% for B → K`+`− and 20% for

B → K∗`+`−

• A more recent study by N. Gubernari etc. [JHEP02(2021)088 arXiv:2011.09813]obtains a much

smaller result by employing the full set of 3-particle B meson LCDAs.
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Power suppressed quark-loop contribution

• long distance quark-loop in Bq → γγ [Qin etc. PRL131(2023)9, 091902 arXiv:2207.02691]

g

b

q̄

q

γ

γ

• power counting of the loop momentum: hard-collinear rather than hard m2
c ∼ mbΛ

• the soft light quank and soft gluon must be along opposite light-cone direction

• the soft function

〈0|(q̄sSn)(τ1n) (S†n Sn̄)(0) (S†n̄ gsGµν Sn̄)(τ2n̄) n̄ν 6nγµ⊥γ5 (S†n̄hv)(0)|B̄v〉

= 2 f̃B(µ)mB

∫ ∞
0

dω1

∫ ∞
0

dω2 exp [−i(ω1τ1 + ω2τ2)] ΦG(ω1, ω2, µ) ,
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Power suppressed quark-loop contribution

• Renormalizaiton of the soft function[Huang etc. PRL133(2024)17, 171901 arXiv:2312.15439]

Oren
G (ω1, ω2, µ) =

∫ +∞

−∞
dω′1

∫ +∞

−∞
dω′2ZG(ω1, ω2, ω

′
1, ω
′
2, µ)Obare

G (ω′1, ω
′
2) ,

(a) (b) (c) (d) (e)
• the renormalization constant

Z
(e)
G ⊃

αs

4π

CA

ε

{[
1

ε
+ ln

µ2

ω1ω2 − i0
+ i π θ(ω1ω2)

]
δ(ω1 − ω′1) δ(ω2 − ω′2)

+

(
i

2π

) [
H+(ω1, ω

′
1)−H−(ω1, ω

′
1)− 2iπδ(ω1 − ω′1) θ(ω′2 − ω2)

]
[
H+(ω2, ω

′
2)−H−(ω2, ω

′
2)− 2iπδ(ω2 − ω′2) θ(ω′1 − ω1)

]}
,

• the support region of ΦG(ω1, ω2, µ) must be extended to the entire real axes −∞ < ω1,2 < +∞.

H±(ωi, ω
′
i) = θ(±ωi)F>(<)(ωi, ω

′
i) + θ(∓ωi)G<(>)(ωi, ω

′
i)
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Power suppressed quark-loop contribution

• the aysmtotic behavior

Φexp
G (ω1,2 → 0, µ) =

λ2
E + λ2

H

6

1

ω2
0

exp [V + 2 γE (a1 + a2)]

(
µ0

ω0

)a1+a2 1− e−iπa2
4π2

Γ(1 + a1)Γ(1 + a2)

Φexp
G (ω1,2 → ±∞, µ) ∝

λ2
E + λ2

H

6

1

ω2
0

exp [V + 2 γE (a1 + a2)]

(
µ0

ω0

)a1+a2
(
ω0

±ω1

)1+a1
(
ω0

±ω2

)1+a2

,

-1

0

1

2

3

4

-1 0 1 2 3
-3

-2

-1

0

-1

0

1

2

3

4

5

6

-1 0 1 2 3 4
-1

0
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Summary

• The annihilation contribution is necessary for the scale independence of the B → (π,K)`+`−

decay amplitudes

• The annihilation contribution is also has significant impact on the CP asymmetry and isospin

asymmetry in the B → π`+`− .

• The power suppressed contribution is also required for the precise study on the heavy meson decays.
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