Ratios of cb meson decay constants
in N°LO QCD
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a Motivation

Bz (25)7

B.(25)* —
> To help discover Bc*(1S) and P-wave cb mesons
. 1998, Bc(1S)
[CDF, PRL(1998)] _ B:+
- 2014, Bc(2S) or Bc*(2S) ? e PRLGOIOY LT
. 2019, Bc(2S) & Bc*(2S) HHED PREEDTN — -

cb
> To understand similarities and differences in ¢b meson leptonic
decays via various currents

> To study new physics by calculating cb decay constants involving
(axial-)tensor currents

> To test perturbative expansion convergence in Non-Relativistic
Quantum Chromodynamics (NRQCD) effective theory



Review NRQCD multi-loop calculation for cb decay constants

(] One_ Oop for BC [E.Braaten,S.Fleming,PRD(1995)]
° One_ Oop for Bc* [D.S.Hwang,S.Kim,PRD(1999)]
* One-loop with relativistic corrections for Bc & Bc*

[J.Lee,W.Sang,S.Kim,JHEP(2011)]

* Approximate two-loop for Bc iatonishchenio,0.Lveretin epic(zoo7)]
* Full analytical two-loop for Bc iechencraiaoriseors)

* Three-loop for Bc #rengetal.220804302

 Three-loop for BC™* wsangH.rzhangmzzhou pLezo23)
 Three-loop with relativistic corrections for Bc & Bc*

[W.Tao,Z.).Xiao,R.Zhu, JHEP(2023)]
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W Definition

» QCD currents
= Ypte,
= UyY5the,
gt = by e,
= Yy 15e,
jt" = ot e,
Jts = pat ys1he,

{B.("S0), Bi(°S1), By(* o). Ba (°P1)}

» QCD definition for decay constants

t ’Lj Vo
Eu ﬁqagﬁ,

(Olgp| Be(q)) = fg,ma,,
(013%1B.(q)) = f5.q".
(01j4|B; (g, €)) = framp:e”,
Ol5¢"[B:(g,€)) = ft ZO( et —q"et),
(014t |Bi (g, €)) = [’ e *Pqaes.
(0]75|Bo(q)) = fB By,
(Ol5%1Beo(q)) = f}‘éfq ,
(Ol7z IBcl(q,€)> = [ mp,e",
<O .]t ((L E)>
)) =

(Oljts [Bei(q: € féifo( He” —qe"),




NRQCD factorization
> NRQCD expansmn Js = —¢) ( : + L) k&

jp — (prca S0 _ My — e
Jv Js)
~0 my + M
Jo = 1 11 %'
~ . K — T _— E . —|— E X 7 c
Jh =o' xe Ja = KZm me) I (ch me) U} e
S0 s - 1 1\ - 1 L\ - '
jz =17 0 s ki —— VEkx& .
j.. . Jt5 = 1% [(ch+2mb> i 2m.  2my 71X
jZJ _ ’ij]k
5 v _ Jt = i7" ]f5oa
> NRQCD factorlzatlon Of decay constants [G.T.Bodwin,E.Braaten,G.P.Lepage,PRD(1995)]
2
T, = \| 5 Colm. me. s, 1) (O[] Be(P)) (i) + OG)
Y/ N\

mathing coefficients NRQCD LDMEs

) 2 T
B = A /m—BzC;ﬂ-(mb, Me, Jf, 1) <O l)([;a/glbc




a Matching formula

» QCD-NRQCD matching formula
7285298 29° (Z3°) T, = ¢, (€5) \/ 285295 7,' T,
*  Z;(Z;): QCD(NRQCD) current renormalization constant

- Z,(Z,): QCD(NRQCD) heavy quark field renormalization constant
« T;(I}): QCD(NRQCD) current vertex function

> Relations between matching coefficients
ch — Cp _ va

v,0 0S
fre Coo MwZ — meZpl iy + me



Solve for Z})S

> Ratio of QCD current OS to MS renormalization constants

CJ ZOS
C;, ZM8
: ‘e 9.1 _ Coi
1 vl
> Verify the correctness of z;z, = ==~
t,i0
15— : . : : : 15 k .............................
. 1.0 ---_-.\r.:‘:.l'.';._-fa_.?,_._,:_.: ....................................... - - 1.0} - e A S e I LR UL T R B
S e |G
3 - f g p _ Ciio
i 0.5} Cp S 05 StAt = Cs i0
< = Il )
B]NE y+ S LO “*ﬁ ----- LO
r\? ........ NLO mﬁ -------- NLO
0.0 ] 0.0}
______ NNLO ~=-=-= NNLO
—— N°LO —— N°LO
-0.53 : : 3 4 5 5 7 055 i > 3 4 5 6 7

v (GeV) » Both have convergent perturbative expansion y (GeV)
» Both have weak dependence on renormalization scale
1y €10.4,1.2,7]GeV » Both are independent of factorization scale




25 iy

eynman diagrammatic renormalization at O(a3)

YVVVYY

Tree diagram inserted with one O(a3) counter-term vertex
One-loop diagram inserted with one O(a?2) counter-term vertex
One-loop diagram inserted with two O(«ay) counter-term vertexes
Two-loop diagrams inserted with one O(«ay) counter-term vertex

Three-loop diagrams

(a) (CA — 2CF) CF CF (b) TF nb TF nc CF (c) CA CACF (d) (cA — 2CF) (CA — 2CF) CF

>

(e) (cA — 2CF) (CA - CF) CF (£) (cA - 2CF) (CA — CF) CF (g) (CA — 2CF) (CA — 2CF) CF (h) (CA — 2CF) (CA - CF) CF




m Multi-loop calculation process

> Fey n Ca I C . [V.Shtabovenko, R.Mertig, F.Orellana, CPC(2025)]

 Generate Feynman diagrams & amplitudes;

* Express amplitudes in terms of Feynman integrals;

* Minimize the total number of families of Feynman integrals.
_ . L [A.V.Smirnov, F.S.Chukharev, CPC(2020)]

» FIRE / Kira / FiniteFlow: - Klappert, et al, CPC(2021)

 Reduce Feynman integrals to master integrals.

» Kira + FIRE + Mathematica code:

* Minimize the total number of families of master integrals.

» AMFlow + FiniteFlow / Kira: Bt vama cpcozs)
* Calculate master integrals. 268 three-loop diagrams

. . — 0(100) families of Feynman integrals
» Renormalization. — 26 families of master integrals
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o™ (p)

CJ(lUJfalLambamc) =1+ - CL(]U (51:)
(n1) C(l) ~(2)
- + (as W(’“)) e+ 2L, 4P
myp )
2 (n1) S (A1) (1) (2)
. M as ' (p) Cr () )22 Cr () ), €57 (%) o)
L, =1n —— + ( _ ) $ 16 By L, + 16 1 T 5 o |Ly
2 - (2) ~(3) . ~(2) .
M 35 () oo 9, (Lugsw) — 757@) o] 2
Ly, =n p— - — B0 Ly + { 1L, g Po | Ly

1
+§[c§”< 75 (@) +35 (L, :om)]Lch%) 0 (a)

1 3 r—1
> One-loop Cz(»”(m)ﬂ?é,&(w):ZCF( — 11'1:1:—2)

1
1 1 1 3 r—1 8
C{1)@) = Ciih(a) = €l o) = 30 (5 1na:—§);

3 —1 2 1 2
c) () = -Cp (QE 11'133—5),(3,1 —CF (ijl lna:—g);

1 1 1 3 x 4
elte) = )(a) = o) = 30 (£  ma-3).




Mass depen

—o— J=t5jj

—-e-- J=ti0
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Weak dependence on heavy quark mass ratio x =

cb : both a heavy-heavy meson and a heavy-light meson™
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Scale dependence of (,

1.5
1.0 1.0 1.0
G 05 0.5 0.5
S ogf S 00 E 00
05 od N
1.0 -1.0 5{ -1.0 ;5;
-1 1% '! 1 % '! 1
1.0 e e — 1.0f v“““““ > Substantial
o8/ ot | nonconvergence at
ﬂf € [04, 1.2, 2]GeV & 0.0 S 00 ; Coo ) 0(“2)
-05 08 » Strong dependence
10 10} o on renormalization
5 R R B R R (factorization) scale
. ,u(GeV}LE
1.0
0.5p
& 00
-0.5
-1.0p
-1.5




1.5 1.5

v Ratios of

- 10 ‘,,’?--»--....-....,,,m,..ﬂ --------------------- d" 10 1'::}
g 3

decay constants ¢ : '
2 os 15/ 13 Tiz, /T

fg

J1 rJ1 €0y T - 0
le - CJl le N le < 00 e I I :

J ~— ,.,,J ~—
fX22 CJ2 fX22 CJ2 % 1 2 3 4 5 6 7 0% 1 2 3 4 5

X € {B.(*S0), Bi(*S1), Bio(* o), Ba (*P1)} T

Convergent N3LO correction - g s
I 5 ; szj a,i i
with weak scale-dependence. 3 o5 w0 fa s 05 A
. o oS IRY e
Cannot apply heavy-quark spin — o o
symmetry between S-wave and P-wave.-°5 . 0 R ;
b (GeV) H (GeV)
1.5 - 1.5 1.5
E’g/fg:o % Cv,i/cs .
1.0 &g 10 ¢ 10
S S
o H tii ) (15,0 S
;(3);. 0.5 = 05 fBCJl/chl 2 05
L e
-0} % 2 3 4 5 6 7 0% 6

1 (GeV) ps €10.4,1.2,7]GeV




3.5

Perturbative QCD predictions up to N°LO

LO NLO NNLO N3LO
Co,i —0+40.03953+0+0 =—0.09541+0.05127+0.00091+0.02692 a1 —0.2017640.23967+0.00030+0.05279
Cs 1 0'84400+()—().()(5519—0—-0 O’75900—{—().05944—0.()747] —0.00114—0.04304 0‘38‘)91+().()825] —0.65866—0.00062—0.09918
fﬁq = —0—-0.01318+04+0 —0.09157—0.012284-0.001534+0.00593 —0.12195+0.013124-0.00417—0.00050
v, 1 1'00200+0+().()2]73—()—0 1'06946+0.()57()4+().()1393—0.()()203—0.0()473 + 0.01746 1'03816+(].()85$13—().06443—0.00519—%—0.00‘294 + 0.04966
f
B
i . » N i | .
0 —0—-0.01318+0+0 —0.03434—0.0131540.00021—0.00007 —0.05482—0.006024-0.00094—0.00131
fgc' 1 1'05200+0+0.()2173—0—() ]"07143+0.02155S)+0.01 592—0.00037+0.00122 +0.01943 ]"07225+0.()4()'()'8-—().00573—().()()135-{-0.()0411 +0.02126
cl
ft‘il)
B —0—0.00575—0.00068+0.00186 —0.00670—0.00559—0.00111+0.00143
fio,ij 1 1 1'01298+()+0.0131‘2—+—0.00074—0.0()276 + 0.01298 ]"01822+0.()()417+0.00481-}—0.()0124—0.()0‘267 +0.01822
J B
I57) 0.01145 < 5 7 7 10.0014" : :
—0. 5—0.001904-0.000054+0.00178 =—0.01767+0.0014140.00030+0.00208
| 1 1 1.00430.9:00713-+0.00435-0.00010—0.00207 = 0-0043011.00045_ 591635~ 0.00875-0.00041—0.00229 =+ 0.00816
/e
cl
f;3 ijll —0.00067+0.00021+40.00001+0.00011
f?-" 1 1 1 O'99964+0.()004‘2—().00067—0.00001—0.00009 + 0.00036
cl
[ e i . . e .
C =—040.031974+0.00455—0.01197 —040.034014-0.00886—0.01078 —040.038604+0.01240—-0.00839
fl"*is 1 0'8738‘)—{-0—0.05271 —0.00485+0.01906 0‘82199+0—0.04I341 —0.00974+0.02050 0'78047+0—0.05744—0.01390+0.01920
B
cO

pnp = 1.2708GeV, p = 3112 GeV, my, = 4.75 £ 0.5GeV, m.

Fesf = 14 (1(Cn/Co)uz |+ 1(Con/C)s |)

> Hierarchical relationship among cb meson decay constants

p _ pa0 v,
fe. =15, > I

£,i0
= fpe

> [’ > fpe > fhe, >

1.5 &+ 0.5GeV, » Uncertainty ordering:

Ay 2 Apve 2 By > Ame 2 A,

a,i >

Bep ~

£5,i0 ~ pt.ij
f Bcl

Bey o~
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4 Summary

> Using C,; = C,;,, obtain QCD tensor current on-shell
renormalization constant, and then calculate matching
coefficients of tensor currents.

> Invoking heavy-quark spin symmetry, and approximating
decay constant ratio as matching coefficient ratio, obtain
convergent N3LO corrections to ratios of cb meson decay
constants.

Thank you!
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