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1.1 Motivation

➢ To help discover  Bc*(1S) and P-wave 𝒄ഥ𝒃 mesons 

• 1998, Bc(1S)

• 2014, Bc(2S) or Bc*(2S) ?

• 2019, Bc(2S) & Bc*(2S)

➢ To understand  similarities and differences in  𝒄ഥ𝒃 meson leptonic 

decays via various currents

➢ To study new physics by calculating 𝒄ഥ𝒃 decay constants involving  

(axial-)tensor currents

➢ To test  perturbative expansion convergence in  Non-Relativistic 

Quantum Chromodynamics (NRQCD) effective theory

[CDF, PRL(1998)]
[ATLAS, PRL(2014)]
[CMS, PRL(2019)]
[LHCb, PRL(2019)]
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1.2 Review NRQCD multi-loop calculation for 𝒄ഥ𝒃 decay constants

• One-loop  for Bc
• One-loop  for Bc* 
• One-loop with relativistic corrections for Bc & Bc* 

• Approximate two-loop  for Bc
• Full analytical two-loop  for Bc
• Three-loop  for Bc
• Three-loop  for Bc*
• Three-loop with relativistic corrections for Bc & Bc* 

[E.Braaten,S.Fleming,PRD(1995)]

[D.S.Hwang,S.Kim,PRD(1999)]

[J.Lee,W.Sang,S.Kim,JHEP(2011)]

[A.I.Onishchenko,O.L.Veretin,EPJC(2007)]

[L.B.Chen,C.F.Qiao,PLB(2015)]

[F.Feng,et al.,2208.04302]

[W.Sang,H.F.Zhang,M.Z.Zhou,PLB(2023)]

[W.Tao,Z.J.Xiao,R.Zhu, JHEP(2023)]
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2.1 Definition

➢QCD  currents
➢QCD definition for decay constants
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2.2 NRQCD factorization
➢NRQCD expansion

➢NRQCD factorization of decay constants

7/18

[G.T.Bodwin,E.Braaten,G.P.Lepage,PRD(1995)]



2.3 Matching formula

➢QCD-NRQCD matching formula

• 𝑍𝐽( ෨𝑍𝐽)：QCD(NRQCD) current renormalization constant
• 𝑍2( ෨𝑍2)： QCD(NRQCD) heavy quark field renormalization constant
• Γ𝐽(෨Γ𝐽)：QCD(NRQCD) current vertex function

➢ Relations between matching coefficients
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2.4 Solve for 𝒁𝑱
𝐎𝐒

➢Ratio of QCD current OS to 𝐌𝐒 renormalization constants

➢ Verify the correctness of 𝒛𝒕
𝒈
𝒛𝒕
𝝁
=

𝑪𝒗,𝒊
ഥ𝑪𝒕,𝒊𝟎

𝝁𝒇 ∈ 𝟎. 𝟒, 𝟏. 𝟐, 𝟕 𝐆𝐞𝐕

➢ Both have convergent perturbative expansion

➢ Both have weak dependence on renormalization scale 

➢ Both are independent of factorization scale 9/18



2.5 Feynman diagrammatic renormalization at 𝓞(𝜶𝒔
𝟑)

➢ Tree diagram inserted with one 𝓞(𝜶𝒔
𝟑) counter-term vertex

➢ One-loop diagram inserted with one 𝓞(𝜶𝒔
2) counter-term vertex

➢ One-loop diagram inserted with two 𝓞(𝜶𝒔) counter-term vertexes
➢ Two-loop diagrams inserted with one 𝓞(𝜶𝒔) counter-term vertex
➢ Three-loop diagrams

10/18



2.6 Multi-loop calculation process

➢ FeynCalc:
• Generate Feynman diagrams & amplitudes; 
• Express amplitudes in terms of Feynman integrals;
• Minimize the total number of families of Feynman integrals.
➢ FIRE / Kira / FiniteFlow:
• Reduce Feynman integrals to master integrals.
➢ Kira + FIRE + Mathematica code:
• Minimize the total number of families of master integrals.
➢ AMFlow + FiniteFlow / Kira:
• Calculate master integrals.
➢ Renormalization.

11/18

[V.Shtabovenko, R.Mertig, F.Orellana, CPC(2025)]

[X.Liu, Y.Q.Ma, CPC(2023)]

268 three-loop diagrams

→ 𝒪(100) families of Feynman integrals

→ 26 families of master integrals

[A.V.Smirnov, F.S.Chukharev, CPC(2020)]
[J.Klappert, et al., CPC(2021)]
[T.Peraro, JHEP(2019)]
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3.1 Expression of 𝑪𝑱

➢ One-loop
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3.2 Mass dependence of 𝑪𝑱

Weak dependence on heavy quark mass ratio x ⇒
𝒄ഥ𝒃 : both a heavy-heavy meson and a heavy-light meson 14/18



3.3 Scale dependence of 𝑪𝑱

𝝁𝒇 ∈ 𝟎. 𝟒, 𝟏. 𝟐, 𝟐 𝐆𝐞𝐕

➢ Substantial 

nonconvergence at 

𝓞(𝜶𝒔
𝟑)

➢ Strong dependence 

on renormalization 

(factorization) scale

15/18



3.4 Ratios of 

decay constants

𝝁𝒇 ∈ 𝟎. 𝟒, 𝟏. 𝟐, 𝟕 𝐆𝐞𝐕

Convergent 𝐍𝟑𝐋𝐎 correction 

with weak scale-dependence.

Cannot apply heavy-quark spin 

symmetry between S-wave and P-wave.
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3.5 Perturbative QCD predictions up to 𝐍𝟑𝐋𝐎

➢ Uncertainty ordering：

➢ Hierarchical relationship among cതb meson decay constants 

17/18



4 Summary

➢ Using 𝑪𝑣,𝑖 ≡ 𝑪𝑡,𝑖0, obtain QCD tensor current on-shell 
renormalization constant，and then calculate matching 
coefficients of tensor currents.

➢ Invoking heavy-quark spin symmetry, and approximating  
decay constant ratio as matching coefficient ratio, obtain 
convergent 𝐍𝟑𝐋𝐎 corrections to ratios of cതb meson decay 
constants.

Thank you!
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