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Inverse problem approach for non-
perturbative QCD

Ao0-Sheng Xiong

Lanzhou University

Based on [ASX, Ting Wei(4£4%), Fu-Sheng Yu(-F#& ) arXiv: 2211.13753;
Yong Zheng (#% %) , Ao-Sheng Xiong, Ting Wei, Fu-Sheng Yu, in preparation]
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Define:  The operator equation (3.1) is called well-posed if the following holds [8]:
1.Existence: For every g € G there is (at least one) f € F such that Kf = g;
2.Uniqueness: For every g € G there is at mostone f € F with Kf = g;
3.Stability: The solution f depends continuously on g; that is, for every sequence (f,) C F with
Kf, = Kf(n — o), it follows that f,, = f(n — o)
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f(x
is the analytic functions ‘ fa . xdx =g»),y€lcdl,c>b ‘
b b
Kf:/ f(fr)dxz/}f(w)dx
a y—x a ) 1~ %
= = L J" .
== | 2O f@de =) 0 |« f(@)de
a k=0 k=0 a

where the last equal sign uses the control convergence theorem:
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Z yk+1 /a 2" f(z)dr <
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Thus, the R(K) is the analytic functions € [c, d]
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dx =g(y),y €lc,dl,c>b
Theorem 3.3. Suppose that fi(x), f>(x) € L*(a,b). IfKfi = Kf> = g(y), y € [c.d], then we have
fix) = fo(x), a. e. x € [a,b].

[P roof. Since K is a linear operator, we know that K f; — Kf> = K(fi - f2) = 0. Therefore, in order to] By using (3.6), we know that [ f(x)Q,(x)dx = 0. Combined with the Cauchy inequality, we have

prove fi(x) = fa(x), a. e. x € [a, b], we just need to prove that K f = 0 implies f(x) = 0, a. e. x € [a, b].

~b
112y = fb fHx)dx = [ (£ = f)Qn(x))dx
It is easy to obtain that Kf = [ -Lf(x)dx = [} (L T2(2)F) f(x)dx. Since x € [a,b]. y € [c,d]. Ja Ja

TGS < ZREFIfI for all x € [a,bl. < F F - 1f(2) = On(x)ldx

Combined with j:’ [f(x)ldx < +0co and the control convergence theorem, we have

¢ > b, we know [} < 2] < 1, which implies that

b 1 ~b i
< ( \L fz(x)dx) I( ‘L |f(x) _ Q"(x)|2dx) 2

b 9 b
y f L s = b ik f Ff(dx =0, yeled]. (3.4) = flz2@p)llf = Qallzzas)
a Y™ X Y Ja

pa < (e + eVb = )l fll 2o
If d = +o0, by using (3.4), we have

{ which implies that || fll,2, 5 < € + € Vb —a.

1

f fx)dx + ;f xfdx+-- -+ )7 f Hfydx+---=0, ye(c,+oo). (3.5) Letting € — 0, we have ||fll;2(,5) = 0. i. e. f(x) =0, a. e. x € [a,b]. The proof is completed. D]
a a a

Letting y — +oc0 in (3.5), we have fab f(x)dx = 0. Then multiplying y on both sides of (3.5) and letting

y — +oo, we also have jf xf(x)dx = 0. Repeating above process, we can obtain that

b
f)/‘f(x)dx=o, k=0,1,2,---. (3.6)
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We show the instability of the inverse problem of dispersion relation by the special case. Taking ‘ jb F(x)

dx =g(y),y €[c,d],c > b ‘

a=0,b=1,¢c=2,d =3, i(x) = fi(x) + Vncos(nrx), and fi, are the solutions of g, with ay—x

1

&) = Ll L fi(x)dx. As n — oo, it is obvious that

08

0.6

1 1/2 _
If2 = fill ey = ( fo (WCOS(MX))ZdX) (3.7) :
and
1 3 1 ] " " 1/2 0.3F
- = — — )" sin(nrrx)dx)“d 38 02
lez - 1llzas = < ( [ Gz sintumsra) y) (3.8
That means the solutions could be changed infinitely even though the noise of the input data is approaching 0 o1 o0z o3 04 o0s os 07 08 09 1

045

to vanish. So the inverse problem is unstable.
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BH¥r: KBEKf=g
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Andreas Kirsch.2011

Define: A regularization strategy is a family of linear and bounded operators R, : G — F,a > 0,

such that lirr(l) R.Kf = f forall f € F, where the « is the regularization parameter [8].
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M. (¢°) =i / d*ze’ " (0|T[J, (). (0)]|0) ERSKER, BERLRTSETEN:

1 I(s) 1 [, Im n( ) |
2y _ _ 1
II(¢g°) = «fdﬁ = /d s—q? —ie IMIL(s)|=nf20(s —m3)
tmin
0 o 1260 BW S, 0, (1260)) + 7 2 1610 BW(S, M 1600)) + p(s).

Iml(¢?) = 7f36(6” — my) + mpl (2

h 1 ert @ Particle Mass Width
p"(s) = —TmlI® (5- . e
© h o ot a1(1260) | (1.230 + 0.040) GeV | [0.250,0.600] GeV [4]
g Po(8) _ 1 [, ImIIP(s) a1(1640) | (1.655 +0.016) GeV | (0.254 + 0.040) GeV
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Decay Constants Our Prediction Exp/Lattice
0.07 . [ 130.2 4+ (6.6) gtz + (4.0)sys  MeV|130.4 + 0.2 MeV
Jar(1260) 166.3 + (30.3)stat £ (21.6)sys MeV
Jar(1640) 254.1 & (16.6) sat £ (17.7)sys MeV
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Toy Models: ‘ Jf(x)dx=g(y),ye[c,d],c>b ‘

a Y —X

Frhb 4% ) 7 269 B AL 7% . TikhonoviE WAL 7 ik FelL iy 2% ik,
¥ExfpgAR2REFTREY, AMTELE—F A&, . /
TRATRRREBHERFSELHNYIEEIR: bi=pto; 3 f -

fO) = afi® + ah)  g0) = bigi0) +bga() &0 = [ Bax / T

Model 1: a monotonic function as fi(x) = sin(zx), fo(x) = €*;

Model 2: a simple non-monotonic function as fi(x) = xe™, fo(x) =0; /N

Model 3: an oscillating function as fi(x) = sin(27x), fo(x) = x. ~ /
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: 4 | (2) Solve h= mm{EHKh — A2+ ?uhuﬂl}

(3) Update fiv1 = fi +hi

(4) Stop by the L-curve method
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