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Background



Beam-driven plasma wakefield accelerators (PWFAs)
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mechanism driven by charged particles; 57 s -

 In 2007, people used 85 cm plasma to double the energy of a LETTERS
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42 GeV electron beam, with the maximum acceleration plasma wakefield accelerator

. lan Blumenfeld', Christopher E. Clayton®, Franz-Josef Decker', Mark J. Hogan', Chengkun Huang?,
radl ent Of 5 2 G eV m . Rasmus Ischebeck’, Richard Iverson', Chandrashekhar Joshi’, Thomas Katsouleas®, Neil Kirbyt, Wei Lu?,
g ) Kenneth A. Marsh’, Warren B. Mori’, Patric Muggli®, Erdem Oz’, Robert H. Siemann', Dieter Walz'

& Miaomiao Zhou”

Nonlinear wakefield (. &) Phasespace
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In the blowout regime: high current drive electron beam,
beam density n, > plasma density n,;
* ~100 GeV/m acceleration gradient; ~MT/m transverse

focusing field; fs short-period pulses.

[1] W. Lu et al., Phys. Plasmas, 13, 056709 (2006)



Why is the channel radius important

The wakefield potential scale with the channel radius ¢, ~ 12 /4

The acceleration and deceleration field depends on the wakefield potential E, = dd—d;o

The E, distribution is very important for the PWFA design

For high transformer ratio PWFA, detailed study of r. and 1y is critical
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W. Lu et al., Phys. Plasmas 13, 056709 (2006); A. Golovanov et al., PhysRevLett.130.105001 (2023)




Hosing instability in the long ion channel

the amplitude increases exponentially with time and distance

* Hosing instability : a major problem in PWFA.

for the channel centroid [1]:

02X (¢, t)
9&2

+ C-(§)Cy (D wgX (€, 1) = Cr(§)Cy (w5 Xp (§, 1),

where X, is the channel centroid, X; is the beam centroid,

¢ =t — z is the longitudinal co-moving coordinate,

wo = 1/4/2 (normalized), wg = 1/4/2yp (yp is the beam Lorentz factor)

* In the adiabatic nonrelativistic limit in ref. [2], C.(§)C, (§) = 1.

However, it can be found that,

the oscillation frequency of X, is not w,.

[1] D. H. Whittum et al., Phys. Rev. Lett. 67.991 (1991) [2] C. Huang et al., PhysRevLett. 99. 255001 (2007)



The balancing radius of long ion channel

* Consider narrow electron beam, the linear density A(§) = fooo n, (&, r)r'dr’

In theory, there are two forms of balancing radius:

a) If the electron sheath follows the § function[1]:

3 2

Ts drs 2
G TR+ +—><d€> A

when drg/dé = 0 ,the balancing radius is 75, = 2VA;

b) For the boundary electrons,

the attractive force from the uniform ion background: F;,,, = —=

the repulsive force from the electron driver: Fg jper = —

the balancing radius is the neutralization radius: r;, = V2A;

F driver

[1] A. Golovanov et al., PhysRevLett.130.105001 (2023)




Through the simulations by QuickPIC, we find the fact that

the actual balanced channel radius is between r;, and 7.

Near-adiabatic blowout: Near-stationary blowout:
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§
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Adiabatic assumption: ~— <« 1, —<

VT e <1 0 < 0.




Adiabatic sheath model




Maxwell’s equations for pseudo-potential

Quasistatic approximation: ds < 0¢

Poisson-like equation: — % [g] = [{0] ,

Pseudo-potential: Y = ¢ — A4,,
The source: S(§,7) = p — j, = pp + pi + Pe = joz — Jez = 1 — Ne(1 — v,),where j,, = py,

n, = 0, r<7() When r > 1.(£¢), n, is to be determined
¢ Ner» 17 21(8)

«o_)

“b” represents electron beam, “e” represents plasma electrons, v, is the velocity of plasma electron

a¢>=S(€,r)={ 1, r<1.(8)

r rﬁ 1—713(1—172), T’ZT’C(f)




Boundary conditions

19 [ o

—;E(T"E> =1- Tle(l — Uz)

Ylr=r.e) = Yo . is to be determined

r? r?
l/)|r<rc(f) =Y. + Z — Z;

Tc

9
57 Plr=rcy = =7

limy =0

T —00

Try to solve Y| >y (5




The velocity of plasma electron

A constant of the motion for any plasma electron: y(1 —v,) =1+ ¢

1 1
* Lorentz factor of the plasma electron: y = ~

/1+v,%+vz2 /1+v§

For r > 7, the transverse motion of plasma electrons is negelected
(the adiabatic assumption)

Therefore,




Forces outside the bubble

wakefields driver beam sheath
Stokes’ Theorem: By (1) = —é — %for n,(rHv,(r"Hr'dr’

n, = 0 whenr < r.(§)

2
Therefore, Fr|r>rc = %[—% +(1-v)A+ f; n,(rr'dr’ — v, fo’” ne(r')vz(r’)r'dr’] = 0,

The balancing radius 7, = /2[1 — v,(r = 1.)]A = 2




The sheath equations

Forr > 1. , the coupled equations are:

>:1_ne(1_vz)

- 2
T1+(1+yY)?

v, 1

2

r r "
——+ 1 -vy)A+ f n,(r')r'dr’ — vzf ne(r")v,(r')r'dr’
0 0

2

Boundary conditions:

Tc

0
ar Ylr=ree) = =75

limy =0

T — 00




Numerical results of the shooting method

large scale blowout radius

B Numerical integral

At
[ Near-adiabatic l/)c = —0.012TC2 + 0363T’C — 0.044

A Near-stationary

polynomial fit:

“Near-adiabatic” and “Near-stationary”
are the simulation results in the near-
adiabatic bubble and near-stationary
bubble respectively.

This fit is a good estimation for . < 8.




Numerical results in small scale

For small radius (7, K 1, Y, K ,AK 1, < 1):

v, = —P,ne = 1 —(A/r)(0y/0r)

small scale blowout radius

0.20 - simplified to 02 10
st — P =0

" Or2 ror

— At ror

B Numerical integral 10 ( oy
g (rg)zl—ne(l—vz)

0.15 - Linear theory
* Near-adiabatic

o A Near-stationary
3 0.10 A x2y" +xy' — (x* +v¥)y =0,

Modified Bessel function of the second kind K, (x) is solution

of the differential equation[1]:

and Ky(x) = — lng — 0.577
005 7 2 2
Thus, linear theory: 1 = rZ—CKO(r), Y. = rZ—CKO(rC)

T2
?CKO (1), . < 0.3

—0.012r2 + 0.3637, — 0.044, 03 <7, <8

Sum up: P, ={

[1] A. Jeffrey and H.-H. Dai, Handbook of Mathematical Formulas and integrals (Academic Press, Elsevier, 2008) 4th edition.



the balancing radius in adiabatic sheath model

the balancing radius : 7, = {/2[1 — v,(r = 1.)]A = 2 A1

SAIeFETY.
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Near-adiabatic blowout Near-stationary blowout

The balancing radius in our model . best matches the simulation results.




Conclusion

® For an adiabatic sheath, we have obtained the coupled equations of ¥, v, and n,.

: : ’ A,
® Balancing radius of channel 7, = 2 P between 7;, and 7.
+—
(1+Pc)?

® We have found y and Y. for all r:

ré 2

r
. l/)(r)_ l/)c+:—z, r<r,
- 2

7‘?CKO(?”), r=>r.,ifr. < 0.3

If . > 0.3, ¥/(r) can be obtained by numerically solving the coupled equations.

TZ
% Ko (1), r. < 0.3

—0.0127;2 + 0.3637, — 0.044, 0.3 < 7. < 8

Yo =

Thank you!







The blowout radius

* The blowout radius r,.(§) is determined by

(1) the current distribution of the drive beam; (2) the density distribution of sheath electrons.[1];

. 21 . . :
* the drive beam current A(§) = fooo ny (&, r’)ridr' = — also represents the normalized linear density,
A

n, — the density, I — the instantaneous current, [,~17 KA;

» Existing theories have simplified sheath to square or exponential distributions [2-4].

Ne Ne Ne

-

>
T r Te T Tc r

Square distribution Exponential distribution 6 function distribution

[1] W. Lu et al., Phys. Plasmas, 13, 056709 (2006) [2] S. A. Yi et al., Phys. Plasma, 20, 013108 (2013)
[31J. Thomas et al.. Phys. Plasma, 23, 053108 (2016) [4] A. A. Golovanov et al.. Quantum Electron., 46. 295 (2016)



The sheath equations

. Poisson-li L. _1a oy 1, r<7()
Poisson-like equation: : rar(rar)—p ]Z_{l—ne(l—vz), > 1.0

n, — density of plasma electrons, v, —longitudinal velocity of plasma electrons.

2

2
@® when r <7.(¢), l/)|7‘<rc(f) =Y. + r:c - TZ, where lplr=rc(f) =YP¢;

(2 Boundary conditions:%tmr:rc(g) =—2 limy =0,

2 r—oo
* aconstant of plasma electrons motion: y —yv, =1+ ¢,

* Gauss'law: E,.(r) = Z

Forces in equilibrium for electrons outside the ion channel:

1 r? r r
Fr|r>rc = —E,+v,Bg = ; -——+A-vy))A+ j n,(r’)r'dr' — vzj n,(r)v,(r)r'dr'| = 0.

2

0 0
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