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Background



𝑟𝑐 𝜉

[1] W. Lu et al., Phys. Plasmas, 13, 056709 (2006)

Beam-driven plasma wakefield accelerators (PWFAs)

Review

• In 1985, Pisin Chen et al. proposed a new acceleration 

mechanism driven by charged particles;

• In 2007, people used 85 cm plasma to double the energy of a 

42 GeV electron beam, with the maximum acceleration 

gradient of 52 GeV/m;

Nonlinear wakefield

• In the blowout regime: high current drive electron beam, 

beam density 𝑛𝑏 ≫ plasma density 𝑛𝑒;

• ~100 GeV/m acceleration gradient; ~MT/m transverse 

focusing field; fs short-period pulses.



Why is the channel radius important

• The wakefield potential scale with the channel radius 𝜓0 ∼ 𝑟𝑐
2/4

• The acceleration and deceleration field depends on the wakefield potential 𝐸𝑧 =
𝑑𝜓0

𝑑𝜉

• The 𝐸𝑧 distribution is very important for the PWFA design 

• For high transformer ratio PWFA, detailed study of 𝑟𝑐 and 𝜓0 is critical

A. Golovanov et al., PhysRevLett.130.105001 (2023)W. Lu et al., Phys. Plasmas 13, 056709 (2006);



Hosing instability in the long ion channel

• Hosing instability : a major problem in PWFA.

for the channel centroid [1]:

𝜕2𝑋𝑐 𝜉, 𝑡

𝜕𝜉2 + 𝐶𝑟 𝜉 𝐶𝜓 𝜉 𝜔0
2𝑋𝑐 𝜉, 𝑡 = 𝐶𝑟 𝜉 𝐶𝜓 𝜉 𝜔0

2𝑋𝑏 𝜉, 𝑡 ,

where 𝑋𝑐 is the channel centroid, 𝑋𝑏 is the beam centroid, 

𝜉 = 𝑡 − 𝑧 is the longitudinal co-moving coordinate, 

𝜔0 = 1/ 2 (normalized), 𝜔𝛽 = 1/ 2𝛾𝑏 (𝛾𝑏 is the beam Lorentz factor)

• In the adiabatic nonrelativistic limit in ref. [2], 𝐶𝑟 𝜉 𝐶𝜓 𝜉 = 1.

[1] D. H. Whittum et al., Phys. Rev. Lett. 67. 991 (1991) [2] C. Huang et al., PhysRevLett. 99. 255001 (2007)

However, it can be found that,

the oscillation frequency of 𝑋𝑐 is not 𝜔0.

ො𝑥

ො𝑦

𝑋𝑐 𝑋𝑏

the amplitude increases exponentially with time and distance



The balancing radius of long ion channel 

[1] A. Golovanov et al., PhysRevLett.130.105001 (2023)

a) If the electron sheath follows the 𝛿 function[1]:
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4
= Λ 𝜉 ,

when 𝑑𝑟δ/𝑑𝜉 ≈ 0 ,the balancing radius is 𝑟𝛿0 = 2 Λ;

b)    For the boundary electrons, 

the attractive force from the uniform ion background: 𝐹𝑖𝑜𝑛 = −
1

2
𝑟𝑛,

the repulsive force from the electron driver: 𝐹𝑑𝑟𝑖𝑣𝑒𝑟 =
Λ

𝑟𝑛
,

the balancing radius is the neutralization radius: 𝑟𝑛 = 2Λ;

𝐹𝑑𝑟𝑖𝑣𝑒𝑟

𝐹𝑖𝑜𝑛 = −
1

2
𝑟𝑛

• Consider narrow electron beam, the linear density Λ(𝜉) = 0׬

∞
𝑛𝑏 𝜉, 𝑟′ 𝑟′𝑑𝑟′

In theory, there are two forms of balancing radius:



Through the simulations by QuickPIC, we find the fact that

the actual balanced channel radius is between 𝑟𝑛 and 𝑟𝛿 .

Near-stationary blowout: Near-adiabatic  blowout：

Adiabatic assumption:
𝑑Λ

Λ𝑑𝜉
 ≪ 1，

𝑑𝑟𝑐

𝑟𝑐𝑑𝜉
≪ 1，𝜕𝑟 ≪ 𝜕𝜉.



Adiabatic sheath model



• Quasistatic approximation：𝜕𝑠 ≪ 𝜕𝜉

• Poisson-like equation: −𝛻⊥
2 𝐴

𝜙
=

𝑗
𝜌

, 

• Pseudo-potential: 𝜓 = 𝜙 − 𝐴𝑧,

• The source: 𝑆 𝜉, 𝑟 = 𝜌 − 𝑗𝑧 = 𝜌𝑏 + 𝜌𝑖 + 𝜌𝑒 − 𝑗𝑏z − 𝑗𝑒z = 1 − 𝑛𝑒 1 − 𝑣𝑧 ,where 𝑗𝑏z ≈ 𝜌𝑏

𝑛𝑒 = ቊ
0，𝑟 < 𝑟𝑐 𝜉

𝑛𝑒，𝑟 ≥ 𝑟𝑐 𝜉

“b” represents electron beam, “e” represents plasma electrons, 𝑣𝑧 is the velocity of plasma electron

−
1

𝑟

𝜕

𝜕𝑟
𝑟

𝜕𝜓

𝜕𝑟
= 𝑆 𝜉, 𝑟 = ቊ

1，𝑟 < 𝑟𝑐 𝜉

1 − 𝑛𝑒 1 − 𝑣𝑧 ，𝑟 ≥ 𝑟𝑐 𝜉

When 𝑟 ≥ 𝑟𝑐 𝜉 , 𝑛𝑒 is to be determined

Maxwell’s equations for pseudo-potential



−
1

𝑟

𝜕

𝜕𝑟
𝑟

𝜕𝜓

𝜕𝑟
= 1 − 𝑛𝑒 1 − 𝑣𝑧

Boundary conditions

𝜓|𝑟=𝑟𝑐 𝜉 = 𝜓𝑐 ,

𝜓|𝑟<𝑟𝑐 𝜉 = 𝜓𝑐 +
𝑟𝑐

2

4
−

𝑟2

4
,

𝜕

𝜕𝑟
𝜓|𝑟=𝑟𝑐 𝜉 = −

𝑟𝑐

2
,

lim
𝑟→∞

𝜓 = 0

𝜓𝑐 is to be determined

Try to solve 𝜓|𝑟>𝑟𝑐 𝜉



The velocity of plasma electron

A constant of the motion for any plasma electron : 𝛾 1 − 𝑣𝑧 = 1 + 𝜓

• Lorentz factor of the plasma electron: 𝛾 =
1

1+𝑣𝑟
2+𝑣𝑧

2
≈

1

1+𝑣𝑧
2

Therefore,

𝑣𝑧(𝑟) =
2

1 + [1 + 𝜓 𝑟 ]2 − 1

For 𝑟 > 𝑟𝑐 , the transverse motion of plasma electrons is negelected
(the adiabatic assumption)



Forces outside the bubble

wakefields driver beam sheath

Gauss’s Law: 𝐸𝑟(𝑟) =
𝑟

2
−

Λ

𝑟
−

1

𝑟
0׬

𝑟
𝑛𝑒(𝑟′)𝑟′𝑑𝑟′

Stokes’ Theorem: 𝐵𝜃(𝑟) = −
Λ

𝑟
−

1

𝑟
0׬

𝑟
𝑛𝑒(𝑟′)𝑣𝑧(𝑟′)𝑟′𝑑𝑟′

Therefore, 𝐹𝑟|𝑟>𝑟𝑐
=

1

𝑟
−

𝑟2

2
+ 1 − 𝑣𝑧 Λ + 0׬

𝑟
𝑛𝑒 𝑟′ 𝑟′𝑑𝑟′ − 𝑣𝑧 0׬

𝑟
𝑛𝑒 𝑟′ 𝑣𝑧 𝑟′ 𝑟′𝑑𝑟′ = 0,

The balancing radius 𝑟𝑐 = 2[1 − 𝑣𝑧 𝑟 = 𝑟𝑐 ]Λ = 2
Λ

1+
1

(1+𝜓𝑐)2

.

𝑛𝑒 = 0 when 𝑟 < 𝑟𝑐 𝜉

𝐹𝑟|𝑟>𝑟𝑐
= −𝐸𝑟 + 𝑣𝑧𝐵𝜃 = 0



The sheath equations

, the coupled equations are:

−
1

𝑟

𝜕

𝜕𝑟
𝑟

𝜕𝜓

𝜕𝑟
= 1 − 𝑛𝑒 1 − 𝑣𝑧

𝑣𝑧 =
2

1 + (1 + 𝜓)2 − 1

−
𝑟2

2
+ 1 − 𝑣𝑧 Λ + න

0

𝑟

𝑛𝑒 𝑟′ 𝑟′𝑑𝑟′ − 𝑣𝑧 න
0

𝑟

𝑛𝑒 𝑟′ 𝑣𝑧 𝑟′ 𝑟′𝑑𝑟′ = 0

Boundary conditions:

𝜕

𝜕𝑟
𝜓|𝑟=𝑟𝑐 𝜉 = −

𝑟𝑐

2
,

lim
𝑟→∞

𝜓 = 0

For 𝑟 > 𝑟𝑐



Numerical results of the shooting method

polynomial fit：

𝜓𝑐 ≈ −0.012𝑟𝑐
2 + 0.363𝑟𝑐 − 0.044

large scale blowout radius

“Near-adiabatic” and “Near-stationary” 
are the simulation results in the near-
adiabatic bubble and near-stationary 
bubble respectively.

This fit is a good estimation for 𝒓𝒄 ≲ 𝟖.



Numerical results in small scale 

small scale blowout radius For small radius (𝑟𝑐 ≪ 1, 𝜓𝑐 ≪ 1, Λ ≪ 1, 𝜓 ≪ 1)：

𝑣𝑧 ≈ −𝜓, 𝑛𝑒 ≈ 1 − (Λ/𝑟)(𝜕𝜓/𝜕𝑟)

−
1

𝑟

𝜕

𝜕𝑟
𝑟

𝜕𝜓

𝜕𝑟
= 1 − 𝑛𝑒 1 − 𝑣𝑧

simplified to 𝜕2

𝜕𝑟2
𝜓 +

1

𝑟

𝜕

𝜕𝑟
𝜓 − 𝜓 = 0

Thus, linear theory：𝝍 =
𝒓𝒄

𝟐

𝟐
𝑲𝟎 𝒓 ， 𝝍𝒄 =

𝒓𝒄
𝟐

𝟐
𝑲𝟎 𝒓𝒄

[1] A. Jeffrey and H.-H. Dai, Handbook of Mathematical Formulas and integrals (Academic Press, Elsevier, 2008) 4th edition.

Sum up：𝜓𝑐 = ቐ
𝑟𝑐

2

2
𝐾0 𝑟𝑐 , 𝑟𝑐 ≲ 0.3

−0.012𝑟𝑐
2 + 0.363𝑟𝑐 − 0.044, 0.3 ≲ 𝑟𝑐 ≲ 8

Modified Bessel function of the second kind 𝐾𝜈(𝑥) is solution 

of the differential equation[1]:

𝑥2𝑦′′ + 𝑥𝑦′ − 𝑥2 + 𝜈2 y = 0,

and 𝐾0 𝑥 ≈ − ln
𝑥

2
− 0.577



the balancing radius in adiabatic sheath model

Near-stationary blowoutNear-adiabatic blowout

the balancing radius ：𝑟𝑐 = 2[1 − 𝑣𝑧 𝑟 = 𝑟𝑐 ]Λ = 2
Λ

1+
1

(1+𝜓𝑐)2

The balancing radius in our model 𝒓𝒄 best matches the simulation results.



Conclusion

⚫ For an adiabatic sheath, we have obtained the coupled equations of 𝜓, 𝑣𝑒 and 𝑛𝑒 .

⚫ Balancing radius of channel 𝑟𝑐 = 2
Λ

1+
1

(1+𝜓𝑐)2

is between 𝑟𝑛 and 𝑟𝛿 .

⚫ We have found 𝜓 and 𝜓𝑐 for all 𝑟:

• 𝜓 𝑟 = ൞
𝜓𝑐 +

𝑟𝑐
2

4
−

𝑟2

4
, 𝑟 < 𝑟𝑐

𝑟𝑐
2

2
𝐾0 𝑟 , 𝑟 ≥ 𝑟𝑐 , if 𝑟𝑐 ≲ 0.3

• If 𝑟𝑐 > 0.3, 𝜓 𝑟 can be obtained by numerically solving the coupled equations.

• 𝜓𝑐 = ቐ
𝑟𝑐

2

2
𝐾0 𝑟𝑐 , 𝑟𝑐 ≲ 0.3

−0.012𝑟𝑐
2 + 0.363𝑟𝑐 − 0.044, 0.3 ≲ 𝑟𝑐 ≲ 8

Thank you!





The blowout radius

• The blowout radius 𝑟𝑐 𝜉 is determined by

① the current distribution of the drive beam；② the density distribution of sheath electrons.[1];

• the drive beam current Λ 𝜉 = 0׬

∞
𝑛𝑏 𝜉, 𝑟′ 𝑟′𝑑𝑟′ =

2𝐼

𝐼𝐴
，also represents the normalized linear density,

𝑛𝑏 − the density, 𝐼 − the instantaneous current, 𝐼𝐴≈17 kA;

• Existing theories have simplified sheath to square or exponential distributions [2-4].

𝑛𝑒

𝑟𝑐 𝑟

Δ

Square distribution

𝑛𝑒

𝑟𝑐 𝑟

Δ

Exponential distribution

𝑛𝑒

𝑟𝑐 𝑟

𝛿 function distribution

[1] W. Lu et al., Phys. Plasmas, 13, 056709 (2006) [2] S. A. Yi et al., Phys. Plasma, 20, 013108 (2013)

[3] J. Thomas et al., Phys. Plasma, 23, 053108 (2016) [4] A. A. Golovanov et al., Quantum Electron., 46, 295 (2016)



• Poisson-like equation: : −
𝟏

𝒓

𝝏

𝝏𝒓
𝒓

𝝏𝝍

𝝏𝒓
= 𝜌 − 𝑗𝑧 = ቊ

1，𝑟 < 𝑟𝑐 𝜉

𝟏 − 𝒏𝒆 𝟏 − 𝒗𝒛 ，𝒓 ≥ 𝒓𝒄 𝝃
，

𝑛𝑒 − density of plasma electrons，𝑣𝑧 − longitudinal velocity of plasma electrons。

① when 𝑟 < 𝑟𝑐 𝜉 , 𝜓|𝑟<𝑟𝑐 𝜉 = 𝜓𝑐 +
𝑟𝑐

2

4
−

𝑟2

4
，where 𝜓|𝑟=𝑟𝑐 𝜉 = 𝜓𝑐；

② Boundary conditions: 
𝝏

𝝏𝒓
𝝍|𝒓=𝒓𝒄 𝝃 = −

𝒓𝒄

𝟐
， 𝐥𝐢𝐦

𝒓→∞
𝝍 = 𝟎。

• a constant of plasma electrons motion：𝜸 − 𝜸𝒗𝒛 = 𝟏 + 𝝍。

• Gauss’law : 𝐸𝑟(𝑟) =
𝑟

2
−

𝛬

𝑟
−

1

𝑟
0׬

𝑟
𝑛𝑒(𝑟′)𝑟′𝑑𝑟′， Stokes’ Theorem: 𝐵𝜃 𝑟 = −

𝛬

𝑟
−

1

𝑟
0׬

𝑟
𝑛𝑒 𝑟′ 𝑣𝑧 𝑟′ 𝑟′𝑑𝑟′ ,

Forces in equilibrium for electrons outside the ion channel：

𝑭𝒓|𝒓>𝒓𝒄
= −𝑬𝒓 + 𝒗𝒛𝑩𝜽 =

𝟏

𝒓
−

𝒓𝟐

𝟐
+ 𝟏 − 𝒗𝒛 𝜦 + න

𝟎

𝒓

𝒏𝒆 𝒓′ 𝒓′𝒅𝒓′ − 𝒗𝒛 න
𝟎

𝒓

𝒏𝒆 𝒓′ 𝒗𝒛 𝒓′ 𝒓′𝒅𝒓′ = 𝟎.

The sheath equations
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