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Multi-scale factorization and joint resummation



⾼能散射截⾯的微扰级数展开



Factorization of Sudakov form factor

<latexit sha1_base64="8zycZZZ+jYiInO13mKfmr4oS4Gc="></latexit>

L2 ⇠ P 2 ⇠ m2 ⌧ Q2
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All-order results of Super-Leading Logs for jet veto

Sudakov suppression of the superleading logarithms is weaker than the one present for global 
observables 

<latexit sha1_base64="6SNxqNWcEOa5HOflCWLHNHdfgEU=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBC8GHaDqMegF48RzAOSNcxOepMh81hmZoWw5DO8eFDEq1/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNoUEVV7odEQOcSWhYZjm0Ew1ERBxa0eh26reeQBum5IMdJxAKMpAsZpRYJ3XgMTvvKgEDMumVyn7FnwEvkyAnZZSj3it9dfuKpgKkpZwY0wn8xIYZ0ZZRDpNiNzWQEDoiA+g4KokAE2azkyf41Cl9HCvtSlo8U39PZEQYMxaR6xTEDs2iNxX/8zqpja/DjMkktSDpfFGccmwVnv6P+0wDtXzsCKGauVsxHRJNqHUpFV0IweLLy6RZrQSXler9Rbl2k8dRQMfoBJ2hAF2hGrpDddRAFCn0jF7Rm2e9F+/d+5i3rnj5zBH6A+/zBz3JkTw=</latexit>

e�!Global logs
<latexit sha1_base64="Y2G8LlyIVVI7urAqZIkKvDv2Pw8=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiRF1GXRjcsK9gFNKJPppB06jzAzUULsp7hxoYhbv8Sdf+O0zUJbD1w4nHMv994TJYxq43nfTmltfWNzq7xd2dnd2z9wq4cdLVOFSRtLJlUvQpowKkjbUMNIL1EE8YiRbjS5mfndB6I0leLeZAkJORoJGlOMjJUGbjWQnIwQDIyEARWxyQZuzat7c8BV4hekBgq0Bu5XMJQ45UQYzJDWfd9LTJgjZShmZFoJUk0ShCdoRPqWCsSJDvP56VN4apUhjKWyJQycq78ncsS1znhkOzkyY73szcT/vH5q4qswpyJJDRF4sShOGbR/znKAQ6oINiyzBGFF7a0Qj5FC2Ni0KjYEf/nlVdJp1P2LeuPuvNa8LuIog2NwAs6ADy5BE9yCFmgDDB7BM3gFb86T8+K8Ox+L1pJTzByBP3A+fwDlWJPG</latexit>

! ! 1
<latexit sha1_base64="+GP7jdNjlOze6KDBpBHquIuP1Ac=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKqMeiF48V7Ac0oWy2k3bp7ibsbgol9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZQ2Nre2d8q7lb39g8Mj9/ikrZNMUWjRhCeqGxENnEloGWY4dFMFREQcOtH4fu53JqA0S+STmaYQCjKULGaUGCv1XTeIFaG5P8uDRMCQzPpu1at5C+B14hekigo0++5XMEhoJkAayonWPd9LTZgTZRjlMKsEmYaU0DEZQs9SSQToMF9cPsMXVhngOFG2pMEL9fdEToTWUxHZTkHMSK96c/E/r5eZ+DbMmUwzA5IuF8UZxybB8xjwgCmghk8tIVQxeyumI2KjMDasig3BX315nbTrNf+6Vn+8qjbuijjK6Aydo0vkoxvUQA+oiVqIogl6Rq/ozcmdF+fd+Vi2lpxi5hT9gfP5A9wRk9A=</latexit>

1

!
Superleading logs

(Becher, Neubert, DYS ’21 PRL + Stillger ’23 JHEP)

All-order structure: Kampe de Feriet function (a two-variable 
generalization of the generalized hypergeometric series)

<latexit sha1_base64="Y2G8LlyIVVI7urAqZIkKvDv2Pw8=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiRF1GXRjcsK9gFNKJPppB06jzAzUULsp7hxoYhbv8Sdf+O0zUJbD1w4nHMv994TJYxq43nfTmltfWNzq7xd2dnd2z9wq4cdLVOFSRtLJlUvQpowKkjbUMNIL1EE8YiRbjS5mfndB6I0leLeZAkJORoJGlOMjJUGbjWQnIwQDIyEARWxyQZuzat7c8BV4hekBgq0Bu5XMJQ45UQYzJDWfd9LTJgjZShmZFoJUk0ShCdoRPqWCsSJDvP56VN4apUhjKWyJQycq78ncsS1znhkOzkyY73szcT/vH5q4qswpyJJDRF4sShOGbR/znKAQ6oINiyzBGFF7a0Qj5FC2Ni0KjYEf/nlVdJp1P2LeuPuvNa8LuIog2NwAs6ADy5BE9yCFmgDDB7BM3gFb86T8+K8Ox+L1pJTzByBP3A+fwDlWJPG</latexit>

! ! 1
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Factorization of heavy quark pair angular correlations
Dai, Jiang, DYS in progress



Standard TMD factorization: two scales


Match the quark current operator onto the SCET operator


Factorization formula


Jet and soft function depend on two scales: qT and mQ 

Factorization in region 1

<latexit sha1_base64="HGwQFAcebPTD8bJVDFw486mNRq0="></latexit>
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<latexit sha1_base64="kAJzDI8MJcftIlb8DdsOIu9tzJs="></latexit>

Q � mQ ⇠ qT

<latexit sha1_base64="8weokyRZ2vTfmIH4Mk73v7gYM54="></latexit>
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Factorization in region 2
• In the limit mQ >> qT , jet function in region 1 contains

• The factorization formula in region 1 with active flavors                          should be matched onto a 

theory with       active flavors  


     E.g. matching relation of        from region 1 to 2 


• Heavy quark momenta


• Decouple the interaction between heavy quark and ultra-collinear modes; Match SCET onto 

bHQET Fleming, Hoang, Mantry & Stewart ‘07


<latexit sha1_base64="d8rEYfS/XcS54LgKjNQQb20QBWY=">AAACIHicbZDLSsNAFIYnXmu8RV2KMFgEVyURb8uiG5ct9AZNCZPppB06k4kzE6GErHwTd271JdyJS30GH8Jp2oW2/jDw859zOGe+MGFUadf9tJaWV1bX1ksb9ubW9s6us7ffUiKVmDSxYEJ2QqQIozFpaqoZ6SSSIB4y0g5Ht5N6+4FIRUXc0OOE9DgaxDSiGGkTBc5RHfqDAeRB5nOkhxixrJ7nRXYfNAKn7FbcQnDReDNTBjPVAufb7wucchJrzJBSXc9NdC9DUlPMSG77qSIJwiM0IF1jY8SJ6mXFN3J4YpI+jIQ0L9awSH9PZIgrNeah6ZzcquZrk/C/WjfV0XUvo3GSahLj6aIoZVALOGEC+1QSrNnYGIQlNbdCPEQSYW3I2bbfJxH0E5FqmCUGlOTQ+Dy3DR5vHsaiaZ1VvMvKRf28XL2ZgSqBQ3AMToEHrkAV3IEaaAIMHsEzeAGv1pP1Zr1bH9PWJWs2cwD+yPr6AURxonQ=</latexit>

Q � mQ � qT
<latexit sha1_base64="oOBH4QLObiGCNXe21ebvG+AUSPk="></latexit>

↵n
s logm(mQ/qT )

<latexit sha1_base64="4MIp67OYxDiWoGfqSXwSAFIYe68=">AAACCXicbZDLSgMxFIYz9VbHW9Wlm2ARXJUZ8bZwUXDjsoK9QGcYMplMG5pMQpIRyjBP4M6tvoQ7cetT+A4+hOlloa0/BD7+cw7n5I8lo9p43pdTWVldW9+obrpb2zu7e7X9g44WucKkjQUTqhcjTRjNSNtQw0hPKoJ4zEg3Ht1O6t1HojQV2YMZSxJyNMhoSjEy1uoFiMkhinRUq3sNbyq4DP4c6mCuVlT7DhKBc04ygxnSuu970oQFUoZiRko3yDWRCI/QgPQtZogTHRbTe0t4Yp0EpkLZlxk4dX9PFIhrPeax7eTIDPVibWL+V+vnJr0OC5rJ3JAMzxalOYNGwMnnYUIVwYaNLSCsqL0V4iFSCBsbkesGCUlhIEVuYCGjIlAcWi5L18bjL4axDJ2zhn/ZuLg/rzdv5kFVwRE4BqfAB1egCe5AC7QBBgw8gxfw6jw5b8678zFrrTjzmUPwR87nD1KPmhM=</latexit>↵s

<latexit sha1_base64="RzDiW+r1A0SRdoLtwshXwyH5ImI=">AAACDHicbZDLSsNAFIYn9VbjrerSzWARBKEk4m2hUHDjsoK9QBLCZDpph05mwsxEKCGv4M6tvoQ7ces7+A4+hNM2C239YeDjP+dwzvxRyqjSjvNlVZaWV1bXquv2xubW9k5td6+jRCYxaWPBhOxFSBFGOWlrqhnppZKgJGKkG41uJ/XuI5GKCv6gxykJEjTgNKYYaWN5PIzhDeQhO3HDWt1pOFPBRXBLqINSrbD27fcFzhLCNWZIKc91Uh3kSGqKGSlsP1MkRXiEBsQzyFFCVJBPTy7gkXH6MBbSPK7h1P09kaNEqXESmc4E6aGar03M/2pepuOrIKc8zTTheLYozhjUAk7+D/tUEqzZ2ADCkppbIR4iibA2Kdm23ycx9FORaZinYe7LBBouCtvE486HsQid04Z70Ti/P6s3r8ugquAAHIJj4IJL0AR3oAXaAAMBnsELeLWerDfr3fqYtVascmYf/JH1+QPj0ZpC</latexit>

nf = nl + 1
<latexit sha1_base64="h2JvcqNx88/Vkv27kCfBSzrUsGk=">AAACBHicbZC7TsMwFIadcivhVmBksaiQmKoEcRsYKrEwFkEvUhNFjuu0Vm3Hsh2kKsrKxgovwYZYeQ/egYfAbTNA4ZcsffrPOTrHfywZ1cbzPp3K0vLK6lp13d3Y3Nreqe3udXSaKUzaOGWp6sVIE0YFaRtqGOlJRRCPGenG4+tpvftAlKapuDcTSUKOhoImFCNjrTsRsahW9xreTPAv+CXUQalWVPsKBinOOBEGM6R13/ekCXOkDMWMFG6QaSIRHqMh6VsUiBMd5rNTC3hknQFMUmWfMHDm/pzIEdd6wmPbyZEZ6cXa1Pyv1s9MchnmVMjMEIHni5KMQZPC6b/hgCqCDZtYQFhReyvEI6QQNjYd1w0GJIGBTDMDcxnlgeLQclG4Nh5/MYy/0Dlp+OeNs9vTevOqDKoKDsAhOAY+uABNcANaoA0wGIIn8AxenEfn1Xlz3uetFaec2Qe/5Hx8A1uHl+Y=</latexit>nl
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Factorization in region 2 <latexit sha1_base64="d8rEYfS/XcS54LgKjNQQb20QBWY=">AAACIHicbZDLSsNAFIYnXmu8RV2KMFgEVyURb8uiG5ct9AZNCZPppB06k4kzE6GErHwTd271JdyJS30GH8Jp2oW2/jDw859zOGe+MGFUadf9tJaWV1bX1ksb9ubW9s6us7ffUiKVmDSxYEJ2QqQIozFpaqoZ6SSSIB4y0g5Ht5N6+4FIRUXc0OOE9DgaxDSiGGkTBc5RHfqDAeRB5nOkhxixrJ7nRXYfNAKn7FbcQnDReDNTBjPVAufb7wucchJrzJBSXc9NdC9DUlPMSG77qSIJwiM0IF1jY8SJ6mXFN3J4YpI+jIQ0L9awSH9PZIgrNeah6ZzcquZrk/C/WjfV0XUvo3GSahLj6aIoZVALOGEC+1QSrNnYGIQlNbdCPEQSYW3I2bbfJxH0E5FqmCUGlOTQ+Dy3DR5vHsaiaZ1VvMvKRf28XL2ZgSqBQ3AMToEHrkAV3IEaaAIMHsEzeAGv1pP1Zr1bH9PWJWs2cwD+yPr6AURxonQ=</latexit>

Q � mQ � qT

Factorization formula Matching coefficients form SCET to bHQET

Standard TMD soft function

Hoang, Pathak, Pietrulewicz 
&Stewart, ’15
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Factorization in region 3
• In region 3, TMD factorization of heavy quark pair production are well studied


• Factorization and resummation (Li, Li, DYS, Yang, Zhu ’12 ’13 & Catani, Grazzini, Torre ’14 & Catani, 

Grazinni & Sargsyan ’18; Ju, Schönher ’22


• Two-loop soft function Angeles-Martinez, M. Czakon, and S. Sapeta’18; Catani, Devoto, Grazzini,  

Mazzitelli ‘23

• Factorization formula


• We use their expressions to verify refactorization of soft function at two loop


• Two loop ultra-collinear function can be determined based on

<latexit sha1_base64="dbHwBdSyh/rqZ2j6t2i4WtipvJk="></latexit>

Q ⇠ mQ � qT
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Factorization in region 3
• In region 3, TMD factorization of heavy quark pair production are well studied


• Factorization and resummation (Li, Li, DYS, Yang, Zhu ’12 ’13 & Catani, Grazzini, Torre ’14 & Catani, 

Grazinni & Sargsyan ’18; Ju, Schönher ’22


• Two-loop soft function Angeles-Martinez, M. Czakon, and S. Sapeta’18; Catani, Devoto, Grazzini,  

Mazzitelli ‘23

• Factorization formula


• We use their expressions to verify refactorization of soft function at two loop


• Two loop ultra-collinear function can be determined based on

<latexit sha1_base64="dbHwBdSyh/rqZ2j6t2i4WtipvJk="></latexit>

Q ⇠ mQ � qT

H

Hoang, Pathak, Pietrulewicz & Stewart, ’15

S
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Factorization in region 3
• In region 3, TMD factorization of heavy quark pair production are well studied


• Factorization and resummation (Li, Li, DYS, Yang, Zhu ’12 ’13 & Catani, Grazzini, Torre ’14 & Catani, 

Grazinni & Sargsyan ’18; Ju, Schönher ’22


• Two-loop soft function Angeles-Martinez, M. Czakon, and S. Sapeta’18; Catani, Devoto, Grazzini,  

Mazzitelli ‘23

• Factorization formula


• We use their expressions to verify refactorization of soft function at two loop


• Two loop ultra-collinear function can be determined based on

<latexit sha1_base64="dbHwBdSyh/rqZ2j6t2i4WtipvJk="></latexit>

Q ⇠ mQ � qT

<latexit sha1_base64="3l5sfD7QC7PwfCJyUiFwlZFJv+o=">AAACF3icbZDLSsNAGIUnXmu8xcvOzWARXJVEvC0LgoirFuwFmhAmk0k7dJIMMxOhhoCv4c6tvoQ7cevSd/AhnLRdaOsPA4dz/uE/fAFnVCrb/jIWFpeWV1Yra+b6xubWtrWz25ZpJjBp4ZSlohsgSRhNSEtRxUiXC4LigJFOMLwq8849EZKmyZ0aceLFqJ/QiGKktOVb+26M1AAjlt8Wfu4GSMBm4VtVu2aPB84LZyqqYDoN3/p2wxRnMUkUZkjKnmNz5eVIKIoZKUw3k4QjPER90tMyQTGRXj5uX8Aj7YQwSoV+iYJj9/ePHMVSjuJAb5Zd5WxWmv9lvUxFl15OE54pkuDJoShjUKWwRAFDKghWbKQFwoLqrhAPkEBYaWCm6YYkgi5PMwVzrtmIGGpdFKbG48zCmBftk5pzXjtrnlbr148TUBVwAA7BMXDABaiDG9AALYDBA3gGL+DVeDLejHfjY7K6YEzh7oE/Y3z+AGuqn+M=</latexit>

JQ̄

<latexit sha1_base64="ARNwlXAIKMb9ieYEcCSZfu0pro0=">AAACE3icbZDLSsNAGIUn9VbjLerSzWARXJVEvC0LgoirFuwFmhAmk0k7dJIMM5NCCQFfwp1bfQl34tYH8B18CCdtF9r6w8DHOf/wH07AGZXKtr+Mysrq2vpGddPc2t7Z3bP2DzoyzQQmbZyyVPQCJAmjCWkrqhjpcUFQHDDSDUY3pd8dEyFpmjyoCSdejAYJjShGSku+ZbkxUkOMWH5f+DlsFb5Vs+v2dOAyOHOogfk0fevbDVOcxSRRmCEp+47NlZcjoShmpDDdTBKO8AgNSF9jgmIivXyavIAnWglhlAr9EgWn6u8fOYqlnMSB3ixzykWvFP/z+pmKrr2cJjxTJMGzQ1HGoEphWQMMqSBYsYkGhAXVWSEeIoGw0mWZphuSCLo8zRTMuZ+7Ioaai8LU9TiLZSxD56zuXNYvWue1xu3jrKgqOALH4BQ44Ao0wB1ogjbAYAyewQt4NZ6MN+Pd+JitVox5uYfgzxifPzHTnio=</latexit>

JQ

<latexit sha1_base64="DTZMa7DqFjyeoHJqeZmeYTbQNkM=">AAACE3icbZDLSsNAGIUn9VbjLerSzWARXJVEvC0Lgrhs0V6gCWEymbRDJ8kwMymUEPAl3LnVl3Anbn0A38GHcNJ2oa0/DHyc8w//4QScUals+8uorKyurW9UN82t7Z3dPWv/oCPTTGDSxilLRS9AkjCakLaiipEeFwTFASPdYHRT+t0xEZKmyYOacOLFaJDQiGKktORblhsjNcSI5feFn8NW4Vs1u25PBy6DM4camE/Tt77dMMVZTBKFGZKy79hceTkSimJGCtPNJOEIj9CA9DUmKCbSy6fJC3iilRBGqdAvUXCq/v6Ro1jKSRzozTKnXPRK8T+vn6no2stpwjNFEjw7FGUMqhSWNcCQCoIVm2hAWFCdFeIhEggrXZZpuiGJoMvTTMGc+7krYqi5KExdj7NYxjJ0zurOZf2idV5r3D7OiqqCI3AMToEDrkAD3IEmaAMMxuAZvIBX48l4M96Nj9lqxZiXewj+jPH5A0CXnjM=</latexit>

SQ



• Symbol to Sequence


• Sequence to Transformer


 Solution at L = 5~8 provide enough samples to learn


• Test and prediction
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Transformer meets amplitudes

H → ggg, L = 8

Alphabet: 

Cai, Merz, Charton, Nolte, Wilhelm, Crammer, Dixon ‘24

Key idea: Symbol as Language 

8 b ⊗ b ⊗ c ⊗ d → {′￼+′￼,′￼8′￼,′￼b, b, c, d′￼}

ci b ⊗ ⋯ ⊗ d
2L

→ Transformer → ci = ?

help calculate high loops

discover new symmetries 
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Heavy-to-light form factor

⻢尧   SCET2024  Ref:arXiv:2312.14012

full phase space

Asy2, ASPIRE, pySecDec, ... 

Lee-Pomeransky representation ’13 
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64 region vectors 

Heavy-to-light form factor

Region vector as Language?
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Conclusion
• We investigate the factorization and resummation formula for heavy quark pair production in back 

to back limit


• We analyze factorization in three distinct scale hierarchies within SCET, bHQET, HQET


• Different modes and regions up to two loop orders are identified; RG consistency are checked


• All two-loop anomalous dimensions are obtained


• Apply AI to identify different modes in scattering processes: full phase space and phase space with 
measurement function

<latexit sha1_base64="d8rEYfS/XcS54LgKjNQQb20QBWY=">AAACIHicbZDLSsNAFIYnXmu8RV2KMFgEVyURb8uiG5ct9AZNCZPppB06k4kzE6GErHwTd271JdyJS30GH8Jp2oW2/jDw859zOGe+MGFUadf9tJaWV1bX1ksb9ubW9s6us7ffUiKVmDSxYEJ2QqQIozFpaqoZ6SSSIB4y0g5Ht5N6+4FIRUXc0OOE9DgaxDSiGGkTBc5RHfqDAeRB5nOkhxixrJ7nRXYfNAKn7FbcQnDReDNTBjPVAufb7wucchJrzJBSXc9NdC9DUlPMSG77qSIJwiM0IF1jY8SJ6mXFN3J4YpI+jIQ0L9awSH9PZIgrNeah6ZzcquZrk/C/WjfV0XUvo3GSahLj6aIoZVALOGEC+1QSrNnYGIQlNbdCPEQSYW3I2bbfJxH0E5FqmCUGlOTQ+Dy3DR5vHsaiaZ1VvMvKRf28XL2ZgSqBQ3AMToEHrkAV3IEaaAIMHsEzeAGv1pP1Zr1bH9PWJWs2cwD+yPr6AURxonQ=</latexit>

Q � mQ � qT
<latexit sha1_base64="dbHwBdSyh/rqZ2j6t2i4WtipvJk="></latexit>

Q ⇠ mQ � qT
<latexit sha1_base64="kAJzDI8MJcftIlb8DdsOIu9tzJs="></latexit>

Q � mQ ⇠ qT

Thank you



Backup slides



TMDs in the large-x limit
• The usual TMD factorization is defined at moderate x value, i.e the x is not too low or too high 


• TMDs at small x is important for gluon saturation in the Regge asymptotic of QCD, which was 
investigated in Balitsky, Tarasov ’15, Zhou ’16, Xiao, Yuan, Zhou ’17


• In the limit x->1 (threshold), the phase space of real radiations is restricted

• The NLL joint resummation framework of threshold and TMD logarithms was first developed 

by Laenen, Sterman & Vogelsang ’00

• A factorization formula based on SCET then was given by Lustermans, Waalewijn, Zeune ’16 . Y. Li, 

D. Neill, H. X. Zhu ’16


• We apply the joint threshold and TMD factorization theorem to introduce new threshold-
TMDs — TTMDs Kang, Samanta, Shao, Zeng ‘23



Effective theory in the joint limit 
In the threshold limit, the new scale hierarchy introduces an additional degrees of freedom known as 
collinear-soft degrees of freedom

<latexit sha1_base64="dtBg8qxxxfGq8UTcIsSbaU10REE=">AAACGXicbZDLSgMxGIUz9VbHW1Vw4yZYhLqwzIjXXcGNyxZ6g04ZMmmmDU1mQpIR6jhP4s6tvoQ7cevKd/AhTC8LbT0Q+Djn/8nPCQSjSjvOl5VbWl5ZXcuv2xubW9s7hd29pooTiUkDxyyW7QApwmhEGppqRtpCEsQDRlrB8Hact+6JVDSO6nokSJejfkRDipE2ll84qEGv34cl9/ThBBpWlEPh1/1C0Sk7E8FFcGdQBDNV/cK314txwkmkMUNKdVxH6G6KpKaYkcz2EkUEwkPUJx2DEeJEddPJ/Rk8Nk4PhrE0L9Jw4v7eSBFXasQDM8mRHqj5bGz+l3USHV53UxqJRJMITz8KEwZ1DMdlwB6VBGs2MoCwpOZWiAdIIqxNZbbt9UgIPREnGqbCTz3JoeEss0097nwZi9A8K7uX5YvaebFyMysqDw7BESgBF1yBCrgDVdAAGDyCZ/ACXq0n6816tz6mozlrtrMP/sj6/AElCJ32</latexit>

Q � (1� z)Q ⇠ pT



Collinear-soft function

In the threshold limit, the new scale hierarchy introduces an additional degrees of freedom 
known as collinear-soft degrees of freedom

To validate the factorization 

theorem, we employ the threshold 

expressions of the perturbative 

matching coefficients to ascertain 

the three-loop collinear-sof 

function.

Kang, Samanta, Shao, Zeng ‘23



Numerical results for threshold-TMDPDFs

The uncertainty bands correspond to the 1-σ variation from CT18 PDFs using the 
Hessian method 


We are working on NNNLL joint resummation + NNNLL TMD resummation

CT18

Kang, Samanta, Shao, Zeng ‘23


