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Outline

• Quarkonium potential


• Difficulties in spectral function reconstruction
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Quarkonium in the QGP
• In heavy-ion collisions, quarkonium production serves as a probe of the QGP.
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Quarkonium in the QGP
• In heavy-ion collisions, quarkonium production serves as a probe of the QGP.


• Accurate understanding of the in-medium heavy-quark interaction?


‣ Real potential modified by color-screening


‣ Imaginary potential arises due to , Landau damping, ...(QQ̄)1 → (QQ̄)8
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Quarkonium in the QGP

Hard Thermal Loop potentials 







see e.g., Laine, Philipsen, Romatschke, and Tassler, JHEP 03, 054 (2007)
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• In heavy-ion collisions, quarkonium production serves as a probe of the QGP.


• Accurate understanding of the in-medium heavy-quark interaction?


‣ Real potential modified by color-screening


‣ Imaginary potential arises due to , Landau damping, ...(QQ̄)1 → (QQ̄)8
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R. Larsen, S. Meinel, S. Mukherjee, and P. Petreczky:

          Phys.Rev.D100,074506(2019), Phys.Lett.B800,135119(2020), Phys.Rev.D102,114508(2020) 
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High excitations (2P, 3S) can survive at ;

Mass - mild temperature dependence;

Thermal width - quantitatively larger.

T = 334 MeV
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D. Lafferty and A. Rothkopf, PhysRevD.101.056010(2020)

High excitations (2P, 3S) can survive at ;

Mass - mild temperature dependence;

Thermal width - quantitatively larger.

T = 334 MeV

Bottomonium mass and thermal width, lattice QCD with finite mQ 02
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Can we understand the new lattice result using Hard Thermal Loop potential? 03

Ĥ ψn = −
∇2

2mμ
ψn + V(r) ψn = En ψn

V(T, r) = VR (T, r) + i VI (T, r)
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Can we understand the new lattice result using Hard Thermal Loop potential?

Ĥ ψn = −
∇2

2mμ
ψn + V(r) ψn = En ψn

V(T, r) = VR (T, r) + i VI (T, r)
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New lattice QCD results cannot be explained by the HTL potential

We extract the potential in a model-independent way 

Deep Neural Works (DNN)
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What are Deep Neural Networks?
--- a general parameterization scheme to approximate continuous functions.
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: intercept

: change of slope

∑
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How to learn  from ?V(r) {En}

• parameterize the potential , minimize  V(r |θ) χ2 ≡ ∑
i

(Eθ,i − Ei

δEi
)2
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How to learn  from ?V(r) {En}

• parameterize the potential , minimize  

• a gradient-descent based method: 
• goal -- find the -point that  
• update  iteratively according to 

V(r |θ) χ2 ≡ ∑
i

(Eθ,i − Ei

δEi
)2

θ ∇θ χ2 = 0
θ Δθ ∝ ∇θ χ2
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Finite Temperature Heavy-Quark Potential 06
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What physics we have learned from ?VDNN (T, r) 07



Reason of the difference?
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spectral function reconstruction

SS, Wang, Zhou, Comput.Phys.Commun. 282 (2023) 108547;

   Wang, SS, Zhou, Phys. Rev. D 106, L051502;

Problem # II:

refs:



D(p) = ∫
∞

0
K(p, ω) ρ(ω) dω K(p, ω) ≡

π−1 ω
ω2 + p2

information of interest observations

3. spectral function <=> correlation 09

p
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• ill-conditioned?
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• No!!! The problem is ill-posed!!!
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ill-posedness of inverse KL convolution

D(k) =
1
π ∫

∞

0

ω dω
ω2 + k2

ρ(ω)

Linear operator in continuous space,  
maps  to  . ℝ[0,+∞) ℝ[0,+∞)

: Real function defined 
in the domain . 
ℝ[0,+∞)

[0, + ∞)
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ill-posedness of inverse KL convolution

D(k) =
1
π ∫

∞

0

ω dω
ω2 + k2

ρ(ω)

Linear operator in continuous space,  
maps  to  . 
One can define its eigenfunctions and eigenvalues:

ℝ[0,+∞) ℝ[0,+∞)

: Real function defined 
in the domain . 
ℝ[0,+∞)

[0, + ∞)

1
π ∫

∞

0

ω dω
ω2 + k2

ψ(ω) = λ ψ(k) ,
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1
π ∫

∞

0

ω dω
ω2 + k2

ψ(ω) = λ ψ(k) ,

infinite amount of solutions, labeled by (continuous) :s

ψs,+(x) =
cos(s ln(x/a))

π x/a
,

ψs,−(x) =
sin(s ln(x/a))

π x/a
,

λs,± =
1

2 cosh(πs/2)
.

eigenfunctions and eigenvalues of KL convolution: 12



eigenfunctions and eigenvalues of KL convolution: 12

D(k) =
1
π ∫

∞

0

ω dω
ω2 + k2

ρ(ω)

1
π ∫

∞

0

ω dω
ω2 + k2

ψ±,s(ω) = λs ψ±,s(k) ,

ρ̃±(s) = D̃ ±(s) / λs



eigenfunctions and eigenvalues of KL convolution: 12
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1
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ω dω
ω2 + k2
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ρ̃±(s) = D̃ ±(s) / λs

D̃ ±(s) = ∫
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0
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D(k) ψ±,s(k)



eigenfunctions and eigenvalues of KL convolution: 12

D(k) =
1
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1
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eigenfunctions and eigenvalues of KL convolution: 12

D(k) =
1
π ∫

∞

0

ω dω
ω2 + k2

ρ(ω)

ρ̃±(s) = D̃ ±(s) / λs

D̃ ±(s) = ∫
+∞

0

k dk
a2

D(k) ψ±,s(k) ρ(ω) = ∑
i=±

∫
+∞

−∞

ds
2

ρ̃±(s) ψi,s(ω)

λs,± =
1

2 cosh(πs/2)
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contains non-zero but 
arbitrarily small eigenvalues, 
non-invertible given finite 
numerical precision.
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relook at the discrepancy 13
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Then, why Deep Learning? 14

DNN is a natural implementation of smoothness regularization!



Then, why Deep Learning?

DNN is a natural implementation of smoothness regularization!
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: intercept

: change of slope

∑
i

σ(si(x − xi))

xi

si

minimizing   imposing smoothness∑
i

s2
i ↔
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• New algorithm employing DNN to solve inverse problems;


• Extracted HF complex ;


• Reconstructing spectral function … 

V(T, r)

Summary



• New algorithm employing DNN to solve inverse problems;


• Extracted HF complex ;


• Reconstructing spectral function … is ill-posed!!!


• physics-based parameterization


• real time evolution?


• supervised learning?

V(T, r)

Summary



1
π ∫

∞

0

ω dω
ω2 + k2

ψ(ω) = λ ψ(k) ,

infinite amount of solutions, labeled by (continuous) :s

ψs,+(x) =
cos(s ln(x/a))

π x/a
,

ψs,−(x) =
sin(s ln(x/a))

π x/a
,

λs,± =
1

2 cosh(πs/2)
.

eigenfunctions and eigenvalues of KL convolution: 12

ω k

ρ(ω)

D(k)



Can we really learn  from ?V(r) {En}

discrete, finite
continuous 

08
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Test - Can we recover a known complex  ?V(T, r)
• Start with a known potential








• Compute  at




• Learn the potential using DNN

VR(T, r) =
σ

μD
(2 − (2 + μDr)e−μDr) − α(μD +

e−μDr

r ) + B ,

VI(T, r) = −
π

4
μDTσr3G2,2

2,4 (− 1
2 ,− 1

2
1
2 , 1

2 ,− 3
2 ,−1

μ2
Dr2

4 ) − α T ϕ(μDr) .

{mn , Γn}
T = {0, 151, 173 ,199, 251, 334} MeV

12
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• Start with a known potential (solid line)








• Compute  at




• Learn the potential using DNN (dash + band)

VR(T, r) =
σ

μD
(2 − (2 + μDr)e−μDr) − α(μD +

e−μDr

r ) + B ,

VI(T, r) = −
π

4
μDTσr3G2,2

2,4 (− 1
2 ,− 1

2
1
2 , 1

2 ,− 3
2 ,−1

μ2
Dr2

4 ) − α T ϕ(μDr) .

{mn , Γn}
T = {0, 151, 173 ,199, 251, 334} MeV

-- Yes!Test - Can we recover a known complex  ?V(T, r) 12
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• Compute  at




• Learn the potential using DNN (dash + band)

VR(T, r) =
σ

μD
(2 − (2 + μDr)e−μDr) − α(μD +

e−μDr

r ) + B ,

VI(T, r) = −
π

4
μDTσr3G2,2

2,4 (− 1
2 ,− 1

2
1
2 , 1

2 ,− 3
2 ,−1

μ2
Dr2

4 ) − α T ϕ(μDr) .

{mn , Γn}
T = {0, 151, 173 ,199, 251, 334} MeV

Gray region: 

extrapolations

extrapolation is risky!Test - Can we recover a known complex  ?V(T, r) 12



How to learn  from ?V(r) {En}

• parameterize the potential , scan the whole -space, 

minimize  

• a gradient-descent based method: 
• goal -- find the -point that  
• update  iteratively according to  

• general unbiased parameterization scheme? Deep Neural Network!

V(r |θ) θ
χ2 ≡ ∑

i
(Eθ,i − Ei

δEi
)2

θ ∇θ χ2 = 0
θ Δθ ∝ ∇θ χ2

∇θ χ2 = 2∑
i

Eθ,i − Ei

(δEi)2
∇θEθ,i

∇θEθ,i = ⟨ψi |∇θV(θ) |ψi⟩

04



How to compute the likelihood (density) distribution of Vθ




• Sample  according to a reference distribution: ;

• Each data point corresponds to the element volume ;

• Compute , , and ;


• For given r, histogram  with weights





• In practice:

P(Vθ)dV = Posterior(θ |data)dNθ

{θi} P(θ) = P̃(θ)
dNθi = 1/P̃(θi)

Vθi
(r) χ2

θi
Posterior(θi |data)

Vθi
(r)

wi = P(Vθi
)dVi = Posterior(θi)/P̃(θi)

P̃(θ) = (2π)−Nθ/2 det[Σ−1] × exp[ −
Σ−1

ab

2
(θa − θopt

a )(θb − θopt
b )] Σ−1

ab = λδab +
1
2

∂2χ2(θ)
∂θa∂θb



What are Deep Neural Networks?

V (r) ≈ VDNN(r |parameters)

… … …

…r V

(iterative function substitution)

--- a general parameterization scheme to approximate continuous functions.
06



… … …

…r V

What are Deep Neural Networks?

Each      is an intermediate function :


- At the first layer:

(a(l)

i )

linear
nonlinear

(iterative function substitution)
V (r) ≈ VDNN(r |parameters)

z(1)
i = b(1)

i + W(1)
i,1 r, a(1)

i = σ(z(1)
i )

--- a general parameterization scheme to approximate continuous functions.
06



What are Deep Neural Networks?

Each      is an intermediate function :


- At the first layer:

- At later layers:

(a(l)
i )

z(l)
i = b(l)

i + ∑
j

W(l)
i,j a(l−1)

j , a(l)
i = σ(z(l)

i )

(iterative function substitution)

nonlinear

… … …

…r V

V (r) ≈ VDNN(r |parameters)

z(1)
i = b(1)

i + W(1)
i,1 r, a(1)

i = σ(z(1)
i )

--- a general parameterization scheme to approximate continuous functions.

linear

06



… … …

…r V

What are Deep Neural Networks?

Each      is an intermediate function :


- At the first layer:

- At later layers:

(a(l)
i )

z(l)
i = b(l)

i + ∑
j

W(l)
i,j a(l−1)

j , a(l)
i = σ(z(l)

i )

parameters  to be optimized(W(l)
i,j , b(l)

i )

(iterative function substitution)

nonlinear

z(1)
i = b(1)

i + W(1)
i,1 r, a(1)

i = σ(z(1)
i )

V (r) ≈ VDNN(r |parameters)

--- a general parameterization scheme to approximate continuous functions.

linear

06



Backup



Using Deep-Learning to solve Inverse Problems

information of interest observations

05

V(x)

ε(P)

potential

E. o. S.

{En}

M(R)

energy level

mass-radius



Using Deep-Learning to solve Inverse Problems

information of interest observations

05

V(x)

ε(P)

potential

E. o. S.

{En} = {En}[V(r)]

M(R) = M[ε(P)](R)mass-radius

energy level



Using Deep-Learning to solve Inverse Problems

information of interest observations
explicit, 1-to-1 mapping

exist, but implicit

I(x) ⃗O(y) = ⃗O[I(x)](y)

05

V(x)

ε(P)

potential

E. o. S.

{En} = {En}[V(r)]

M(R) = M[ε(P)](R)

energy level

mass-radius



information of interest observations
explicit, 1-to-1 mapping

exist, but implicit

I(x)

Using Deep-Learning to solve Inverse Problems (Type A) 05

⃗O(y) = ⃗O[I(x)](y)

• dimension of input? 


• completeness?


• bias/prior?


• uncertainty?

prepare data set , use NN to learn the inverse function(al) {Ii → ⃗Oi} { ⃗O → I}

ref: Yuki's seminar this Monday



information of interest observations
explicit, 1-to-1 mapping

exist, but implicit

I(x)

06

⃗O(y) = ⃗O[I(x)](y)

I(x) ≡ IDNN(x |θ) ⃗Oθ(y) ≡ ⃗O[IDNN(x |θ)](y)

Using Deep-Learning to solve Inverse Problems (Type B)



information of interest observations
explicit, 1-to-1 mapping

exist, but implicit

I(x)

I(x) ≡ IDNN(x |θ)

Jθ ≡ ∑
i

⃗Oθ(yi) − ⃗O(yi)
2

Using Deep-Learning to solve Inverse Problems (Type B)

⃗Oθ(yi) ≡ ⃗O[IDNN(x |θ)](yi)

explicit, 1-to-1 mapping

loss: dist. bt/ reconstructed and true obsv.

⃗O(y) = ⃗O[I(x)](y)

06



information of interest observations
explicit, 1-to-1 mapping

exist, but implicit

I(x) ≡ IDNN(x |θ)

Tune  to minimize . Prerequisite:  can be computedθ Jθ
δO(y)
δI(x)

I(x)

∇θJ = 2∑
i

[Oθ(yi) − O(yi)]∫ dx
δO(y)
δI(x) O(y)=Oθ(yi)

∇θIDNN(x |θ)

Using Deep-Learning to solve Inverse Problems (Type B)

Jθ ≡ ∑
i

⃗Oθ(yi) − ⃗O(yi)
2

⃗Oθ(yi) ≡ ⃗O[IDNN(x |θ)](yi)

⃗O(y) = ⃗O[I(x)](y)

06



Neutron Star: EoS <=> {M,R}
Problem # III:

reference: Soma, Wang, SS, Stoecker, Zhou, 

JCAP08 (2022) 071; 2209.08883; in progress.



ε(P) M(R)
T

dP
dr

= −
(m + 4πr3P)(P + ε)

r2 − 2 m r
,

dm
dr

= 4πr2ε ,

ε = ε(P) ,

TOV equations:

8 10 12 14 16 18
0.0

0.5

1.0

1.5

2.0

2.5

R [km]

M
[M

☉
]

10-6 10-3 100 103

10-2

10-1

100

101

102

103

104

P [MeV]

ε
[M
eV

]

2. Neutron Star: EoS <=> mass-radius relation 18
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ε(P) M(R)
T

dP
dr

= −
(m + 4πr3P)(P + ε)
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= 4πr2ε ,
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TOV equations:

8 10 12 14 16 18
0.0

0.5

1.0

1.5

2.0

2.5

R [km]

M
[M

☉
]

10-6 10-3 100 103

10-2

10-1

100

101

102

103

104

P [MeV]

ε
[M
eV

]

Lindblom's algorithm

if the whole M(R) is known

Discrete {M,R} 

observations?

2. Neutron Star: EoS <=> mass-radius relation 18



χ2 = ∑
i

(mi − mobs
i

Δmi
)2 + (Ri − Robs

i

ΔRi
)2

Black: ground truth

Red: DNN recons.

Closure test: can we learn EoS from ?{mi, Ri} 19



Black: ground truth

Red: reconstructed

can we learn EoS w/ phase transition? 19



EoS reconstruction from real observations 20


