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How Machine-Learning helps in the
subtleties of the spectral function reconstruction

— what we learned from solving inverse problems via Deep Learning
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Outline

e Quarkonium potential

e Difficulties in spectral function reconstruction
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Quarkonium in the QGP 01

e [n heavy-ion collisions, quarkonium production serves as a probe of the QGP.
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Quarkonium in the QGP 01

e [n heavy-ion collisions, quarkonium production serves as a probe of the QGP.
e Accurate understanding of the in-medium heavy-quark interaction

> Real potential modified by color-screening

~ Imaginary potential arises due to (QQ), — (QQ)s, Landau damping, ...
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Hard Thermal Loop potentials
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Bottomonium mass and thermal width, lattice QCD with finite m
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Bottomonium mass and thermal width, lattice QCD with finite M

xxxxxxxxx

High excitations (2P, 3S) can survive at T = 334 MeV; . s

Mass - mild temperature dependence; [
Thermal width - quantitatively larger.

5" — oo o % %

oH—— ] T f | |
] ] - é 1
_20 t ] 2001 i; N
_405‘ ] i o) i ]
150 200 250 300 NI R S S |

T (MeV) 150 200 250 300

T (MeV)

200 L Y(@3S) |

100% } + i A

0: % |
B 1 OO | | | | : | | | | : | | | | : | | l " 500? - Xb0(1 P) A XbO(2P) 8
> 50 - Y(25) 400

= ¢ % ! ; f S |
5?-50 ? S 300 % |
407‘ l l l l : l l l l : l l l l : l l 7 I_d
20 = v(1s) 200; t I
g *é I i
400 100 i : |
150 200 250 300 ol

T (MeV) 150 200 250 300

T (MeV)

R. Larsen, S. Meinel, S. Mukherjee, and P. Petreczky:
Phys.Rev.D100,074506(2019), Phys.Lett.B800,135119(2020), Phys.Rev.D102,114508(2020)

02




Bottomonium mass and thermal width, lattice QCD with finite mg 02

xxxxxxxxx

High excitations (2P, 3S) can survive at T = 334 MeV;

Mass - mild temperature dependence;
Thermal width - quantitatively larger.
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Can we understand the new lattice result using Hard Thermal Loop potential? (03
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Can we understand the new lattice result using Hard Thermal Loop potential? (03
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What are Deep Neural Networks?

04

--- a general parameterization scheme to approximate continuous functions.
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How to learn V(r) from {E, }? 05
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How to learn V(r) from {E, }? 05
Lg; — L, )2
OF,

parameterize the potential V(r | @), minimize y* = Z (

l

® a gradient-descent based methodq:
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Finite Temperature Heavy-Quark Potential




Finite Temperature Heavy-Quark Potential 06
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What physics we have learned from VpnN (7, 7)?
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Reason of the difference? 08
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Reason of the difference? 08
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Reason of the difference? 08
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Problem # Il:

spectral function reconstruction

refs:
SS, Wang, Zhou, Comput.Phys.Commun. 282 (2023) 108547;

Wang, SS, Zhou, Phys. Rev. D 106, L051502;
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3. spectral function <=> correlation

o0 —1
0,
D(p) = [ K(p,w) p(w)dw| Kp,w)= PERp
P
0
/\ m
1.5 :
. \ Information of interest 0.67 . observations
3 1.0 .
Q Q 0.4}
0.5 0.2- Xs
0.01 , — 0.0- , ,
0 5 10 0 10 20



Can one learn the spectral function from correlation?
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Can one learn the spectral function from correlation?
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Can one learn the spectral function from correlation? 10
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Can one learn the spectral function from correlation? 10
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iIl-posedness of inverse KL convolution 11

D(k) = —

Y/

(@)

1J'°° w dw
— ow
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Linear operator in continuous space,
Maps Rig +e0) 10 R +00) -

R0 100): Real function definec
in the domain [0, + 00).



iIl-posedness of inverse KL convolution 11

1 [ wdw
D(k)=—J ———p(w)
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Linear operator in continuous space,
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eigenfunctions and eigenvalues of KL convolution:

1 [ wdw
J y(w) = 4 y(k),
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eigenfunctions and eigenvalues of KL convolution: 12
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eigenfunctions and eigenvalues of KL convolution: 12
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eigenfunctions and eigenvalues of KL convolution: 12
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eigenfunctions and eigenvalues of KL convolution: 12
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relook at the discrepancy
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relook at the discrepancy
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Then, why Deep Learning?

DNN is a natural implementation of smoothness regularization!
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Then, why Deep Learning?

DNN is a natural implementation of smoothness regularization!
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Robustness against larger noise
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Robustness against larger noise
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Summary

e New algorithm employing DNN to solve inverse problems;

e Extracted HF complex V(T r);

e Reconstructing spectral function ...



Summary

e New algorithm employing DNN to solve inverse problems;

e Extracted HF complex V(T r);

e Reconstructing spectral function ... is ill-posed!!!

e physics-based parameterization

e real time evolution? Machine learning spectral functions in lattice QCD
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eigenfunctions and eigenvalues of KL convolution: 12
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Can we really learn V(r) from { £, }?

continuous J
discrete, finite
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Can we really learn V(r) from {E, }? initial potential
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Can we really learn V(r) from { £, }?
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Test - Can we recover a known complex V(T r) ?

e Start with a known potential
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g

e | earn the potential using DNN
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Test - Can we recover a known complex V(T r) ?

e Start with a known potential (solid line)
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Test - Can we recover a known complex V(T,r) ?  extrapolation is risky!  [12

e Start with a known potential (solid line) L i
) (0| E— - - —

o — Ul e v’ : I

Vo(T,r) = —<2 — (24 pupr)e "t ) — a(,uD | ) + B, < 050 =

HD r 8 X :

2.2 0.0 —

T 1 1 175314 ~ - _(_)_-_2_______________-_-_-_______3__ ]

VT, r) = Z //tDTGI”3G22j<%,2%’,_2%’_1 IZL ) aTl (upr). 5_0.53_ P ‘-f:

x i N —

= _1.0} =

45 L2005 fm_

T T e ,ffg,,,;
-Computea’t sl
T =AU 151,173,199, 251,334} MeV ; T

= .
@1.0: L =
=

* Learn the potential using DNN (dash + band) ses- 02 ]

‘ 0.1 ]
0.0: r= 0.05 fm

00 01 02 03 04 05
T (Gev) Gray region:
extrapolations



How to learn V(r) from {E, }?

® parameterize the potential V(7| @), scan the whole @-space,

minimize y? = Z (H’ET)Z

l

® a gradient-descent based method: Eo_E
e goal -- find the @-point that V4 y* = 0 Vorl=2) —2

l

VoEg, = (y;| Vo V(O) | y;)

VoEy
GE? "

e update @ iteratively according to A@ o V y*

® general unbiased parameterization scheme” Deep Neural Network!

04




How to compute the likelihood (density) distribution of V

P(V,)dV = Posterior(@ | data)d"' @

e Sample {0.} according to a reference distribution: P(0) = P(0);

e Each data point corresponds to the element volume d'¥0; = 1/P(6;);
o Compute Vgi(r), )(g., and Posterior(0. | data);

e For given r, histogram V), (r) with weights

W; = P(Vai)dVl- = Posterior(ﬂi)/ﬁ(ﬁi)

¢ In practice:

B(6) = (2m)"%y [det[=~"] x exp|

—1
Zab

2

@, - 6°PY@, — 6°PY

1 070
= A8, 2 0)

200,00,



What are Deep Neural Networks?

06

--- a general parameterization scheme to approximate continuous functions.

V(r) = VpNN(7 | parameters)

(iterative function substitution)

e

Ov




What are Deep Neural Networks? 06
--- a general parameterization scheme to approximate continuous functions.

V(r) = VpNN(7 | parameters)

ey (iterative function substitution)

O

l

O

L
i

hnear

I nonlinear
Fach Q) is an intermediate function (a"): / ReLU

- At the first layer: 2V =+ W, alh =6z

max(0, z)

NN & O




What are Deep Neural Networks? 06
--- a general parameterization scheme to approximate continuous functions.

V(r) = VpNN(7 | parameters)

(iterative function substitution)

0——0 O
0 o - \‘Ov

\O—’O Ilnear

nonlinear
Fach Q) is an intermediate function (a"): / ReLU

- At the first layer: ) =bPV+ W, a)=o0(z")
. (l) — 1) @ ,U=1) q) = ()
- At later layers: D=b ZW"J 0 al = o(z")
J

max(0, z)

NN & O




What are Deep Neural Networks? 06
--- a general parameterization scheme to approximate continuous functions.

V(r) = VpnN(7 | parameters)

(iterative function substitution)

parameters (W(l) b(l)) to be optimized

hnear
nonlinear
Each Q) is an intermediate function (a(l)/ / . ReLU
- At the first layer: g =bV+Wr, al) =0z 4 max(0, 2)
- At later layers: l.(’) = b Z Wi al” ”, a’ = o(z") i
j




Backup



Using Deep-Learning to solve Inverse Problems

iInformation of interest

potential

E. 0. S.

V(x)

e(P)

observations

energy level E, }

mass-radius M(R)

05




Using Deep-Learning to solve Inverse Problems

iInformation of interest

potential

E. 0. S.

V(x)

e(P)

05

observations

energy level {E,} = {E,}[V(r)]

mass-radius M(R) = M|e(P)](R)




Using Deep-Learning to solve Inverse Problems 05

I(x) m 0(y) = OUMI()

Information of interest observations
4—

exist, but implicit

potential  V(x) energy level {E,} = {E,}[V(r)]

E.o.S. &(P) mass-radius M(R) = M[e(P)](R)



Using Deep-Learning to solve Inverse Problems (Type A) 05

I(x) m 0(y) = OUMI()

Information of interest observations
4—

exist, but implicit

prepare data set {I, — 5:-}, use NN to learn the inverse function(al) {5 — [}

e dimension of input?
e completeness?
e bias/prior?

* uncertainty? ref: Yuki's seminar this Monday



Using Deep-Learning to solve Inverse Problems (Type B) 06

I(x) m 0(y) = OUMI()

Information of interest observations
4—

exist, but implicit

I(x) = IpNn(x | 0) 04(y) = OlIpNNG O]




Using Deep-Learning to solve Inverse Problems (Type B) 06

I(x) m 0(y) = OUMI()

iInformation of interest observations
exist, but implicit
I(x) = IpNN(x | 0) Oy(y;) = OlIpnNEx | D](Y;)
2

loss: dist. bt/ reconstructed and true obsv.  Jy = Z ‘ 59(yi) — 5(yi)

l



Using Deep-Learning to solve Inverse Problems (Type B) 06

I(x) m 0(y) = OUMI()

iInformation of interest observations
exist, but implicit
I(x) = IpNN(x | 0) Oy(y;) = OlIpnNEx | D](Y;)

ly= Y | g0 - 00|

00(y) ’

can be computed
0l(x)

00(y)
ol(x)

Tune 6 to minimize J,. Prerequisite:

VHID NN (x ‘ 0)
O(y)=0p(y;)

Vg =2 2 04(v) — Oy, de



Problem # llI:
Neutron Star: EoS <=> {M,R}

reference: Soma, Wang, SS, Stoecker, Zhou,
JCAPO08 (2022) 071; 2209.08883; in progress.



2. Neutron Star: EoS <=> mass-radius relation

TOV equations:
dP (m+4nr’P)(P + ¢)
dr r2—=2mr ’
dm ,
e(P) = 4nre, M(R)
| : dr T T T
10% e = e(P), | /\
10°E- 2.0 _
| // z /T\
— 'F 7 : — 1.5 —
E 10! EQ
E 100k E 1.0— ( —
10-1;—
: 0.5~ —
10_2;— i \\
; | | | Y| T R N B R
107° 1073 107 10° 8 10 12 14 16 18
P [MeV] R [km]



[MeV]

2. Neutron Star: EoS <=> mass-radius relation

18

TOV equations:
dP (m+4nr’P)(P + ¢)
dr r2—2mr ’
dm )
e(P) = 4nre, M(R)
: ] dl” 2°5_"'|"""|'
10% E e = e(P), | /\
103é— / — 2-0:_ \ ]
102;_ = _ IS/T _
101:_ _ EG | :
100:_ — E 1.0— —
o 4 ; Lindblom's algorithm o[- : -
1072 —
| |

14

| | | wfthe whole M(R) is known -t = S~
10-° 103 100 0 \_/)81012
P [MeV] R [km)]

16

18




2. Neutron Star: EoS <=> mass-radius relation

[MeV]
S
|

18

TOV equations:
dP (m+ 4nr°P)(P + €)
dr re—2mr ’
dm 2 M(R
— a7l &,
dr 2.5_--('|)"' -
e =¢e(P), 3 -
2-O/T\ _
r—®1 1.55— “ l
Discrete {M,R} = |
_ = ol ~
observations? |
Lindblom's algorithm 0.5 ( -

' w_if the whole M(R) is known ~| S~
\/)8 ' '1|0' | '1|2' | '1|4' -
R [km]

16

18




Closure test: can we learn EoS from {m;, R;}?

] M s i I It I I
..M.. 3-
X 8]
x P 10% - .
| % ,t = 58493 5 _ ' :
1.5 > 4 ¢ — o I i
o | X ¢ 1 & 10'E —
s | X ¢ IS :
s 1O « > '
X ’ 1T W 1'
X ® . 1071 _
0.5-— ;:‘( .: —
| % 4 102 Black: ground truth_
| K xex . x Red DNN recons.
0.0 L | L | | | | | | L | | L | | L _|_|.|.|.u.|.J_|_|_|.|.|.u|| | llIl-ll I |
10 15 20 10—510410—310—210 ] 100 10l 102 103
R [km] P [MeV/fm’]




can we learn EoS w/ phase transition?

0.0

2.0|

0.5

step: 398000

Y- =48.4936

10

15 20

R [km]

25

23 T N IR B
10" g
1015— —
10° - —
10 / -
2/ Black: ground truth -

; Red: reconstructed

vl end vl il v il il cd el

10°107%*10°1072107" 10" 10' 10% 10°
P [MeV/fm?]

19




EoS reconstruction from real observations

103+ 2.5
............... . ;
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