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Heavy-ion collisions at LHC and RHIC



Heavy quarkonia in heavy ion collisions I 2/21

⌅ bulk of matter created in HICs is expected to quickly reach some intermediate equilibrium
) “strongly coupled QGP”

⌅ But wait... what about heavy quarkonia?
⌅ M � T , only produced in early hard collisions
⌅ remain as bound states / melt into constituents

⌅ travel through QGP, thermalize to some extent via diffusion

⌅ form DD̄ or BB̄ meson pairs, decay into dileptons
) probes for transport properties of QGP

J/ ⌥

cc̄ bb̄

3.1GeV 9.5GeV

cf. T ⇠ O(100) MeV

[Figure: S. Bass, mod. by O. Kaczmarek]

[SA.Bass]

Heavy Flavors at Finite TemperatureHai-Tao Shu 2

Heavy flavor probes

Probe the hot medium with different length scales
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Where Lattice can help … 

• In-medium quarkonium properties:         
masses, widths, melting  

• Complex quark-antiquark potential:           
,  

• Heavy quark diffusion: 

T

Re[V ] Im[V ]
Ds
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• Meson spectral function tells melting temperature and heavy quark diffusion
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<latexit sha1_base64="gG8hnwj88isOe9Lt7tpnzaNwflk=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU9i00taLFL14rNC0hTaUzXbTLt1swu5GKKG/wYsHRbz6g7z5b9y0EVT0wcDjvRlm5vkxZ0oj9GEV1tY3NreK26Wd3b39g/LhUVdFiSTUJRGPZN/HinImqKuZ5rQfS4pDn9OeP7vJ/N49lYpFoqPnMfVCPBEsYARrI7mdq86IjMoVZF826wg1IbLREhmpNlCtBp1cqYAc7VH5fTiOSBJSoQnHSg0cFGsvxVIzwumiNEwUjTGZ4QkdGCpwSJWXLo9dwDOjjGEQSVNCw6X6fSLFoVLz0DedIdZT9dvLxL+8QaKDppcyESeaCrJaFCQc6ghmn8Mxk5RoPjcEE8nMrZBMscREm3xKJoSvT+H/pFu1nbpdu7uotK7zOIrgBJyCc+CABmiBW9AGLiCAgQfwBJ4tYT1aL9brqrVg5TPH4Aest0+Pno6K</latexit>

T > Tc

<latexit sha1_base64="wIHPA0RJIfWioBTpbO23ngzBiHc=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0GIEMKuinoMehG8RMgLskuYncwmQ+axzMyKIeRXvHhQxKs/4s2/cZLsQRMLGoqqbrq7ooRRbTzv21lZXVvf2Mxt5bd3dvf23YNCU8tUYdLAkknVjpAmjArSMNQw0k4UQTxipBUNb6d+65EoTaWom1FCQo76gsYUI2Olrlu4LwWSkz4qw8CgtAzrp1236FW8GeAy8TNSBBlqXfcr6EmcciIMZkjrju8lJhwjZShmZJIPUk0ShIeoTzqWCsSJDsez2yfwxCo9GEtlSxg4U39PjBHXesQj28mRGehFbyr+53VSE1+HYyqS1BCB54vilEEj4TQI2KOKYMNGliCsqL0V4gFSCBsbV96G4C++vEyaZxX/snL+cFGs3mRx5MAROAYl4IMrUAV3oAYaAIMn8AxewZszcV6cd+dj3rriZDOH4A+czx/EspL6</latexit>

K(!, ⌧, T )

From Imag.-time lattice to real-time physics

An example: meson spectral function
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First full QCD calculation with relativistic heavy quarks

Need very fine and large lattice for heavy quark

• Thermal broadening for both charm and bottom 
• More broadening for charm than bottom 
• Determination of dissociation temperature needs more investigation 

<latexit sha1_base64="QAwfNRBUhbzUkET5UKrk5YxvCuY=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNzVRUTdC0Y0rqdAXtCFMppN26GQSZiZCDf0SNy4UceunuPNvnD4W2nrgwuGce7n3niDhTGnH+baWlldW19ZzG/nNre2dgr2711BxKgmtk5jHshVgRTkTtK6Z5rSVSIqjgNNmMLgd+81HKhWLRU0PE+pFuCdYyAjWRvLtQu3aPSnhez/raJyOjn276JSdCdAicWekCDNUffur041JGlGhCcdKtV0n0V6GpWaE01G+kyqaYDLAPdo2VOCIKi+bHD5CR0bpojCWpoRGE/X3RIYjpYZRYDojrPtq3huL/3ntVIdXXsZEkmoqyHRRmHKkYzROAXWZpETzoSGYSGZuRaSPJSbaZJU3IbjzLy+SxmnZvSifPZwXKzezOHJwAIdQAhcuoQJ3UIU6EEjhGV7hzXqyXqx362PaumTNZvbhD6zPH0gykjc=</latexit>

T = 1/(aN⌧ )

[hotQCD, Few Body Syst. 64(2023) 3, 52]
[S. Ali, D. Bala, et al., in prep.]

Quarkonium spectral function (relativistic HQ)
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NRQCD becomes possible due to scale separation:

<latexit sha1_base64="LKW/8pw7oMTfAtz8MDUhBd/PYig=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU01U1GPRi8cK9gOSUDbbTbt0sxt2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZelApuwHW/ndLK6tr6RnmzsrW9s7tX3T9oG5VpylpUCaW7ETFMcMlawEGwbqoZSSLBOtHobup3npg2XMlHGKcsTMhA8phTAlbyAz1UZ4FK2ID0qjW37s6Al4lXkBoq0OxVv4K+olnCJFBBjPE9N4UwJxo4FWxSCTLDUkJHZMB8SyVJmAnz2ckTfGKVPo6VtiUBz9TfEzlJjBknke1MCAzNojcV//P8DOKbMOcyzYBJOl8UZwKDwtP/cZ9rRkGMLSFUc3srpkOiCQWbUsWG4C2+vEza53Xvqn7xcFlr3BZxlNEROkanyEPXqIHuURO1EEUKPaNX9OaA8+K8Ox/z1pJTzByiP3A+fwAgEJEp</latexit>

⇢/!

<latexit sha1_base64="ToxSCRcw9BnraI6vCsDAfp/HUZg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXSXoAPfKFb/qz4CWSZCTCuSo98pf3b4iqaDSEo6N6QR+YsMMa8sIp5NSNzU0wWSEB7TjqMSCmjCbXTtBJ07po1hpV9Kimfp7IsPCmLGIXKfAdmgWvan4n9dJbXwdZkwmqaWSzBfFKUdWoenrqM80JZaPHcFEM3crIkOsMbEuoJILIVh8eZk0z6rBZfX8/qJSu8njKMIRHMMpBHAFNbiDOjSAwCM8wyu8ecp78d69j3lrwctnDuEPvM8fks2PIw==</latexit>!

<latexit sha1_base64="GnrMFLN4Zp481mG+BqIoQArDH6o=">AAAB/nicdVDLSgMxFM3UV62vqrhyEyyCqyFtpa27oi5cVrAP6AxDJs20oZnMmGSEMgz4K25cKOLW73Dn35g+BBU9cOFwzr3ce48fc6Y0Qh9Wbml5ZXUtv17Y2Nza3inu7nVUlEhC2yTikez5WFHOBG1rpjntxZLi0Oe0648vpn73jkrFInGjJzF1QzwULGAEayN5xQMnkJikVYeMmHcLL7PUiVnmFUvIPmvUEGpAZKMZpqRSR9UqLC+UElig5RXfnUFEkpAKTThWql9GsXZTLDUjnGYFJ1E0xmSMh7RvqMAhVW46Oz+Dx0YZwCCSpoSGM/X7RIpDpSahbzpDrEfqtzcV//L6iQ4abspEnGgqyHxRkHCoIzjNAg6YpETziSGYSGZuhWSETR7aJFYwIXx9Cv8nnYpdrtnV69NS83wRRx4cgiNwAsqgDprgCrRAGxCQggfwBJ6te+vRerFe5605azGzD37AevsEYHiVxw==</latexit>

3�qD

⇡

<latexit sha1_base64="aU5QzHSWFT+WeAj07zlK/Q/Ao+Y=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0lq1fYgFL14rNgvaEPZbDft0s0m7G6EEvoTvHhQxKu/yJv/xm0boYo+GHi8N8PMPC/iTGnb/rQyK6tr6xvZzdzW9s7uXn7/oKXCWBLaJCEPZcfDinImaFMzzWknkhQHHqdtb3wz89sPVCoWioaeRNQN8FAwnxGsjXTfuLL7+YJdtOdAS6RarZRK58hJlQKkqPfzH71BSOKACk04Vqrr2JF2Eyw1I5xOc71Y0QiTMR7SrqECB1S5yfzUKToxygD5oTQlNJqryxMJDpSaBJ7pDLAeqd/eTPzL68bar7gJE1GsqSCLRX7MkQ7R7G80YJISzSeGYCKZuRWREZaYaJNOzoTw/Sn6n7RKReeieHZXLtSu0ziycATHcAoOXEINbqEOTSAwhEd4hheLW0/Wq/W2aM1Y6cwh/ID1/gXTu42E</latexit>

T = 0
<latexit sha1_base64="gG8hnwj88isOe9Lt7tpnzaNwflk=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU9i00taLFL14rNC0hTaUzXbTLt1swu5GKKG/wYsHRbz6g7z5b9y0EVT0wcDjvRlm5vkxZ0oj9GEV1tY3NreK26Wd3b39g/LhUVdFiSTUJRGPZN/HinImqKuZ5rQfS4pDn9OeP7vJ/N49lYpFoqPnMfVCPBEsYARrI7mdq86IjMoVZF826wg1IbLREhmpNlCtBp1cqYAc7VH5fTiOSBJSoQnHSg0cFGsvxVIzwumiNEwUjTGZ4QkdGCpwSJWXLo9dwDOjjGEQSVNCw6X6fSLFoVLz0DedIdZT9dvLxL+8QaKDppcyESeaCrJaFCQc6ghmn8Mxk5RoPjcEE8nMrZBMscREm3xKJoSvT+H/pFu1nbpdu7uotK7zOIrgBJyCc+CABmiBW9AGLiCAgQfwBJ4tYT1aL9brqrVg5TPH4Aest0+Pno6K</latexit>

T > Tc

<latexit sha1_base64="GEXnT4x/KbotngGkvX0V/vDV5rk=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mtRT0WvXhswX5Au5Rsmm1Dk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9D7zu09UaRbJRzOLqS/wWLKQEWwyqSaGrWG54lbdBdA68XJSgRzNYflrMIpIIqg0hGOt+54bGz/FyjDC6bw0SDSNMZniMe1bKrGg2k8Xt87RhVVGKIyULWnQQv09kWKh9UwEtlNgM9GrXib+5/UTE976KZNxYqgky0VhwpGJUPY4GjFFieEzSzBRzN6KyAQrTIyNp2RD8FZfXiedWtW7rl616pXGXR5HEc7gHC7BgxtowAM0oQ0EJvAMr/DmCOfFeXc+lq0FJ585hT9wPn8An1CN+Q==</latexit>

2mQ

G. Aarts, et al., JHEP 07 (2014) 097 
S. Kim, et al., JHEP 11 (2018) 088 
R. Larsen, et al., PRD 100 (2019) 7, 074506 
R. Larsen, et al., PLB 800 (2020) 135119

Non-relativistic heavy quark

Quarkonium correlators can be computed with better resolution!

<latexit sha1_base64="rsFjw+ipUees7zG+pPFmmB9esWA=">AAACEnicbVDLTgIxFO3gC/E16tJNIzHRDZkhBl0S3biERB4JIOmUCzR0HmnvEMmEb3Djr7hxoTFuXbnzbyyPGAVP0vTknHtvb48XSaHRcb6s1Mrq2vpGejOztb2zu2fvH1R1GCsOFR7KUNU9pkGKACooUEI9UsB8T0LNG1xP/NoQlBZhcIujCFo+6wWiKzhDI7XtsybCPU7nJJ6MYZz47XKz16PmosMfcpcft+2sk3OmoMvEnZMsmaPUtj+bnZDHPgTIJdO64ToRthKmUHAJ40wz1hAxPmA9aBgaMB90K5muMqYnRunQbqjMCZBO1d8dCfO1HvmeqfQZ9vWiNxH/8xoxdi9biQiiGCHgs4e6saQY0kk+tCMUcJQjQxhXwuxKeZ8pxtGkmDEhuItfXibVfM4t5Arl82zxah5HmhyRY3JKXHJBiuSGlEiFcPJAnsgLebUerWfrzXqflaasec8h+QPr4xs//53P</latexit>

mQ � mQv � mQv
2

<latexit sha1_base64="MqgvDQz1JPZdnxNXHbmzLmQ4a68="></latexit>

mQ : hard scale, quark creation and annihilation

mQv : soft scale, momentum exchange between QQ̄

mQv
2 : ultrasoft scale, binding/melting of QQ̄
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• No mass shift for all states 
• Increasing thermal width with temperature for all states 
• Thermal broadening follows the hierarchical increasing pattern

<latexit sha1_base64="am9KaGNor1cXcOFyTpdtHIdWKYA="></latexit>

⇢med
↵ (!, T ) = Acut

↵ (T ) �
�
! � !cut

↵ (T )
�
+A↵(T ) exp

 
� [! �M↵(T )]

2

2�↵
2(T )

!

Model spectra:

Mass shift & thermal width of bottomonium
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R. Larsen, et al., PLB 800 (2020) 135119

Filled points
<latexit sha1_base64="4niApeyZ3WKVBkH3SfH/cp4jv08="></latexit>

a [fm] 0.1088 0.0951 0.0825 0.0655 0.0493
T [MeV] 151 173 199 251 341

<latexit sha1_base64="MPaBUPfy3Dx5s2hwb/1wUTIkVPQ="></latexit>

a [fm] 0.0493 0.0493 0.0493 0.0493 0.0493
T [MeV] 151 173 199 251 341

Open points

Wei-Ping Huang’s poster
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<latexit sha1_base64="Qm+DIhsNQEyGt9E8O/IFZJ9dsWw="></latexit>

lim
t!1

V (2)
> (t, r) = �g2CF

4⇡


mD +

exp(�mDr)

r

�
� ig2TCF

4⇡
�(mDr)

 M. Laine, JHEP0703,054 (2007)• Hard Thermal Loop resummed perturbation theory

Imaginary part becomes important for physical bottomonium at T>250 MeV!

• Non-perturbative determination matters at around and above Tc 

Wilson loop/thermal Wilson line correlators in Coulomb gauge A. Rothkopf et al., PRL. 108 (2012) 162001

• Subtract continuum contribution from zero temperature correlators 
• Model the potential as arguments of spectral function

<latexit sha1_base64="I+LeqERn1huyODpQoB+iS+BD9WM="></latexit>

W||(r, ⌧, T ) =

Z
d!⇢(r,!, T )e�!⌧

<latexit sha1_base64="akUIVHvp2PBRqU5dmVHICXcWKM0=">AAAB+3icbVDLSgNBEJyNrxhfazx6GQxChBB2VdRj0IvHCHlBsiyzk0kyZPbBTK8YNvsrXjwo4tUf8ebfOEn2oIkFDUVVN91dXiS4Asv6NnJr6xubW/ntws7u3v6BeVhsqTCWlDVpKELZ8YhiggesCRwE60SSEd8TrO2N72Z++5FJxcOgAZOIOT4ZBnzAKQEtuWax7SbTaYrLstIDEldw48w1S1bVmgOvEjsjJZSh7ppfvX5IY58FQAVRqmtbETgJkcCpYGmhFysWETomQ9bVNCA+U04yvz3Fp1rp40EodQWA5+rviYT4Sk18T3f6BEZq2ZuJ/3ndGAY3TsKDKAYW0MWiQSwwhHgWBO5zySiIiSaESq5vxXREJKGg4yroEOzll1dJ67xqX1UvHi5Ltdssjjw6RieojGx0jWroHtVRE1H0hJ7RK3ozUuPFeDc+Fq05I5s5Qn9gfP4AaJaTYg==</latexit>

W||(r, ⌧, T )

<latexit sha1_base64="wOxQZJSIQt2N9AsBQ1FB2xh7I4s=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVVa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzUL8vV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB372M/g==</latexit>r

<latexit sha1_base64="/ClPItL0JODBCWiQOBsuVfCKtbg=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFawttKJvtpl26uwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTAQ36HnfTmlldW19o7xZ2dre2d2r7h88mjjVlLVoLGLdCYlhgivWQo6CdRLNiAwFa4fj29xvPzFteKwecJKwQJKh4hGnBHOphyTtV2te3ZvBXSZ+QWpQoNmvfvUGMU0lU0gFMabrewkGGdHIqWDTSi81LCF0TIasa6kikpkgm906dU+sMnCjWNtS6M7U3xMZkcZMZGg7JcGRWfRy8T+vm2J0HWRcJSkyReeLolS4GLv54+6Aa0ZRTCwhVHN7q0tHRBOKNp6KDcFffHmZPJ7V/cv6+f1FrXFTxFGGIziGU/DhChpwB01oAYURPMMrvDnSeXHenY95a8kpZg7hD5zPHyPJjlA=</latexit>⌧

<latexit sha1_base64="0+ai8FA0c4Bz37RmW6z6Ez7PaZg=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpRdFfVY9OLBQwX7Ae1Ssmm2jc0mS5IVytL/4MWDIl79P978N6btHrT1wcDjvRlm5gUxZ9q47reTW1peWV3Lrxc2Nre2d4q7ew0tE0VonUguVSvAmnImaN0ww2krVhRHAafNYHgz8ZtPVGkmxYMZxdSPcF+wkBFsrNS4K7sn7nG3WHIr7hRokXgZKUGGWrf41elJkkRUGMKx1m3PjY2fYmUY4XRc6CSaxpgMcZ+2LRU4otpPp9eO0ZFVeiiUypYwaKr+nkhxpPUoCmxnhM1Az3sT8T+vnZjwyk+ZiBNDBZktChOOjEST11GPKUoMH1mCiWL2VkQGWGFibEAFG4I3//IiaZxWvIvK2f15qXqdxZGHAziEMnhwCVW4hRrUgcAjPMMrvDnSeXHenY9Za87JZvbhD5zPH7Dzjec=</latexit>

L(0, 0)
<latexit sha1_base64="iG4LIk2hyQLJui2ZNJo/mfamyOE=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSJUkJKoqMuiGxcuKtgHNLFMJpN06OTBzEQptZ/ixoUibv0Sd/6N0zYLbT1w4XDOvdx7j5dyJpVlfRsLi0vLK6uFteL6xubWtlnaacokE4Q2SMIT0fawpJzFtKGY4rSdCoojj9OW178a+60HKiRL4js1SKkb4TBmASNYaalrlm7uHR+HIRUVR+HsSBx2zbJVtSZA88TOSRly1Lvml+MnJItorAjHUnZsK1XuEAvFCKejopNJmmLSxyHtaBrjiEp3ODl9hA604qMgEbpihSbq74khjqQcRJ7ujLDqyVlvLP7ndTIVXLhDFqeZojGZLgoyjlSCxjkgnwlKFB9ogolg+lZEelhgonRaRR2CPfvyPGkeV+2z6sntabl2mcdRgD3YhwrYcA41uIY6NIDAIzzDK7wZT8aL8W58TFsXjHxmF/7A+PwBTAuTYg==</latexit>

L†(⌧, r)

<latexit sha1_base64="ToxSCRcw9BnraI6vCsDAfp/HUZg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXSXoAPfKFb/qz4CWSZCTCuSo98pf3b4iqaDSEo6N6QR+YsMMa8sIp5NSNzU0wWSEB7TjqMSCmjCbXTtBJ07po1hpV9Kimfp7IsPCmLGIXKfAdmgWvan4n9dJbXwdZkwmqaWSzBfFKUdWoenrqM80JZaPHcFEM3crIkOsMbEuoJILIVh8eZk0z6rBZfX8/qJSu8njKMIRHMMpBHAFNbiDOjSAwCM8wyu8ecp78d69j3lrwctnDuEPvM8fks2PIw==</latexit>!

<latexit sha1_base64="U8mFG0Stw3QgqgVPzSCHPd4V0KA=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0GIEMKuinoMevEYIS/ILmF2MpsMmccyM6uEmE/x4kERr36JN//GSbIHTSxoKKq66e6KEka18bxvZ2V1bX1jM7eV397Z3dt3CwdNLVOFSQNLJlU7QpowKkjDUMNIO1EE8YiRVjS8nfqtB6I0laJuRgkJOeoLGlOMjJW6biFQA1lS5UBy0kdlWD/tukWv4s0Al4mfkSLIUOu6X0FP4pQTYTBDWnd8LzHhGClDMSOTfJBqkiA8RH3SsVQgTnQ4np0+gSdW6cFYKlvCwJn6e2KMuNYjHtlOjsxAL3pT8T+vk5r4OhxTkaSGCDxfFKcMGgmnOcAeVQQbNrIEYUXtrRAPkELY2LTyNgR/8eVl0jyr+JeV8/uLYvUmiyMHjsAxKAEfXIEquAM10AAYPIJn8ArenCfnxXl3PuatK042cwj+wPn8AaeMkvY=</latexit>

⇢(r,!, T )
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⌦ = VR(r, T )

Static quark potential
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3

broadened. If the ground state peak would be
described by a Gaussian form meff would de-
crease linearly in ⌧ [9]. As discussed in Ref. [9]
at T > 0 in addition to the ground state peak
there is also a contribution to the spectral func-
tion at negative ! representing a heavy QQ̄ state
propagating forward in Euclidean time interact-
ing with backward propagating light state from
the medium. Based on these consideration we
write the medium dependent part of the spectral
function as ⇢med

r (!, T ) = ⇢peakr (!, T )+⇢lowr (!, T ),
where ⇢peakr is the broadened ground state peak
and ⇢lowr is the contribution to the spectral func-
tion at negative !. We expect that ⇢lowr is much
smaller than ⇢peakr but it dominates the correla-
tion functio at ⌧ around 1/T . This part of the
spectral function explains the rapid drop of meff

at large ⌧ [9] that can be see in Fig. 1.

A physically appealing parametrization of
⇢peak is a Lorentzian form. However, a Lorentzian
form is only valid in the vicinity of the peak. In
general we can assume that correlation function
has a pole at some complex !, so

⇢peakr = Im A
!�ReV�i�(! =

⇡A �(!)
(!�ReV )2+�2(!) . (4)

For ! ' ReV we can approximate �(!) by a con-
stant: �(!) ' �0. However, for ! values far away
from the peak �(!) will quickly go to zero. The
self-consistent T -matrix calculation of QQ̄ propa-
gators indeed show an exponential fall o↵ of �(!)
away from the peak [13]. In incorporate this fea-
ture of the spectral function in our analysis we as-
sume that ⇢peakr is given by �0/((!�ReV )2+�2

0)
for |!�ReV | < �0 and is zero otherwise. It turns
out that such cut Lorentzian form will also give
rise to almos linear behavior of meff at small ⌧
as required by the lattice results.

Figure 2. The real part of the potential as function
of r at di↵erent temperatures.

Figure 3. The estimate of the imaginary part of the
potential from the fit using cut Lorentzian form as
function of rT for di↵erent temperature. The three
panels focus on di↵erent temperature ranges. The
circle corresponds to the smallest lattice spacing a =
0.028 fm, the square to the next to smallest lattice
spacing, a = 0.04 fm, and the triangles correspond to
the largest lattice spacing a = 0.049 fm.

The most general parametrization of ⇢lowr
would be a sum of delta functions at negative
!. However, to describe our data on the e↵ective
mass it turns out to be su�cient to include a sin-
gle delta function at negative !, rholowr (!, T ) =
clowr (T )�(! + !low

r (T )).
With these forms of ⇢peakr and ⇢lowr we fitted

the lattice data on the e↵ective mass and de-
termined the fit parameters ReV (r, T )),�0(r, T ),
clowr (T ) and !low

r (T ). The values of clowr (T ) and
!low
r (T ) are given in the Supplemental Material.

3

broadened. If the ground state peak would be
described by a Gaussian form meff would de-
crease linearly in ⌧ [9]. As discussed in Ref. [9]
at T > 0 in addition to the ground state peak
there is also a contribution to the spectral func-
tion at negative ! representing a heavy QQ̄ state
propagating forward in Euclidean time interact-
ing with backward propagating light state from
the medium. Based on these consideration we
write the medium dependent part of the spectral
function as ⇢med

r (!, T ) = ⇢peakr (!, T )+⇢lowr (!, T ),
where ⇢peakr is the broadened ground state peak
and ⇢lowr is the contribution to the spectral func-
tion at negative !. We expect that ⇢lowr is much
smaller than ⇢peakr but it dominates the correla-
tion functio at ⌧ around 1/T . This part of the
spectral function explains the rapid drop of meff

at large ⌧ [9] that can be see in Fig. 1.

A physically appealing parametrization of
⇢peak is a Lorentzian form. However, a Lorentzian
form is only valid in the vicinity of the peak. In
general we can assume that correlation function
has a pole at some complex !, so

⇢peakr = Im A
!�ReV�i�(! =

⇡A �(!)
(!�ReV )2+�2(!) . (4)

For ! ' ReV we can approximate �(!) by a con-
stant: �(!) ' �0. However, for ! values far away
from the peak �(!) will quickly go to zero. The
self-consistent T -matrix calculation of QQ̄ propa-
gators indeed show an exponential fall o↵ of �(!)
away from the peak [13]. In incorporate this fea-
ture of the spectral function in our analysis we as-
sume that ⇢peakr is given by �0/((!�ReV )2+�2

0)
for |!�ReV | < �0 and is zero otherwise. It turns
out that such cut Lorentzian form will also give
rise to almos linear behavior of meff at small ⌧
as required by the lattice results.

Figure 2. The real part of the potential as function
of r at di↵erent temperatures.

Figure 3. The estimate of the imaginary part of the
potential from the fit using cut Lorentzian form as
function of rT for di↵erent temperature. The three
panels focus on di↵erent temperature ranges. The
circle corresponds to the smallest lattice spacing a =
0.028 fm, the square to the next to smallest lattice
spacing, a = 0.04 fm, and the triangles correspond to
the largest lattice spacing a = 0.049 fm.

The most general parametrization of ⇢lowr
would be a sum of delta functions at negative
!. However, to describe our data on the e↵ective
mass it turns out to be su�cient to include a sin-
gle delta function at negative !, rholowr (!, T ) =
clowr (T )�(! + !low

r (T )).
With these forms of ⇢peakr and ⇢lowr we fitted

the lattice data on the e↵ective mass and de-
termined the fit parameters ReV (r, T )),�0(r, T ),
clowr (T ) and !low

r (T ). The values of clowr (T ) and
!low
r (T ) are given in the Supplemental Material.

Real part: temperature insensitive Imag. part: increasing with T & r

• No color screening from cut-Lorentzian model SPF (no mass shift for bottomonium)

Re
[V

] [
M
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]

Im
[V

]  
[M

eV
]

Static quark potential in hot QCD

[HotQCD, PRD 109 (2024) 7, 074504]

<latexit sha1_base64="/unOVXKu4sYXCAuypJZoT6e5i7A="></latexit>

Nf = 2 + 1,m⇡ = 160 MeV, a ! 0

<latexit sha1_base64="u4By+ImpBD1HKpkiVIP4Qs1res0="></latexit>

⇢(r,!) =
1

⇡
Im

A(T )

! � ReV (r, T )� i�(!, r, T )
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Real part: temperature sensitive Imag. part: increasing with T & r

Static quark potential in hot QCD

[Dibyendu Bala, et al, in prep.]

<latexit sha1_base64="/unOVXKu4sYXCAuypJZoT6e5i7A="></latexit>

Nf = 2 + 1,m⇡ = 160 MeV, a ! 0
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• Color screening evident from HTL-inspired model SPF
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⇢(r,!) = nb(!)
�
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• Large quark mass limit in HQ effective field theory

• Mass dependent momentum diffusion coefficient
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J. Casalderrey-Solana and D. Teaney, PRD 74, 085012 

S. Caron-Huot et al., JHEP 0904 (2009) 053 

A. Bouttefeux, M. Laine, JHEP 12 (2020) 150

<latexit sha1_base64="+5ToA67usvCprjzSJtzhKSe/WRo="></latexit>

h⇠i(t)⇠j(t0)i = �ij�(t� t0)

<latexit sha1_base64="yId0RBlz5fapdL10UcI2cJHCoE4="></latexit>

@tp = q(E+ v ⇥B) = F

<latexit sha1_base64="nnzGKcWR1jXwKeQ6wx3a5KKKGqo=">AAACE3icbVDLSgNBEJyNrxhfUY9eBoMQFcOuinoRgnrwGME8ILsus5NJMmT2wUyvGJb8gxd/xYsHRbx68ebfOEn2oIkFDUVVN91dXiS4AtP8NjIzs3PzC9nF3NLyyupafn2jpsJYUlaloQhlwyOKCR6wKnAQrBFJRnxPsLrXuxz69XsmFQ+DW+hHzPFJJ+BtTgloyc3v2RGRwIlwAUcux+f4wGZA7pKBezUS9rH9wF1ehF03XzBL5gh4mlgpKaAUFTf/ZbdCGvssACqIUk3LjMBJhvuoYIOcHSsWEdojHdbUNCA+U04y+mmAd7TSwu1Q6goAj9TfEwnxler7nu70CXTVpDcU//OaMbTPnIQHUQwsoONF7VhgCPEwINziklEQfU0IlVzfimmXSEJBx5jTIViTL0+T2mHJOikd3RwXyhdpHFm0hbZREVnoFJXRNaqgKqLoET2jV/RmPBkvxrvxMW7NGOnMJvoD4/MHX1mckQ==</latexit>

@tpi = �⌘Dpi + ⇠i(t)

Heavy quark diffusion via HQEFT
• Langevin equations of heavy quark motion



• Cheaper to measure on the lattice  
• No peak structures in spectral functions  
• Absence of transport peak
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Momentum diffusion on the lattice
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T = 0
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Color-electric field correlation function
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[HotQCD, PRL 130 (2023) 23, 231902]

First full QCD calculation of , only possible via Gradient Flow!κ
Luscher & Weisz, JHEP1102(2011)051 
Narayanan & Neuberger, JHEP0603(2006)064

• 195 MeV <= T <= 352 MeV 
•  2+1 flavor in the sea 
• pion mass 320 MeV

First full QCD calculation of EE correlators

For application of gradient flow on gluon 
plasmas’s viscosity, see Cheng Zhang’s poster
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Spectra analysis

[HotQCD, PRL 130 (2023) 23, 231902]
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• Agree with AdS/CFT at   
• Agree with T-matrix estimate at moderate 

and high temperature 
• Agree with NLO perturbative estimate at 

high temperature 
• Mild temperature dependence 
• Rapid equilibrium <—> QGP is near 

perfect fluid
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2⇡TD =
4⇡

/T 3

HQ diffusion coefficient at HQ mass limit

[HotQCD, PRL 130 (2023) 23, 231902]
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D. Guazzini, et al., JHEP 10 (2007) 081

Physical charm & bottom quark not infinitely heavy!

A. Bouttefeux, M. Laine, JHEP 12 (2020) 150

⌧

�
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Color-magnetic field correlation function

<latexit sha1_base64="6JNEy2+tYnqAslYxnIODCMhisrI="></latexit>

Mc : ⇠ 1.3 GeV

Mb : ⇠ 4.5 GeV

E : MQ ! 1
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Infinite heavy limit Finite mass correction
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Gphys.
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flow
B (⌧F)
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2/3 · hv2icharm : 18% ⇠ 30%

2/3 · hv2ibottom : 7% ⇠ 13%
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• HQ mass dependence of HQ diffusion: mild  
• Universal change pattern with quark mass 
• Weak quark mass dependence in LQCD & 

T-matrix 
• Weaker than quasi-particle model (QPM) 

calculations

[HotQCD, PRL 132 (2024) 5, 051902]

Charm and Bottom quark diffusion
First full QCD determination of charm&bottom quark diffusion!
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• Physical pion mass  
• Wide temperature range down to 174 MeV  

and up to 500 MeV 
• Consistent observation as previous studies 
• Almost invisible light quark mass 

dependence

[J.D. Golan, Swagato Mukherjee, P. Petreczky, 
HTS, J.H. Webber, work in progress]

HQ diffusion at the physical point 

prel
im

inary
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Increasing stat. for T = 153 MeV, 164 MeV
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A. Francis, et al., PRD92, 116003 

B. L. Altenkort, et al., PRD103,014511 

D. Banerjee, et al., Nucl.Phys.A.2023.122721 

D. Banerjee, et al., JHEP 08 (2022) 128 

N. Brambilla, et al., PRD107, 054508

• Similar magnitude for  and  in full QCD & quenched 
• Smooth connection between quenched and full QCD in temperature 
• Lattice results confirms the form suggested by pert. computations

κE κB

Quenched results from:

1.000.50 2.00 4.00

g2(µ = 2ºT )

10°1

100

101
∑E/T 3, Nf = 0
∑B/T 3, Nf = 0
∑E/T 3, Nf = 2 + 1
∑B/T 3, Nf = 2 + 1

Fit to
∑E,B/T 3 / g4

∑E,B/T 3 / g2
==>  S. Caron-Huot and G. D. Moore, PRL. 100, 052301 (2008)

[L. Altenkort, D. Cruz, O. Kaczmarek, GD. Moore, 
HTS, PRD 109 (2024) 11, 114505]

 v.s. κE κB
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Major achievements from HF @ finite T
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• First full QCD study of quarkonium using relativistic heavy quarks 
• No mass shift for bottomonium & increasing thermal width  
• Screening (or not?) for  & increasing  with   
• First full QCD calculation of HQ diffusion coefficient at the physical point 

in 

Re[V ] Im[V ] T & r

174 MeV ≤ T ≤ 500 MeV

Heavy flavors serve as hard probe to provide accurate and 
realistic inputs for HIC phenomenology

3

broadened. If the ground state peak would be
described by a Gaussian form meff would de-
crease linearly in ⌧ [9]. As discussed in Ref. [9]
at T > 0 in addition to the ground state peak
there is also a contribution to the spectral func-
tion at negative ! representing a heavy QQ̄ state
propagating forward in Euclidean time interact-
ing with backward propagating light state from
the medium. Based on these consideration we
write the medium dependent part of the spectral
function as ⇢med

r (!, T ) = ⇢peakr (!, T )+⇢lowr (!, T ),
where ⇢peakr is the broadened ground state peak
and ⇢lowr is the contribution to the spectral func-
tion at negative !. We expect that ⇢lowr is much
smaller than ⇢peakr but it dominates the correla-
tion functio at ⌧ around 1/T . This part of the
spectral function explains the rapid drop of meff

at large ⌧ [9] that can be see in Fig. 1.

A physically appealing parametrization of
⇢peak is a Lorentzian form. However, a Lorentzian
form is only valid in the vicinity of the peak. In
general we can assume that correlation function
has a pole at some complex !, so

⇢peakr = Im A
!�ReV�i�(! =

⇡A �(!)
(!�ReV )2+�2(!) . (4)

For ! ' ReV we can approximate �(!) by a con-
stant: �(!) ' �0. However, for ! values far away
from the peak �(!) will quickly go to zero. The
self-consistent T -matrix calculation of QQ̄ propa-
gators indeed show an exponential fall o↵ of �(!)
away from the peak [13]. In incorporate this fea-
ture of the spectral function in our analysis we as-
sume that ⇢peakr is given by �0/((!�ReV )2+�2

0)
for |!�ReV | < �0 and is zero otherwise. It turns
out that such cut Lorentzian form will also give
rise to almos linear behavior of meff at small ⌧
as required by the lattice results.

Figure 2. The real part of the potential as function
of r at di↵erent temperatures.

Figure 3. The estimate of the imaginary part of the
potential from the fit using cut Lorentzian form as
function of rT for di↵erent temperature. The three
panels focus on di↵erent temperature ranges. The
circle corresponds to the smallest lattice spacing a =
0.028 fm, the square to the next to smallest lattice
spacing, a = 0.04 fm, and the triangles correspond to
the largest lattice spacing a = 0.049 fm.

The most general parametrization of ⇢lowr
would be a sum of delta functions at negative
!. However, to describe our data on the e↵ective
mass it turns out to be su�cient to include a sin-
gle delta function at negative !, rholowr (!, T ) =
clowr (T )�(! + !low

r (T )).
With these forms of ⇢peakr and ⇢lowr we fitted

the lattice data on the e↵ective mass and de-
termined the fit parameters ReV (r, T )),�0(r, T ),
clowr (T ) and !low

r (T ). The values of clowr (T ) and
!low
r (T ) are given in the Supplemental Material.
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Backup: equilibration time

• Equilibration time of charm quark favors the experimental estimate (~1 fm/c for all)
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Phenomenological diffusion 
picture of classical particle
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@thA(x, t)i = Dr2hA(x, t)i

Linear response theory

Solution:
<latexit sha1_base64="B7ZA4ZxAza26/6fO8YLITsNil4s="></latexit>

hA(k,!)i = i

! + iDk2
hA(k, t = 0)i

Equilibrium -> Relaxation -> Equilibrium
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H(t) = H0 �
Z

dx A(x)h(x)e✏t⇥(�t)

Perturbation to Hamiltonian:

Solution:

Kubo formula:
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⌘
= �GR(k, t)

�q(k)
�hA(k, 0)i
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Backup: identify the heavy quark diffusion



Backup: full QCD setup

• Wide temperature range 
• Different lattice spacings  
• Large lattices towards thermodynamic limit

T [MeV] � ams aml N� N⌧ # conf.
195 7.570 0.01973 0.003946 64 20 5899

7.777 0.01601 0.003202 64 24 3435
8.249 0.01011 0.002022 96 36 2256

220 7.704 0.01723 0.003446 64 20 7923
7.913 0.01400 0.002800 64 24 2715
8.249 0.01011 0.002022 96 32 912

251 7.857 0.01479 0.002958 64 20 6786
8.068 0.01204 0.002408 64 24 5325
8.249 0.01011 0.002022 96 28 1680

293 8.036 0.01241 0.002482 64 20 6534
8.147 0.01115 0.002230 64 22 9101
8.249 0.01011 0.002022 96 24 688

352 8.249 0.01011 0.002022 96 20 2488

Table 1: Parameters of the lattice calculations on the coarse lattices (643⇥N⌧ ),
including the temperatures, the gauge couplings, the bare quark masses in lattice
units, the values of N⌧ , and the corresponding statistics (last column).
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Nf = 2 + 1, HISQ, m⇡ = 320 MeV



Backup: anomalous dimension of B-field
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• Anomalous dimension in MSbar-scheme

• Gradient flow-scheme —>  MSbar-scheme —> physical values

• Determination of the matching factor

• Scale dependence must go for “WeWant” and 
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[PRL 132 (2024) 5, 051902]
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Backup: T-dependent charm quark mass
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Backup: smearing effects of gradient flow
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• Gradient flow reduces the noise in correlators 
• Gradient flow removes the lattice effects (disordering) 
• Need proper flow time range

[HTS et al., PRD103(2021) 1, 014511]
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R. Larsen, et al., PRD 100 (2019) 7, 074506

Excited states accessible from extended meson operator

Upsilon

T<Tc
1/(T=333 MeV)

Extended meson source



Backup: scattering from various models
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T = 195 MeV


