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• Study the 𝑚𝑚𝜋𝜋 dependence of 𝜌𝜌-meson properties using 
Hamiltonian Effective Field Theory (HEFT) by the spectra from 
lattice QCD

• Same 𝑎𝑎, different 𝑚𝑚𝜋𝜋, √
• Same 𝑚𝑚𝜋𝜋, different 𝑎𝑎, ?

Motivation

𝑚𝑚𝜌𝜌 = 𝑐𝑐0 + 𝑐𝑐1𝑚𝑚𝜋𝜋
2 + 𝜉𝜉𝑎𝑎2

M. Werner, et al., Eur.Phys.J.A 56 (2020) 2, 61



Configurations

Name Volume Spacing 𝜷𝜷 𝒎𝒎𝝅𝝅/𝑴𝑴𝑴𝑴𝑴𝑴 𝒎𝒎𝝅𝝅𝑳𝑳
C24P29 243 × 72 0.10530𝑓𝑓𝑚𝑚 6.20 292 3.75
C32P29 323 × 64 292 5.01
C32P23 323 × 64 228 3.91
C48P23 483 × 96 225 5.79
C48P14 483 × 96 135 3.56
F32P30 323 × 96 0.07746𝑓𝑓𝑚𝑚 6.41 303 3.81
F48P30 483 × 96 303 5.72
F48P21 483 × 96 207 3.91
H48P32 483 × 144 0.05187𝑓𝑓𝑚𝑚 6.72 321 4.06

Zhi-Cheng Hu, et al., Phys.Rev.D 109 (2024) 5, 054507
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Spectroscopy on lattice
• Build large basis of operators {𝒪𝒪1,𝒪𝒪2, … } with desired quantum 

numbers, construct the matrix of correlation function:

• Solve the generalized eigenvalue problem(GEVP):

• Eigenvalues:

𝜌𝜌,𝜋𝜋𝜋𝜋,𝜋𝜋𝜋𝜋,𝐾𝐾�𝐾𝐾, …



Scattering on lattice

M. Lüscher, Nucl. Phys. B354, 531(1991)

Finite volume 
spectrum

Infinite volume 
scattering parameters



Operators

𝜌𝜌,𝜋𝜋𝜋𝜋,𝜋𝜋𝜋𝜋,𝐾𝐾�𝐾𝐾, …



Variational analysis: P000/T1u
Totally, we have 9 different 
configurations, and 8 
different spectra for each 
configuration with different 
total momentum and irreps, 
including 𝑝𝑝 2 = 0 only 𝑇𝑇1−, 
𝑝𝑝 2 = 1 with 𝐴𝐴1 and  𝐸𝐸2, 
𝑝𝑝 2 = 2 with  𝐴𝐴1, 𝐵𝐵1 and  𝐵𝐵2, 

and 𝑝𝑝 2 = 3 and 4 only with 
𝐴𝐴1 irreps.
We should mention that
since the operator basis we 
have used does not sample 
well the inelastic spectrum, 
we will restrict our analysis 
to the elastic region below 
𝐾𝐾�𝐾𝐾 and 𝜋𝜋𝜋𝜋



Variational analysis: F48P30





Finite volume spectra: P000/T1u
1. The 𝜌𝜌 can decay in some lattice
2. The spectra above 𝜌𝜌 lie above 

the free energy levels of 𝜋𝜋𝜋𝜋, 
spectra below 𝜌𝜌 lie below the 
free energy levels of 𝜋𝜋𝜋𝜋

3. There is only one energy level 
between the two free levels of 𝜋𝜋𝜋𝜋

4. Energy levels decrease as the 
size of the lattice L increases

5. The 𝜌𝜌 is more likely to decay in 
moving systems

6. The energy levels farther from 
the mass of the 𝜌𝜌 being near the 
free energy levels of 𝜋𝜋𝜋𝜋



Finite volume spectra: F48P30
1. The 𝜌𝜌 can decay in some lattice
2. The spectra above 𝜌𝜌 lie above 

the free energy levels of 𝜋𝜋𝜋𝜋, 
spectra below 𝜌𝜌 lie below the 
free energy levels of 𝜋𝜋𝜋𝜋

3. There is only one energy level 
between the two free levels of 𝜋𝜋𝜋𝜋

4. Energy levels decrease as the 
size of the lattice L increases

5. The 𝜌𝜌 is more likely to decay in 
moving systems

6. The energy levels farther from 
the mass of the 𝜌𝜌 being near the 
free energy levels of 𝜋𝜋𝜋𝜋



Phase shifts from finite-volumn spectra

Assuming that all 𝛿𝛿𝑙𝑙≥3 are negligible
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Spacing

𝜋𝜋 mass

𝑚𝑚𝜌𝜌 = 828,Γ𝜌𝜌 = 49 𝑚𝑚𝜌𝜌 = 794,Γ𝜌𝜌 = 48 𝑚𝑚𝜌𝜌 = 748,Γ𝜌𝜌 = 42

𝑚𝑚𝜌𝜌 = 754, Γ𝜌𝜌 = 110 𝑚𝑚𝜌𝜌 = 722,Γ𝜌𝜌 = 75

𝑚𝑚𝜌𝜌 = 716, Γ𝜌𝜌 = 153

1. The lineshape of the 
phase shift from large 
lattice size are even 
more smooth since 𝑚𝑚𝜋𝜋𝐿𝐿 
is larger

2. There exists the jump 
of phase shift from 0 
degree to 180 degrees





How important 𝒎𝒎𝝅𝝅𝑳𝑳
Name Volume Spacing 𝜷𝜷 𝒎𝒎𝝅𝝅/𝑴𝑴𝑴𝑴𝑴𝑴 𝒎𝒎𝝅𝝅𝑳𝑳
C24P29 243 × 72 0.10530𝑓𝑓𝑚𝑚 6.20 292 3.75
C32P29 323 × 64 292 5.01



How important 𝒎𝒎𝝅𝝅𝑳𝑳
Name Volume Spacing 𝜷𝜷 𝒎𝒎𝝅𝝅/𝑴𝑴𝑴𝑴𝑴𝑴 𝒎𝒎𝝅𝝅𝑳𝑳
C32P23 323 × 64 0.10530𝑓𝑓𝑚𝑚 6.20 228 3.91
C48P23 483 × 96 225 5.79



How important 𝒎𝒎𝝅𝝅𝑳𝑳
Name Volume Spacing 𝜷𝜷 𝒎𝒎𝝅𝝅/𝑴𝑴𝑴𝑴𝑴𝑴 𝒎𝒎𝝅𝝅𝑳𝑳
F32P30 323 × 96 0.07746𝑓𝑓𝑚𝑚 6.41 303 3.81
F48P30 483 × 96 303 5.72
F48P21 483 × 96 207 3.91

𝑚𝑚𝜌𝜌 = 754, Γ𝜌𝜌 = 110



Chiral extrapolation
𝑚𝑚𝜌𝜌 = 𝑐𝑐0 + 𝑐𝑐1𝑚𝑚𝜋𝜋

2 + 𝑐𝑐2𝑎𝑎2

Here we take 𝑚𝑚𝜋𝜋−𝑝𝑝𝑝𝑝𝑝 = 𝑚𝑚𝜋𝜋0~ 135 MeV, 
because here we do not consider isospin 
breaking and 𝜋𝜋± should suffer large 
effect from electromagnet interaction.



• We have presented an investigation of the 𝜌𝜌 properties using 
lattice QCD with 𝑁𝑁𝑓𝑓 = 2 + 1 Wilson-Clover ensembles including 
three values of the lattice spacing and a range of pion mass 
values. Through the analysis of the lattice spectra of various 
different pion masses and lattice spacings, we obtain the pole 
position of 𝜌𝜌 at physical pion mass and continuum limit 
simultaneously

• This is a good example demonstrating that QCD can accurately 
describe the properties of strong interaction-hadrons in the low-
energy region

• We will study the role of 𝐾𝐾�𝐾𝐾 channel in future work

Summary
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