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Why lattice QCD?
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Tew | - N had/épec

= -
-t ]

250

-d
§; Oub
i

"

11

2000

[

o

feV
=
-

E 15w

1000 b 1

Unitarity
° Analiticity
° Crossing

\4

Observables

XHC Crossing-symmetric dispersive analyses for meson-meson scatterings from LQCD data 2024/10/14 2



Why lattice QCD?

Experiment - Lattice QCD
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7K scattering at m_ = 391 MeV

HSC, PRL (2014); PRD (2015); PRL(2019)
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7K scattering at m_ = 391 MeV

HSC, PRL (2014); PRD (2015); PRL(2019)
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<2 meson-meson continuum. The S-wave amplitudes are — =
7 os v —0so  well-determined for real energies, however the analytic
continuation into the complex plane does not yield a
unique result that we can interpret in terms of the
pole. Along with our previous study of the o [42], this
provides motivation for future analyses that incorporate
100 | now-standard lattice QCD analysis techniques, namely -matrix fits:
Luscher— like analysis of finite-volume spectra, and those in 1e virtual state???
" use in the amplitude analysis community, e.g. Roy-Steiner illow bound state
equations, which account for the known singularities due
to cross—channel phys1cs In the current case, an input
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Crossing-symmetric
dispersive analyses
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XHC et.al., PRD (2023)

Example: 7 scattering at m_ = 391 MeV
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K-matrix analyses v.s. dispersive analyses

&1£,(500)

New o pole positions via preliminary Roy equation analyses xHcC et.al., PRD (2023); HSC, PRD (2024)
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Roy-Steiner type equations

Re ti(s) = ki(s) + ) Z 9& ds' K (s,s) Ime (s
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Roy-Steiner type equations

Re ti(s) = ki) + ) ) @J ds’K™T (5", s)Im ££, (s")
ro 4m
I(,2i04(s)
n(s)e“ ™ — 1
Phase shifts: 7/(s) === e — /ZW
ase shifts: 7;(s) i (5) ”

Inelasticity (input)

in 26! 0 , 1 —n(s’ 265 (s’
(5510 20/(5) = kj(s) + Z Z @J ds’K7 (s, 5) (s )COS, ()
2p(s) - = dm? 2p(s’)

Infinite-dimensional, nonlinear, inhomogeneous T.P. Pool, Nuovo Cim. (1978)

. . : | C. Pomponiu and G. Wanders, NPB (1976)
and (Cauchy) singular integral equations! D. Atkinson and R.L. Warnock. PRD (1977)

Nonlinear Fredholm integral equations of the L. Epele and G. Wanders, NPB (1978), PLB (1978)

second kind J. Gasser and G. Wanders, EPJC (1999)
G. Wanders, EPJC (2000)
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Validity Domain of the partial wave amplitude

Theorem (Neumann expansion)

If /(2) is an analytic function inside an ellipse € with the focal points at

+ 1. Then the series f(7) = Z a,P,(z) converges at the case of 7 C €
£=0

E. T. Whittaker and G. N. Watson, A Course of Modern Analysis

T(s,cos0) = 167zi 2 + 1 @ P (cos )

=0

The concept of “partial wave amplitude’ only valid in a finite region of the
complex s plane—validity domain

The range of validity domain is determined by the analytic domain of 7(s, cos @) in
terms of parameter cos ¢

Analytic properties of 7(s, cos 6)

Jost and Lehmann, Nuovo Cim. (1957)
Dyson, Phys. Rev. (1958)

Mandelstam, Phys. Rev. (1958); (1959)
Martin, (1969), Scattering Theory: Unitarity, Analyticity and Crossing
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Roy equation for 7t7r scattering

Validity Domain
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Roy-Steiner type equations
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Descotes-Genon and Moussallam, EPJC (2006) XHC, Li and Zheng, JHEP (2022) Hoferichter, et al., PLB (2024)
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m,; = 139 MeV

Lang, Fortsch. Phys. (1978)

o and K*(892) as the S-
and P-wave bound-states

New left-hand cuts
No long-range force
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t-channel 7r — KK partial wave amplitudes

f-channel Roy-Steiner equations as a Muskhelishvili-Omnes problem

Im g(1) = [t)(5)] P (D
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t-channel zx — KK partial wave amplitudes

f-channel Roy-Steiner equations as a Muskhelishvili-Omnes problem

Im gJ(1) = [t1(5)] penD8LD)

t (™ ()
Single-channel: Omnes solution, Q/(r) = exp J dr’
r), (' —1)

T

| 1 (™ AL sinip! (¢) 1 (% 7 (1) | singj ()
g (0 _ 1Q4(1) —J dt’ , + — J dt’
rl, |Q|(r>z</\""“"> z), I (@ =)
é i Unitarity
s-channel K scattering partial Phase-shifts from 7z scattering:
waves and f-channel zx — KK  LQCD data + Roy eq. analyses
partial waves where I'J" # 1] XHC et.al., PRD (2023)
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t-channel 7w — KK partial wave amplitudes

[ t-channel solution from Roy-Steiner equations

vvvvvvvvvvvvvv

RS type solution
----- - HSC, 18

-------- Unitarity bound
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o bound state

f0(980) p(770) dominance
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s-channel zr — KK partial wave amplitudes

Numerical strategy to solve Roy-Steiner type equations

Muskhellshwll—Omnes problem

Kegge ’rheory

. Drlven term
high-energy and !
“high PW contrlbutlons |

' 1) s-channel PW f;‘(s), |

2) Inelasticity ﬂ;S(S),

' 3) pole positions and
residues:

o and K*(892)

'{[s-channel PW f;S(S) |

B. Ananthanarayan, et. al., Phys. Rept. (2001); Lch da‘l'a a"d
M. Hoferichter, et al., Phys. Rept. (2016) dlsperSlve a"alyses
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s-channel zr — KK partial wave amplitudes

[ s-channel solution from Roy-Steiner equations

' o 0
80 = RS type solution i .
e HSC, 15 : '1: | _50
7 90 1 = -2f 7
¢ ¢ 100
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1 .
I = 5 S-wave: no sharp features that signal the presence of a nearby pole
1
I = B P-wave: shallow vector bound state K*(892)
3

I = E S-wave: repulsive channel
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S-wave scattering lengths

[ Two scattering lengths:
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Dispersive determination of K/Kak(700) from LQCD data
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A broad resonance instead of
a deeply bound virtual state pole
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Summary and outlook

M The unity of dispersive techniques and lattice QCD data is powerful to
iInvestigate low energy hadron physics

M Widely-used unitarization methods such as K-matrix, etc., are not good
in light meson & baryon studies

[ Dispersive approaches, Muskhelishvili-Omnés formalism, Roy-Steiner
type equations, etc. are necessary

OzD scattering at physical & unphysical m,: DF(2300), two pole structure

KN & KN scatterings: A(1405), two pole structure and strangeness ¢ term

[] Dispersive determination of three-body resonances?
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Validity Domain

20~ | _— —
10 -
A\ IIS
% ol Ki (&
= i
-10+
-200 = —

20 -10 0

XHC Crossing-symmetric dispersive analyses for meson-meson scatterings from LQCD data 2024/10/14 25



