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?
New Physics = New Particles

New Physics = New Phenomena

New Physics = New Principles !!

E.g., Special Relativity, Photo-electronic Effect, GR,
Spin, P and CP Violations, ......
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Implications of Non-Discovery

» Michelson-Morley Exp — No Aether!
But, it leads to New Revolation: — Special Relativity!

» Discrepancy in Procession of Mercury’s Perihelion
Using known Newton gravity Le Verrier postulated:
— New Planet “Vulcan” (#L&% £.), but No discovery of it !
— Real Solution: General Relativity !

» Question and Challenge today:
After h(125), what does the Non-discovery of LHC imply ?7??

» | am moderately (non)optimistic......
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Making of the Standard Model (123)
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SM Structure seems complete, but ....

Recall: situation around 1900 —
No Dark Energy !

— What is Missing In the SM ???




Composition of the Universe

— Visible vs Dark Universe —

/
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Making of the Standard Model (123)
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SM Structure seems com
— What is Missing in

i te, but
No Dark Energy !
No Gravity!

= => No full understanding on Quantum Gravity
at both largest and smallest scales !!
—>—> UV-IR correspondence?



Deep Relations: Importance of Equality & Square Law

D L 1=

» |[EG] Pythagoras Theorem: a’+b?=c¢2 —  Fermat Last Theorem:
a"+b"£c" (n>2)
> |[SR] Mass-Energy Equivalence: ~E =Mc? and P 2= MZc?

> |GR] Inertial Mass vs Gravitational-Mass Equivalence: M,=M, — g=a

—

» Gravity Force from Gauge Force: (valid for M=0and M #0 ?)

— (Gravity) = (Gauge FOI’CC)2 _
M=0 M#£0

(Conventional works) (This Talk)



Challenges of Mass Generations

Nothing forbids Spin-0 Higgs Boson gets a huge mass from quantum corrections!
Quark/Lepton mass-scales are protected by P-violation and set by Higgs VEV

through Yukawa coupling.

Fields m =20
—p H' 1
(s=0) (A=10)
A* 2
(s=1) (A==£1)
h*" 2
(s=2) (A ==£2)
—p (1, Y g) 141
(s=%) (A=+%.,—3)
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Higgs Mechanism and Beyond

> “Higgs” Mechanism can be More General than Higgs Boson!

» It refers to spontaneously breaking a continuous local (gauge)
symmetry while having the original interaction Lagrangian

respect this symmetry.

> It converts would-be Goldstone boson(s) into extra components
of the corresponding gauge particle(s) associated with broken
group generator(s). 22> Generates Mass for gauge particle(s) .
—>—> Conserves Physical Degrees of Freedom !
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Higgs Mechanism and Beyond

» “Higgs” Mechanism can be
1). Conventional, 2). Geometric, 3). Topological

-- Conventional Higgs Mechanism:
SSB by Vacuum Expectation Value of Higgs Boson.

-- Geomertric “Higgs” Mechanism:
SSB by Compactification of Extra Dimension.

-- Topological “Higgs” Mechanism:
No SSB, Gauge-Invariant Mass Term,

Dynamical Conversion of Physical Degrees of Freedom.

H.-J. He
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Higgs Mechanism and Beyond

Conventional vs Geometric vs Topological:

1). Higgs Interactions — Masses for Gauge Bosons, Fermions:

Gauge Boson Mass ~ v¥*g (vev*gauge-coupling),
Fermion Mass ~ v*y (vev*Yukawa-coupling).

2). Extra-dimension with Compactification — Geometric Mass (= n/R)
Geometric Mass for KK Gauge Bosons, KK Fermions
Geometric Mass for KK Gravitons

3). Topological Mass for Gauge Bosons and Gravitons:
From 3d Chern-Simons term,
CS Mass term is gauge-invariant,

Cause dynamical conversion of physical d.o.f.

H.-J. He
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Geometric Higgs Mechanism

> References:

--- Y. F. Hang, HJH, PRD 105 (2022) 084005 arXiv:2106.04568 [hep-th] (90pp).
--- Y. F. Hang, HJH, Research (2022) 9860945 [arXiv:2207.11214 [hep-th]]

--- Y. Hang, W.W. Zhao, HJH, Y. Qiu, arXiv:2406.12713 [hep-th] (91pp)

--- Chivukula, Dicus, He, PLB 525 (2002) 175 [hep-ph/0111016]

--- Chivukula, He, PLB 532 (2002) 121 [hep-ph/0201164]

--—- H.J. He, Int.J.Mod.Phys. A20(2005)3362, APS-2004 [hep-ph/0412113]

--- Chivukula, Dicus, He, Nandi, PL.B 562 (2003) 109 [hep-ph /0302263]
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Geometric Higgs Mechanism

» Kaluza-Klein (KK) Compactification of Extra Dimension leads to
massive KK states, including KK Gauge Bosons and KK Gravitons.
KK states obtain Geometric Masses by Compactification!

» KK Gauge Boson and KK Graviton obtain KK masses by spontaneous gauge
symmetry breaking due to Compactification.

=> This is a new Geometric “Higgs” Mechanism (GHM).

» GHM was formulated for Massive KK Gauge Bosons at Lagrangian
level and S-matrix level (by Chivukula-Dicus-He, PLLB 532 (2002) 121);
for Massive KK Gravitons at Lagrangian level (by Dolan-Duff, PRL-1985).

> Recently, GHM was formulated for KK Gravitons at S-Matrix level
(by Hang & HJH, arXiv:2106.04568, 2207.11214, 2406.12713).

H.-J. He 13



Sd: Kaluza-Klein Compactification

> We are apparently living in (3+1)d spacetime.

» But our Universe could have Extra Dimensions beyond d =4 ,
except that Extra Dimensions are all curled-up !

> Simplest case is a 5" dimension curled up on a circle S!,
called Kaluza-Klein (KK) Compactification (in 1920s)
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Geometric Higgs Mechanism

» Kaluza-Klein (KK) Compactification of Extra Dimension leads to
massive KK states, including KK Gauge Bosons and KK Gravitons.
KK states obtain Geometric Masses by Compactification!

Define a 5d Yang-Mills theory SU(N) :

.

R L
Ss = [ d’x TF"{ FPMY (on Flat 5d for simplicity)

where

H.-J. He 15



Geometric Higgs Mechanism

» We compactify a 5d SUNN) YM under orbifold SY/Z,:

H.-J. He

» Consider simplest Neumann Boundary Conditions (BCs) for A%

OsA%|s_og =0, Osd%|:s

and Dirichlet BCs for 4.
A% (x 0) =0, AP (x*,L)=0.

» Kaluza-Klein Expansion.

- 1 ~— :
AM(@) = i D v (x)xa ()
n=>0
1&':?5{:‘1'} — i.— 3 V(X)) Xn(x )
VL n=>0 f

with the Normmalization Conditions.
1 L 1 [
— [ ax XaXm = Onm , — / ax XnXm = Oum -
L /o L Jo
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Geometric “Higgs” Mechanism in 5d

» Under compactification of flat Sd, how do KK Masses arise? ---

» Consider 5d Massless Gauge Fields 4™ (x*, x°).

0 =P =p,pt+psp’ =p>—p3

pi __h (n=0,1,2 ) (After Sd compactification)
— — Wy Lyat _

R 4
where p° is quantized due to BCs. and p° = p , P 1s the
4-momentum-squared 1n 4d.

» Hence. in 4d we can see the “KK Tower™. as a unique consequence
of 5d Compactification.

p’=p3 = ;_: (n=0,1,2,---), = KK Tower!

» Masses Generation by KK Compactification:

—) (eometric “Higgs” Mechanism

Chivukula, Dicus, HJH, PLLB (2002) hep-ph/0111016 17



Warped 5d: Geometric “Higgs” Mechanism

» Warped 5d RS1 under S'/Z, :

V}

Varo factor H(x
Worp tacto ) Randall-Sundrum,
4D graviton) hep-ph/9905221
y—0 y— R
I e 1 2. i}
» Warped 5d metric: ds? — E“'”yjl}#ylﬁl;{"“di'y +dy?,

9 DAL - R
ds? = e24(=) [-r;rm,,d-a::'“cl;r”—k dz~<)

where A(z)=—ky, A(z)=-In(1+kz), k=/—A/6 dun="c""iuy ”



Warped 5d: Geometric “Higgs” Mechanism

> Warped 5d Gauge Theory (QCD.,):

R _ L vip NvO 20 e
Lyyv = V=4 (_Ig‘m 9“91:%1&-’1:1%@):

X f;’l(z} o X . L
Lop === (F)" F* = 0 +e(4+0.) 43,

> Boundary Conditions of orbifold S!/Z, & KK Expansions:

0,A(z,z) z:[},L:O’ AS(z, z) z:U,L:U"
1 00
AM(z2) = —= > A (x)f(2)
\/E n=>0
. | — .
AGJ(I ;;) = EZA;;L}(L)]C”(Z)
- n=1

Hang, Zhao, HJH, Qiu, (2024), arXiv:2406.12713 19



Geometric Higgs Mechanism vs KK ET

Hang, Zhao, He, Qiu, arXiv:2406.12713

» KK Equivalence Theorem (KK-ET). H.-J. He, hep-ph/0412113
TAT (Pn), A7 (Pm), -+ - -]
g an felit M m
— Cmm’:?[-“ij {PH:I:-AE (Pm)- Tt ] + G( [ ) 2

Cmod = 1 + O(Loop) .

. F . v om
» This shows that .4;" remembers its Goldstone origin from 4£" at
high energies !

p» This is the mathematical formulation/manifestation of
Geometric Higgs Mechanism at the S-matrix level !

e.g. H

I ; as _. T L . "5
» Conversion: 4, = A4 ; withmass Mg = =

=  Geometric Mass Generation !
20



KK Gauge Amplitudes & E Cancellations

» For flat 5d under S!/Z,, Longitudinal KK gauge boson scattering via contact
diagram and (s,t,u) diagrams with 0-mode and 2n-mode exchanges:

» KK Goldstone boson scattering via (s,t,u) diagrams with 0-mode and 2n-mode
gauge boson exchanges:

H.-J. He 21



KK Gauge Amplitude & E-Cancellations

———— 0 o 0 0909 B Bm0om———— 000000

» For flat 5d under S!/Z,, Longitudinal KK gauge boson scattering via contact
diagram and (s,t,u) diagrams with 0-mode and 2n-mode exchanges:

» Scattering amplitude in M, /E expansion: (¢ = cost, x = E /M)

Graph g C**C*™ -al O S g CeaaCete
(a) 6c(x* —x")  2(3-2c—C" ) Z(342c— )
—3(1—c)x +3(1+4c)x

(el) Ay
(52,3) 2(B—2c4c’ ' 13426 )
+3(1 — )’ —3(1 4 o)
(<2,3) (—3+2c+c?)x*  (3+42c— )
8 _8ex
Sum —8ex? —8ex” —8cx® = 0

Chivukula, Dicus, HJH, (2002) hep-ph/0111016 22



KK Gauge Amplitude & E-Cancellations at 4-Point

e —————————————————,—,— e

> Longitudinal KK gauge boson scattering via contact diagram and (s,t,u)
diagrams with KK-mode exchanges:

. n: qcn 4 dn 2 (0 =[] 0
TolA" A= AT A = 67 (CoKD + CkY + CuKY).
TolAL" AL AT A" = 67 (CKD + K + C.KY).

(Ga Ci-_ Cu, }I _ I:Cﬂbﬁct:df, Cadﬁ(?bm:! Cucccd-ﬁf}!

> Color Jacobi Identity: C.+C+C, =

> E* and E2 cancellations: =~ 12 4 12
Zﬂann; pnnn Z ¥ ’lnnj 3 nYannn
j =0

which can be verified for each given model, such as flat 5d model or RS1.

23 Hang, Zhao, He, Qiu, arXiv:2406.12713



KK Gauge Amplitude & GAET at 4-Point

—— 0 Zm—m—m 0 0 0B090vVB90 Um0

» Longitudinal KK gauge boson scattering via contact diagram and (s,t,u)
diagrams with KK-mode exchanges:

TolAT A" AT'AT"] = §° (CKS + Gk + CuKy).
TolAS" AT AS"AF"] = g7 (C.K + iKY + Cuky),

» KK Gauge Theory Equivalence Theorem (GAET) at 4-point:

0o
. - 9 9
—_— K,E— K:? = —ECEZT';%RJ,

20

—_— T [4A97] — T [4427) :—QLHZIJEMJ +C,+C,) =0

———— oA AP AP AP = TolAgn Al A Al

Hang, Zhao, HJH, Qiu, arXiv:2406.12713 24



KK Gauge Amplitudes & E-Cancellations at 3-Point

» 3pt Longitudinal KK gauge boson amplitude (A; A, A;) and KK Goldstone

amplitude (A;A-A):
‘4[[),”, fl_l.—;m
A7 A
Agr A

V2 A2 A2
Tol AT AV AT — g Fobe(ey 1) (Mp, — M, —Mz)

an bn, ,cn . b
T[A" lA A 3] — —]2gfa C(ES pl) Ty NyTg

1?"!-2'?13 ?

Hang, Zhao, HJH, Qiu, arXiv:2406.12713 25



KK Gauge Amplitudes & E-Cancellations at 3-Point
———

» 3pt Longitudinal KK gauge boson amplitude (A; A, A;) and KK Goldstone
amplitude (A;A;A):
(M2 — M2 —M?)

TolA] " A} ALY = —ig £ (g - py) — M, M, s
1 2

an bn, ,cn . b
T[A" lA EA 3] — _lzgfa C(ES pl) T Moy

> The most fundamental GAET:

an bn.

—_— T[A“”““A "2ALB) = —TolA A 2 AT

enforcing energy cancellation E3 2> E!
and it requires the coupling-mass condition:

- (ﬂ'{rgl ‘|‘i?'l'fr%2_"n"f?%3) Up.non, — Eﬂin *"Tl"jrn U, n

SULOUL! 1 g M MoN

3

from which all N-point KK Amplitudes and GAET (N>3) can be derived !

Hang, Zhao, HJH, Qiu, arXiv:2406.12713 26



KK ET & Double-Copy Correspondance: 3-Point to 4-Point

_

» Equivalence Theorem and Double-Copy Correspondences from 3pt KK
amplitudes to 4pt KK amplitudes and from massive KK gauge amplitudes

to massive KK gravitational amplitudes.

3pt KK Gravity Amplitude|__Reconsfruction  f4nt KK Gravity Amplitude

3pt KK GRET J Reduction 4pt KK GRET (= N = 4)
Double-Copy T Double-Copy
Correspondence | @rp‘fd C”mpﬂfhﬁca@ Correspondence
3pt KK Gauge Amplitudé RECGH%-WEHM F4pt KK Gauge Amplitude

3ptKKGAET | Reduction 4pt KK GAET (= N > 4)

Hang, Zhao, HJH, Qiu, arXiv:2406.12713 27
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Geometric Higgs Mechanism
for KK Graviton Mass Generation

Hang and HJH, PRD(2022), arXiv:2106.04568 (90pp)
Research (2022), arXiv:2207.11214
Hang, Zhao, HJH, Qiu, (2024), arXiv:2406.12713 (91pp)
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Geometric Higgs Mechanism for KK Gravitons

» 5d Einstein-Hilbert (EH) Action:

_ ) .
Sen = | d'e—5—gR. - / ;
EH [ L2V 4 k = V3277

» 5d Compactification under orbifold SY/Z, :

o g, ) _ 2 a
— el K= -
Lo Z /[] dz” & L, VL  Mp
=0 *
K =+ o2rlz
> 5d Graviton field is parametrized as:
- hyw+wneo by _—
h-'{h’ — : - V,u = h,u!}
h-:?rif @ f& — b,

(kg §
[y §

Hang, HJH, 2106.04568, 2207.11214 29



Geometric Higgs Mechanism for KK Gravitons
_

» Under S!/Z, compactification, we impose the Boundary Conditions:

:U'.' '{—’;5(5} 5 :U'.' h_u;_”:

x5 =0,L =0

x2 =0,L

d-G h_mz ¥ =01

» 4d Quadratic KK Lagrangian contains Mixing Terms:

+ 2M,,h,, 8, V¥ — 2M, hE7 0,V Mzh ¢, —3M 9 1/%

noomncu T L-"._TL mn"-n n-u

which can be eliminated by Rg gauge fixing: Vi _ s
nl — 1’?:0

L - ) 1 . I. 55
Lop = [ dz Lop = — Z l(]—" :;zl] +(F )" Pn = h‘n
JO n=>0 ‘Eﬂ -

! 1 1 i i

FE = bt (1 )@# h ——EHM VH
2

F, F M,? 3¢ M a,Vh .

n a8 131_\", E n”n—l_ V,J— L

Hang, HJH, 2106.04568, 2207.11214 30



R§ Gauge-Fixing & KK Graviton Propagator

> R, Gauge Propagators:

- & TTa O Y BTN O T VT LY A
*Dewn.-n‘r* ] - 105m ['r.i' di ‘Tf i ‘Tf n)
LTI '-.p - 0 oy e

JTJ__J'IJ_?.

=

N l 1 B 1 v 2pt p"” o5 2p°p”
3| p+ M3 p?+(3€,—2) M2 M2 M2

1 1 1 .
4 A2 [ ]”f_ N2 o Pg_|_.= e ] [j-r”'lﬁvpj_i_ TF“J]}F}.FH-F _”n-fnpg:jn_d_i_ _”y_.jj.#gpn]
R n : “n-tn
ApHtp¥ p ;*j 1 1 r
+ J '[;r Ft.t;'r ( ) oy 0 - T L..)}‘ |?.I
-{_._ﬁ_-\._!rﬁ P —{ﬁ .'”rﬁ P —{” .'“rﬁ

Hang and HJH, 2106.04568, 2207.11214 31



KK Graviton Propagator in Feynman/Unitary Gauge

» Feynman Gauge (§,=1) Propagators take very simple form:

- 10, 1
'Ijﬁi-"l!'.'l:..j |’ .]j — LTI
nm P 9 ;rJ-+.-Ur§'

Ly 13 w't HL o 3
T e

> We also derive Unitary Gauge ( & = o ) Propagator: /

- |!|!l!"|: E-"'l i —E-"l:"t } —pir =3
I[SFH'IT J# 'rj# 'rjil

Ay 3
’ T |r .:III] — — i
nm,UG\P, 9 J”_ e -']l-'!rf:
where 7" = "' + 3#‘;;“«*”,, .

Hang, HJH, (2021), 2106.04568, 2207.11214 32



KK Graviton Propagator vs vDVZ Discontinuity

- —— — 00— 00—

» KK Graviton propagator in M_— 0 limit:

Y [ P SO 11 O X N 1 L 1 B i
l'jﬂm (?F Ui ] 1 .} 1 W e 1 o

. (r‘rﬁf}:pup;ﬁ_” p p._|_3_fw.tpﬁl_ﬂ_d

D’ (p) = —

2 l‘[]—} p!
) f Ho¥ pt &}
P =2 — ) — (16, p;n{}' :
_ iﬁﬂﬂi ]'F'!mfji'y'd-l—ff“jﬁi'wl—J"fwfji'ﬂj | (fﬂr {m:l\]

2 p?

It is free from vDVZ (van-Dam-Veltman-Zakharov) Discontinuity !

» Compared with conventional massless graviton propagator:

, g i }Fgcm}?vﬁ _i_?ft_d”wx_?fm”rx;ﬁ . ?fcf.tpup_d_l_}, i:ﬁﬂyﬁ'm—ﬁi‘w}}?ﬂﬂj+T}yﬁf ipf.'t
D (p) = — > +(E-1) 7

i },Ji,.!tf.': ”v;ﬁ 1 r‘,r“j ].:'ri-"l:'.'t _ ,‘r:‘rm" ].:Ir-.’.'t_d

5 = (for £=1)

Hang, HJH, arXiv:2106.04568, 2207.11214 33



KK Graviton Propagator vs vDVZ Discontinuity

- —— — 00— 00—

» KK Graviton propagator in M_— 0 limit:

o ey v"l ],.gt.:i],. VO il a3 l_q’
Dnm”(p) = — Em {H f ;:;I‘-:r - p (fml’yl’ /. j}fi'y}”n‘i‘i'fmj’”;ﬂd
_ ) NI UL
_|_”r,f.ﬁpjcpux_-zugwpnpd -znur.-npnpv) 1 {ﬂ q [ f«"ji" P
5 po ud By yn e af
_ 1 Lﬂm 1 f n ‘ {f'l':ll' I::n:l‘]
2 p? |

» Compared with Fierz-Pauli massive graviton propagator:

i ﬂ‘giﬂﬂrv'l }T“ Iy }?!wﬁf.hﬁ
2 p? + M2

(o3

..- [}];' r;.:'::l — —

— i1

where 7 = 7 +p/p"/M*. It has vDVZ discontinuity in M, — 0 limit!

Hang, HJH, arXiv:2106.04568, 2207.11214 34



KK Graviton Propagator vs vDVZ Discontinuity

» 5d KK Graviton conserves physical d.o.f in M_— 0 limit:

S 2 +2 +1

A= 0.+1,+2 +2 +1 0

where \ = (0, 1 d.o.f arise from 3 KK Goldstones (1", 12”) .

> But, the Massive Graviton of Fierz-Pauli gravity does not conserve
physical d.o.f in M — 0 limit:

2 =

Hang, HJH, arXiv:2106.04568, 2207.11214 35



Geometric Higgs Mechanism via GRET

» Gravitational Equivalence Theorem (GRET type-I):

,e"vi:h.ﬁl L {IJ] = 1:;: M[m s Oy ®| + O(M,, /E,,—suppressed)
C;lﬁj - Cﬂ m, " C-n, ma 6‘?1 m, 6?1 m _|_ O(IDOP)
1" NN 17 N

» Gravitational Equivalence Theorem (GRET type-II):

T+l +1 1 AT :I:l 11 ] '. : I
M_hn] ,---,hﬂﬁ,dl_ =C ' M| ]z oty Vmﬁ,dl_ + O(M,, /E, —suppressed)
A TL-TT1 - _.-\ - ) ‘II\';I_ . )
'mf::clj = Cnlml T C-n‘,-\_.-mh.- — (_l] C'-nlml n énx_ my + O(IDOP)

Hang, HJH, arXiv:2106.04568, 2207.11214

Hang, Zhao, HJH, Qiu, arXiv:2406.12713 36



Generalized Power Counting Method for KK Theories

» Generalized Energy Power Counting for KK Theories:

Dp = 26+ (2L+2)+ Y V(-2 447,).

» E-Power Counting of helicity-0 KK Graviton/Goldstone Amplitudes:
Dp(Nhy) =2(N+L+1),  Dp(N¢,)=2(L+1),
— Dy(NhY)—D.(N¢,) = 2N,

» E-Power Counting of helicity-1 KK Graviton/Goldstone Amplitudes:

Dp(NEE') = N+2(L+1),  Dp(NVE!) = 2(L+1).
— Dp(NEEYH)—-Dy(NVEH) = N.

» E-Power Counting of KK Gauge/Goldstone boson Amplitudes:
Dp(NAf") =4,  Dgp(NAE") =4—-N-V3n
—> Dp(NA{")—Dp(NA§") = N+ Voo

Hang, HJH, arXiv:2106.04568, 2207.11214 37



E-Cancellations of KK Graviton Amplitude via GRET

» Gravitational Equivalence Theorem (GET) identity:
M [hf} (ﬁ:]j h”n l M[rﬁ;” ”:]) e C}’i'."{ [.Iim?xj fb] + ZJM[{EH E}n}. ‘T’l .

1jeN
> Energy Power Counting: Dp[Nhy] = 2(N+1)+ 2L,
Dp[No,] = 2+2L. Dg|[Nw,| = 2L
> We deduce h; Amplitude has Large E-Cancellations:

— Dy :LHIII:-JFJ" n Bg L‘.“-',i.] = 2N

> For N = 4 scattering at tree level, GET proves Large E-cancellation:
—P  E" S5 E2 (by10-2 =8 powers!)

Hang, HJH, arXiv:2106.04568, 2207.11214 38



KK Graviton/Goldstone Amplitudes and GRET
» Scattering Amplitude of KK Gravitons and KK Goldstones:

+ (Crossﬁig)

> We compute KK Goldstone Amplitude at LO and NLO:
k28 (T+cyp) csc?l &

M [4h}] = 2 M —127+11)a
_ .- FLES(T—FCEH}ECECEQ -
*‘J.VID ["lﬂ)n] — G4 Z_: ’jﬁ ng ?
J=0

> GRET: . —

‘MD [hlhh] — “’MD [_lf}n] :
> Sum Rule Condition: S 2 (79 -1272+11)a? ;= 36 Z;

i=1 =0

which can be proved from 3pt condition. |

Hang, HJH, Zhao et al, arXiv:2406.12713, 2106.04568



KK Graviton Amplitudes & E-Cancellations at 3-Point

> 3pt Longitudinal KK graviton amplitude (h, h; h;) and KK Goldstone
amplitude (¢,¢ hy) :

Qm

J
o

(."))l

k(€9 py )2

Molhy; by b =

ning | = M2 M}q [Q M2 M2 -|—(M +1 ﬂ“ f[;u) ]ﬂ'n]ngngf

,Mﬂ[m o h2] = (Empl} 5

ny" Ny Mg Ny NyMN,

» E Cancellations for above 3-point KK Graviton Amplitude: E° > E?

Hang, Zhao, HJH, Qiu, arXiv:2406.12713



KK Graviton Amplitudes & E-Cancellations at 3-Point

_
> 3pt Longitudinal KK graviton amplitude (h, h; h;) and KK Goldstone
amplitude (¢,¢ hy) :

)

T\'lﬁ,'ﬂ N'E T;M'l T;M'.E_
{Q.gﬂn My, + (Mn]—k.ﬂng —.ﬂﬂﬁ)

V0
L,L, 42, K€ py)° |
JMD[h h _.hi'!‘j- 6Fﬂélpﬁﬂ[;}1 ﬂn]ﬂgﬂfjf

,Mﬂ[m ¢, hE2] = k(eq-py) %0

TNy Ty Mgl

» The most fundamental GRET at 3-point:

— MD[hL hnah;f: — *’ﬁlﬂ:ﬂ{}r hij]*

2 T3
which imposes the sum rule condition on KK masses & cubic couplings:

= EiMI MI B

ﬂﬂl]‘? H i .Tl T ﬂj

- [(M';;] +M;, —M;,_ ) +2M; M
fom which all N-point KK Amplitudes and GRET (N>3) can be derived !

» E Cancellations (3-point) above: E% > E?
Hang, Zhao, HJH, Qiu, arXiv:2406.12713



KK Graviton Amplitudes & E-Cancellations at 3-Point
_

» 3pt amplitudes of helicity-1 KK gravitond (h,h,h,) & KK Goldstones (7;7;h,) :

114414 49 h':P'i"ﬂ —1;:5"]1_ _F':"{r! ]' 0 . - )

Mylhy, b, hay | = f'"‘-"fﬂ” ’HI,! l(f-l -€9)(€3-Pq) "+ (€9-€3)(€1- Do) (€3- Py )

+(€3-€1)(€2-pg) (€3 ;rn}] nyngmy® [
MoVEWEIRE?] = H‘['[fl'ff}'[fg'i?l}ﬁ—l-(fz'fglffrpjl[fa'lﬂl}

+ [EE‘,'E[}{Ej'pgj{fg'pl]}ﬁﬂ .

1MgTg

» The most fundamental GRET at 3-point:

+17 41742 +1y,+1
— ;MD[h.ﬂl hﬂz hﬂ,ﬂJ | = ”VID V- ]/ ; th ] D
which requires the coupling condition: s
.. 2 2 ,J
— (*\ﬂnl—l_mn:, _Mﬂj)&.ﬂlﬂgﬂj — -'M an Ty TyMg Vi

fom which all N-point KK Amplitudes and GRET (N>3) can be derived !

» E Cancellations in the above (3-point): E* > E?
Hang, Zhao, HJH, Qiu, 2406.12713



Schematic Summary:
ET vs Double-Copy and from 3pt to 4pt Amplitudes

- —— —— 00— 00—

i GAET(4) DC, .. GRET(4)
To A% To ' [AZ] > M, |h}] My |o,]
. GAET(3) o DC;s o GRET(3) .
Oz TO4g - MOk Mg,

» This can be further extended to the case of N>4 amplitudes.

Hang, Zhao, HJH, Qiu, 2406.12713
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Gauge-Gravity Duality: Double-Copy
Massless vs Massive

Li, Hang, HJH, JHEP (2022), 2209.11191

Hang, Zhao, HJH, Qiu, (2024), 2406.12713
Hang, HJH, PRD (2022), 2106.04568, 2207.11214
Li, Hang, HJH, He, JHEP(2022), 2111.12042
Hang, HJH, Shen, JHEP(2022), 2110.05399;
Research (2023), 2406.13671

(GR) = (QCD)?

(Gravity) = (Gauge Theory)?

44



Gauge Forces vs Gravity Force

» Deep Connection: Gauge vs Gravity forces

GR = (Gauge Theory)?

which is established for Massless gravitons/gauge bosons,
by KL.T and BCJ.

» What happens to Massive Kaluza-Klein (KK) Theory
of Gravity & Gauge Forces ? ?

» Kaluza-Klein Theory: extra Sth Dimension!
E.g., Super String Theory (10d) —» SM+GR (4d)
— 6 extra-dimensions under Compactifications !



Gauge vs Gravity Forces: KLT & Double-Copy

> KLT Construction: Massless Case Only -- Gravity = (Gauge Theory)?

<, x ¢ 4>

Lty AN (e )

A, F:l:l-.:d — k& Hl'[l‘ﬂ'ﬁ. '":2"-"1- aF-n

aprn

ALl e == A5 (12345)4,10) (21435)sin(rx - rg)sin wry-x )
+we® A5 (132450415 (31425 )sin(wk -k g)sin(xk o k).

l Field theory limit

Mire=(1_2_ % 4) imypAbr=e(1, 2 % 4) A¥=(1,2 4, 3],

MoTE(1,2 3, 4, 5) iapaezedy 1,2, 3, 4.504,™(2,1.4, F 5}
+ dmpggep A L1, "k 24,51 A,;™(3.1.4, 2 5]



Double-Copy: KLT vs BCJ

» for Amplitudes of Massless open/closed strings and
for gauge/graviton bosons:

1985: Kawai, Lewellen, Tye (KLT): “closed string amp=open-string amp”"2”

Field-theory limit: iy Y Vang-Mills By ook k)t areli)
Ky g

I mauge theory:
N LR r‘-ﬁ / o .
y ;A e “sguare” al
LAty iy Lange ':.I-\.III:_"-“' Einstein - sy — Eadp + cyclic] Yama-Ailix
Theory Theary gravity: j]'“" * Lagldy = dady + HCliE)  verses
ravity , 95 t v color ordered
» Zraviry gauge theory color orderec
M98 () 2343 = in,a  TE0 1 23.44,799 1) 2,49

2008: Bern, Carrasco, Johansson (BCJ):

5 f e, MG T,
5 i M

C.+C+C, =0

tree _ _ i tree _ s t T
‘#4 - Lﬁ;‘ X * I * ) H.:-._I_HI_I_H.!..-:{]

cy— iy



Gauge Forces vs Gravity Force
——— 0 00—

» Massive Case: GR = (Gauge Theory)? ??

» What happens to massive Kaluza-Klein Theory ??

» First Principle Approach: Using KK bosonic string theory, we derived Massive
KLT Relations between product of KK Open String Amplitudes

and KK Closed String Amplitude. Taking Field Theory Limit, we derived
Massive KLT Relations between product of KK Gauge Boson Amplitudes
KK Graviton Amplitude:

n

" ” 7 ! 1. \
‘)
K- 9. L = S N . = S
MT273747] = — {(_s—4.\l,':)n![l“'2 s TR e b Rk A S R ' /

+8Ta [1T27 "3 T Ty 1127 4T
4+3Ta [11P2 374 +0| T, [1 12— 4—m3t "]}
-~ b}

Li, Hang, HJH, He, JHEP(2022), 2111.12042



KK Strings: Massive KLL'T Relations

> We derive Extended Massive KLT-like relations:

e Massive double copy? = KK massive KLT relation for gauge/gravity = Stringy
generalization of KLT under toroidal compactification

nzmn3
1 My

o In RY24 x St {X* ---,X?} form a compact space small enough to have avoided
experimental detection, R;= O(Mal)@: Ror = R

e Mass spectrums

> D D
n- w R~
T Rf}+ ' 2

2
M

op !

2
+j;(m+ﬁ—2): 2 (nf_ + 277WR> N N—1 |

2mox

—

» For (KK) gravitons/gauge bosons: w=0and N=N=1

» Matching condition: setting RL = 2mwa’ in Mogp and rescaling (o’, R, L) — %(a", R, L)
as well, such that Mﬂgp — M2

Li, Hang HJH, He, JHEP (2022), 2111.12042



KK Strings: Massive KL'T Relations

>’ We derive Extended Massive KL T-like relations:

@ From KK string amplitude to KK gauge/graviton amplitude

A= (3 ()2 y s [ st

{Xj A7} {sen;} {a,B}J —1 - 4

x A qji,kj|1 a(N—3), N—1, N].AN [¢ J,kj|m 1, N, B(N—3), }}

c::"—&%f
l a'— 0
N/2
- Q) 5 £ B
{X;, \}-{Wn}»{& 8} =1
< T 167, kj|1, a(N—3), N—1, N] T, “"”c:f ki|N=1, N, B(N—3),1] }

@ Graviton polarization tensor can be decomposed to

C':|:‘7I C:l:l C:I:l _ 1

11—1 +1.L — “L.+1 — a
L o 1 L 2
Ctiv1=vVe GL=vV3

Li, Hang HJH, He, JHEP (2022), 2111.12042

o o A A
Cur = (-AJ_;.‘{{-,.;.!J G 3
-II -ll



from KK String to KK Graviton/Gauge Boson

>’ We derive Extended Massive KL T-like relations:

Hla My

> New Massive Double-Copy for 4-point Gauge/Gravity Double-Copy
(by taking field-theory limit a’— 0):

2
: K =~ 4T —Th g —TE] —Thy—T0
M[17278747] = = gnb{{5_4&fﬁj'rﬂJ[1+”z "3 Tp [1T 2T
{a;.b;}
4 3 Tﬂj[1+ﬂ 2—ﬂ3+ﬂ-_.l—ﬂ-] Thj[1+1't 2—ﬂ4+ﬂ3—ﬂ-]

+5 Ta [11727 347 Ty [1F7 2—ﬂ4—“3+ﬂ]}
¥

Li, Hang HJH, He, JHEP (2022), 2111.12042



Massive Double-Copy vs Mass Spectral Condition

» Massless Double-Copy:

I i ] i :'. E ?1 ? ?t :'. Et T :'..u ? :'..-’Lt_
A — _|_ _|_ S = JM

5 i u

S { 7

> Generalized Gauge Transformations: 7; — 1; + S; A,

under which the Invariance is guaranteed:
C.+C;,+C,=0

OA = (cs +ct+ ¢y ) A =0 — 0
J'r}+.=ar +nu =

OM =2(ns+ns +ny) A+ (s+1+ u]&g — 0

> We consider the massive KK gauge boson and KK graviton amplitudes:

C,NP(N)

— M2, e
n ",P i / "'P E.-' II
M| hgha b | = ZZ(H‘—’T‘A;J A'j,:“j__}li]::;f;:_m

I Ap AL k=1

TATh Al AT AT = 4 Z

Li, Hang, HJH, JHEP, 2209.11191



Massive Double-Copy vs Mass Spectral Condition

» For the massive KK graviton amplitude:

-ﬂ ! ﬁhll;P f FP [\

o " W NPORNP(XL

MRS RG RS = —=—3" 3" (TIC, )—5 *_:' a 2
I.E' .I _,:'-, ) .:'.IL |[,"=] B ks 1';:lli. _';1| !“”_:i

we impose the Generalized Gauge Transformation:

¥

NF" = NF + (55— M, ) A,

from which we deduce conditions:

SAP=0, % [.:;_,- — A I,'f”j) — 0.
_J. .

7

» This leads to the 4-point Mass Spectral Condition: -> Nontrivial !
—> Does Not always hold !

4
SME = M2, + M2+ M2,
i—=1

Li, Hang, HJH, JHEP, 2209.11191



Massive Double-Copy vs Mass Spectral Condition

_
» Start from a general 4-point Mass Spectral Condition:

M} + M3+ M; + M7 = M3, + M{;, + M3,

> We ask: How to solve it and What is the solution ??

> For the flat 5d Toroidal Compactification of S!, we have:

n% + ﬂ-% + -n% + ni = (n1 + ng)‘z + (n1 + -nr.g}2 + (n1 + -31.4}2

which leads to the condition:

ny+no+ng+ng =0

» This is just the KK number (5d momentum) Conservation!

» E.g., it does not hold for 5d Orbifold Compactification or
Sd Warped Compactification ! (additional treatments needed.)

Li, Hang, HJH, JHEP, 2209.11191



Massive Double—CoBy vs Mass Spectral Condition

» Start from a general 4-point Mass Spectral Condition:
M? + M3 + M3 + M; = M} + M + M7,

> We ask: How to solve it and What is the solution ???

» In fact, starting with 3 rather modest conditions:

1). A massive theory contains at least 2 types of particles with Unequal masses.
2). There exists only a simple pole in each of (s, t, u) channels.
3). Each scattering amplitude should include the contributions

from all 3 kinematic channels of (s, t, u).

we can prove:
Toroidal Compactification of flat Extra dimensons is the Unique Solution !

Li, Hang, HJH, JHEP, 2209.11191



Massive Double-CoBy vs Mass Spectral Condition

» General 4-point Mass Spectral Condition:

M} + M3 + M3 + M; = Mi, + M{ + M, (1)

» Proof of the Unique Solution:
We identified the group structure underlying condition (1) is a product of
Integer Groups Z* (with rank r) in the finitely generated Abelian group:

~t T o T T T Ty T r =)
G=ZL ®Ly &Lp,® DLy, (r,selN)
2

» Then, we proved that the unique solution to Condition (1) is given by
*'”fk} - kﬂ*”fl}: for the case r =1 and by ni2 — n i n” for the case r>1.

> For the general case of r>1. By inspecting all the known consistent QFTs, we
conclude that only the KK theories with 0 (=r) extra dimensions under the
toroidal compactification could have a mass spectrum behave exactly as above.
These theories also hold the KK number conservation.

Li, Hang, HJH, JHEP, 2209.11191



Topological Mass Generation & Scattering Amplitudes
Topological Equivalence Theorem & Double-Copy
for Chern-Simons Gauge & Gravity Theories

Hang, HJH, Shen JHEP(2022), 2110.05399
Research (2023), 2406.13671
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3d Topological Massive Gauge & Gravity Theories

» 3d Chern-Simons (CS) Topological Massive Gauge Theories:

1 _

1
Lryvarp = 7 F:!ii-‘ + 5”? =HPALO,A,,
1
2

12{;

_ _|!I:i-"'|!'.l' J { /

—LALALA )

» CS mass is geometrized and is related to CS Level:
n=4dmm/qg’ € Z

» 3d CS Topological Massive Gravity Theories:

ATT

. 2 _ 1 i . 2 -
Stme = _F d’z {"‘*’#_ﬂn - q—,_f“”* Fﬂ;':n‘ ({;}“F-ﬂw_kgf‘-“ml“-'m)]

Hang, HJH, Shen, JHEP, arXiv:2110.05399



Topological Mass Generation in 3d Chern-Simons

» Equation of Motion of CS Gauge Bosons:

:i-',r“y{:'}"2 + I[:;_] —1)o"d" + m et ,]_.J.lr; = 0,

('™ —issHp e, (p) = 0
» On-shell gauge boson has 1 Physical Polarization:

ep(p) = L!_TrEﬁ Esy+iscy, Ecy—issy), E=E/m
and 2 unphysical d.o.f with polarization vectors:

e = (0, iscy, —issy). € = E(f, s4. c4) -
> We find a new decomposition:

[ I Ly
ep=r(eh +ef) —— Ap = (A% + Af)

Hang, HJH, Shen, JHEP, arXiv:2110.05399



Topological Mass Generation
—

» Conversion of physical d.o.f between m =0 and m # 0 :

Ap = L (A} 4+ Af) =——d> A%
] '-..-'rj [ I..- < |_

> 2 orthogonal unphysical states: AL = ‘f'-i l?l: _ % (A% — A7),

W =
A . M 40
_'.15.::_ — EE_'II.JI: &

> The physical d.o.f is conserved under m — 0 limit:

Q.. ? -

> Thenweaske  TIAR -, Ap¥, @) 2 T[S o A&

Hang, HJH, Shen, JHEP, arXiv:2110.05399



Topological Mass Generation: TET

> Indeed we can derive a new identity to connect the Scattering Amplitudes:
Tl 4-?1 2 -31?{"-. fIi: — ]'_[;1(:1 - __j_'lf::wl {Ii: + T,

T ST A

» Under high energy expansion, we derive, at S-matrix level,
Topological Equivalence Theorem (TET):

L r 1 5 {1 T
TIAL .- N | = 7] —] N - )
-1_1.]': & & J{['l- " {I | [JI{I {I {: ( )

Hang, HJH, Shen, JHEP, arXiv:2110.05399



Generalized Power Counting for 3d Chern-Simons

» Generalized Energy Power Counting for 3d CS physical gauge boson
scattering amplitudes:

» Large E Cancellations in NV physical A, amplitudes by TET:

ADy = Dy[NAS] — Dy[NAS] = N

> E-Power Counting of N physical Graviton Amplitudes:

Dp = 28,+(2+Vias+L) = 3N+L

Hang, HJH, Shen, JHEP, arXiv:2110.05399 62



Topological Mass Generation: TET

» Indeed we can derive a ST-type new identity:

TIAR - AN @] = T[AS,---, AWV @) + T,
N

- - (I gl .
Too= S T(0% - % AF. ., A% @],

» Topological Equivalence Theorem (TET) at S-matrix level:
TIAL - A% ®] = T[AY -+, AW, ] + ﬂ(%)h

» Energy Cancellations for NV point gauge boson amplitudes:

E-l Ly E-l —N

Hang and HJH, PRD, arXiv:2106.04568 + 2207.11214



E Cancellations of Gluon Amplitudes in CS QCD

XA X

Amplitude Pt f:-[] by w[] X 8p X “[1]
T 8s, C, 1325, Cy Gdc, Cq 1645, C;
T. —(54+4cy—cyy) C, | —18(255—5494) C, | —32(cy—cyy) C, —116(2s,—5sy,) C,
T (5—dcy—cyy) Cy | —18(285+3504) C,y | —32(cy+c99) C, | —116(25,+5s,,)C,
7. —8s, Cs —i56s, C, —192¢, C, —1368s, C;
T, (5+4c,—cqy) C, —18(s,+899) C; | —32(3cy4c9y) C, | —116(17s,+5sy,) C,
T. —(5—dcy—cgy) Cy | —18(55—599) Cyy | —32(3cy—epy) C,, | —116(175,—5s,,) C,
Sum 0 0 0 0

roqa ab qc 4d1 a gb c ad m
T_. ]*a.-l]*.-%*_-‘l:-_-ll]:-] — T -1 -l _::"_i. A ]-|—{_J(E)

=P E-Cancellations: E* > E°
Hang, HJH, Shen, JHEP, arXiv:2110.05399



Topological Massive Gravity from Double-Copy

Hang, HJH, Shen, JHEP(2022), 2110.05399

> Topological Massive Gravity in 3d:  (Deser, Jackiw, Templeton 1982)

/{l X[\/—R _)L ny PT ot (” I :jl -f.:r-:lq-:;_,il'):|

STMG —

'l.

» 3d Massive Graviton has 1 physical degree of freedom.

» Power Counting on E dependence of N Physical Graviton Amplitude:
Dp = 2&,+(2+ Vi + L)
> We deduce the E-dependence of N-point graviton amplitude:

ﬁ Dlii]: — 3':IE-:I.ili_r:-'

P”"
[ Ehp . FF Gf externa| hP — (C p:u)

> Vd:*.: # vertices containing three partial derivatives



Topological Massive Gravity from Double-Copy
Hang, HJH, Shen, JHEP(2022), 2110.05399

» Topological Massive Gravity (TMG):

2 . -
StTmMG = sy d’z {v’—ﬂﬁ —

1 o 2 .
=" pi3 ({jﬁ ]'—‘.df.'ti-f + §F ,!t“,-]-—' 'n-fn)] 3

21

> Graviton Amplitude from Double-Copy: ( €, = €,,€,, )

2 [ND? VD2 ()
5o o

."'VI ['—”!p] —

s—m?2 t—m?  u—m?
» Under high energy expansion:

= 2
1A

1
2404~ e - 3
— 3048 msg (494c,+19¢q, —c=p ) csc”f

.-M[]['—l-hl:-: —

» Energy Cancellations for 4 graviton scattering amplitudes:

O(EY?) — O(EY), (for E,= 4 in 3d TMG)



Topological Massive Gravity from Double-Copy

Hang, HJH, Shen, JHEP, 2110.05399

> E Cancellations: E4 — E!

, 5 _3/2 _
Amplitude X 5 X 8p X80
00428, 4040 g AfE o 2(75+326cq,+47c,,)
_.'*!,/I g —_ 1—|"'.-||.-| —1 1-1|~ 1\.:'{.'.‘]_{.5'..] _.”: =0 |£|'I - ] _{'-1”
00+28cy,+c4, - _ _ _ y 75—107c, +326c,,+268¢cq, +47Tc,,+31cy
-'Mr -ll ] —n:"”] 1'.‘ J.[.]E‘l‘ 1{}-Jf-l.ll+ I[.]f-_:._ﬂ + I"I'..':sl-}_-lli'"h.['f':{' H — ]_lh.-.ﬁ <
004280, +4 | 1070, 43960, —268e,,+47c,,—3lcs,
M., ite)) 1(—1024105¢,—T0c,, +Te,, —4c,, Josc f — U]—r.-.,; =
Sum 0 0 0

» Under high energy expansion:

lh

—mn f}[] 3(494c,+19¢qy —czp) cscf

» Energy Cancellations for 4 graviton scattering amplitudes:

E* s EY =——> O(EY) — O(E"Y), (for &,=4 in 3d TMG)



Topological Massive Gravity from Double-Copy

Hang, HJH, Shen, JHEP, 2110.05399

@ Energy cancellations, j € (s, t, u)

L P I
9 i H‘"‘."l"'-'lfl 5; - m':..-'li"-'l';l {5 ; Z'-"H' -
12 P 8 TR 4 j v 1

E — E » B —— E

CK duality Gauge trans.

o LO amplitude: Mg|4hp| = f-.'grr'?s.;],’""'jf['f:‘} ~ O(EY



Topological Massive Gravity from Double-Copy

» Energy Cancellations for 4 graviton scattering amplitudes:
O(E"¥) — O(EY, (for &,,= 4 in 3d TMG)
» Correspondence between 2 Energy Cancellations:
F'5EY  —> EI o Fl

(3d CS Gauge Theory) (3d CS Grayvity Theory)

» Graviton Amplitude has nontrivial 2-step E Cancellations:

E125E4 and E4— E!

Hang, HJH, Shen, JHEP, arXiv:2110.05399



Deep Relations: Importance of Equality & Square Law

» |[EG] Pythagoras Theorem: a’+b?=c¢2 —  Fermat Last Theorem:
a"+b"£c" (n>2)
> |[SR] Mass-Energy Equivalence: ~E =Mc? and P 2= MZc?

> |GR] Inertial Mass vs Gravitational-Mass Equivalence: M,=M, — g=a

—

» Gravity Force from Gauge Force: (valid for M = 0 and M # 0)

— (Gravity) = (Gauge FOI’CG)2 _
M=0 M#0

(Conventional works) (This Talk)
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