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… It is also important to look for electron or neutron electric dipole 
moments, which may give a new physical signal, and under the energy scales 
we have already observed…

— Edward Witten: Where is the New Physics Lurking? (cern courier)



Nucleon EDM
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A non-zero intrinsic electric dipole moment (EDM) of a 
fundamental particle violates the CP (T) symmetry

C. Abel et al., PRL124:081803 (2020)

Experiments are aiming at improving the limit down to  e⋅cm in the next ~10 years (?)

Still a long way to trek, room for the strong CPV and/or BSM physics

10−28

P C

Nucleon EDM (NEDM) is a sensitive probe of BSM/
Strong CPV: the contribution to the nEDM from the weak 
CPV phase ~  e⋅cm,  of the current 
experimental limit: 0.0(1.1)(0.2)×10-26 e⋅cm

10−31 10−5



Strong CP-Violation
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ℒE + ℒE
θ = ψ̄ (D/ E + m) ψ +

1
2

Tr [FE
μνFE

μν] − iθ̄
g2

16π2
Tr [FE

μνF̃E
μν]

Additional term (the θ-term) can be introduced into the QCD Lagrangian

Related to the phase of quark mass matrix by chiral rotations

Contributes as a total divergence (surface term) to the QCD action

• not affecting the classical equations of motion

• not participating in perturbative expansions

• influencing the QCD vacuum structure, non-perturbative observable CP-violating effects

No direct experimental evidence of strong CP violation:  is either extremely small or strictly zero

• naturalness issue known as the "fine-tuning problem" or the strong CP problem

θ̄
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q(x) =
1
2

Tr [γ5D] = − Tr [γ5 (1 −
D
2 )]

ℒE
θ = − iθ̄

g2

16π2
Tr [FE

μνF̃E
μν] ≡ − iθ̄q(x) Q = ∫ d4xq(x)

 is the topological charge of the gauge field

 should be integer

Q

Q

Q = n− − n+

Leinweber/VisualQCD

http://www.physics.adelaide.edu.au/theory/staff/leinweber/VisualQCD/ImprovedOperators/index.html
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The topological charges of individual configurations with 
different definitions (smearings) can be different, while the 
distributions are similar



Topological Charges on the Lattice
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For physical observables such as the topological susceptibility, the  definition has smaller discrete 
effects than the  definition with Wilson flow

Dov
GG̃

χt =
1
V

⟨Q2⟩
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⟨T[Ô1Ô2, . . . ]⟩ =
1
Z ∫ 𝒟ψ𝒟ψ̄𝒟AμO1(ψ, ψ̄, Aμ)O2(ψ, ψ̄, Aμ) . . . ei𝒮QCD

⟨T[Ô1Ô2, . . . ]⟩E =
1

ZE ∫ 𝒟ψ𝒟ψ̄𝒟AμO1(ψ, ψ̄, Aμ)O2(ψ, ψ̄, Aμ) . . . e−𝒮E
QCD

∫ 𝒟ψ = ∏
x

∫ dψ(x) ∫ 𝒟ψ = ∏
n∈L

∫ dψ(n)

⟨T[Ô1Ô2, . . . ]⟩E
θ ∼ ∫ 𝒟 . . . O1O2 . . . e−𝒮E

QCD+iθ̄Q ∼ ∫ 𝒟 . . . O1O2 . . . (1 + iθ̄Q + . . . )e−𝒮E
QCD

⟨T[Ô1Ô2, . . . ]⟩E
θ ∼ ⟨T[Ô1Ô2, . . . ]⟩E + iθ̄⟨T[Ô1Ô2, . . . ]Q⟩E

Sign problem and the "signal-to-noise" problem are essentially the same one

Operators or vacuum (action)? different points of views
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Abramczyk et al., PRD96:014501 (2017)

PRD72:014504 (2005)

PRD73:054509 (2006) 

PRL115:062001 (2015)

PRD93:074503 (2016)

T. Bhattacharya et. at., PRD103:114507 (2021)

PRD103:054501 (2021)
PRC103:015202 (2021)

arXiv:1901.05455

Watershed: F3 = F̃3 + 2α1F2
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uθ = eiα1θγ5u
ūθ = ūeiα1θγ5

uθ(p)ūθ(p) =
−ip/ + mei2α1γ5θ

2m

⟨N′￼|γμ |N⟩θ = ūθ(p′￼)[γμF1(q2) − σμνqν
F2(q2)

2m
− σμνqνγ5

F′￼3(q2)
2m ] uθ(p)

uθ(p) → uθ(p̃) = eiα1θγ5γ4u(p) = (1 + iα1θγ5)γ4u

iθF3 = 2iα1θF2 + iθF′￼3 = iθ(2α1F2 + F′￼3)



Detailed Formulas
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G(2)Q(tf ) ∼ ∑⃗
x

⟨Q χ(x)χ̄(t0, 𝒢)⟩
∼ M(2)Q + 𝒪(e−δmtf)

G(3)Q ∼ ∑⃗
x ⃗y

e−i ⃗q( ⃗x− ⃗y) ⟨χ(x) Q Jμ(y)χ̄(t0, 𝒢)⟩
∼ M(3)Q + 𝒪(e−δm(tc−t0), e−δE( ⃗q)(tf−tc)),

F3(q2) =
2m

Ef + m {
2Ef

qi

Tr[ΓiM(3)Q
4 ]

Tr[ΓeM(2)]
− α1GE(q2)},

GE(q2) =
2Ef

Ef + m
Tr[ΓeM(3)

4 ]
Tr[ΓeM(2)]

, α1 =
Tr[γ5M(2)Q]
2Tr[ΓeM(2)]

,

M(2) = ⟨N(p) |N(p)⟩,
M(3)

μ = ⟨N(pf ) |Vμ |N(pi)⟩,

M(2)Q = ⟨N(p) |Qt |N(p)⟩,
M(3)Q

μ = ⟨N(pf ) |QtVμ |N(pi)⟩,

dn/p =
F3,n/p(q2 → 0)

2m
θ ⟨N′￼|γμ |N⟩θ = M(3)

μ + iθM(3)Q
μ



CDER
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R

tft0 tft0

R

Jμ(τ)

cluster decomposition error reduction (CDER)

Liu, Liang and Yang, PRD97:034507 (2018)

G(2)Q(tf ) ∼ ∑⃗
x

⟨Q χ(x)χ̄(t0, 𝒢)⟩

∼ ∑⃗
x ⟨

|r|<R

∑
r

qt(x + r)χ(x)χ̄(t0, 𝒢)⟩
∼ M(2)Q + 𝒪(e−δmtf, e−mηR)

G(3)Q ∼ ∑⃗
x ⃗y

e−i ⃗q( ⃗x− ⃗y) ⟨χ(x) Q Jμ(y)χ̄(t0, 𝒢)⟩

∼ ∑⃗
x ⃗y

e−i ⃗q( ⃗x− ⃗y) ⟨χ(x)
|r|<R

∑
r

qt(y + r)Jμ(y)χ̄(t0, 𝒢)⟩
∼ M(3)Q + 𝒪(e−δm(tc−t0), e−δE( ⃗q)(tf−tc), e−mηR)



CDER
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Liang and et. al., PRD108 094512 (2023)

f(R) ∼ ⟨χ(x)
|r|<R

∑
r

qt(y + r)Jμ(y)χ̄(t0, 𝒢)⟩f′￼(r) ∼ ⟨χ(x)qt(y + r)Jμ(y)χ̄(t0, 𝒢)⟩



Chiral Fermions
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With the AWI respected, one has  when  even at finite lattice spacings, reliable chiral limitdn → 0 mq → 0

For overlap fermions, the anomalous Ward identity (AMI) has been proven (with chiral axial vector current) and 
numerically checked at finite lattice spacings

P. Hasenfratz, et. al., NPB643:280 (2002)
J. Liang et. al., PRD98:074505 (2018)

D. Guadagnoli, et. al., JHEP 0304, 019 (2003)

∂μA0
μ = ∑

f=u,d,s

2mf Pf − 2iNfq
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Liang and et. al., PRD108 094512 (2023)

D.O’Connell and M. J. Savage, PLB633:319 (2006)

d(PQ)
n =

e θ̄ ms

4π2f 2
Fπ log ( m2

π

μ2 ) + FJ log ( m2
J

μ2 ) + θ̄
e

Λ2
χ [ ms

2
c(μ) + d (ms − mv) + fqjl (ms − mv)]
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Liang and et. al., PRD108 094512 (2023)

d(PQ)
n =

e θ̄ ms

4π2f 2
Fπ log ( m2

π

μ2 ) + FJ log ( m2
J

μ2 ) + θ̄
e

Λ2
χ [ ms

2
c(μ) + d (ms − mv) + fqjl (ms − mv)]

D.O’Connell and M. J. Savage, PLB633:319 (2006)



CPV Pion-Nucleon Coupling
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J. de Vries et al., PLB766:254 (2017) 
J. de Vries et al., PRC92:045201 (2015) 

A. Shindler, EPJA57: 128 (2021)

Dn = gπNNḡπNN ln (MN /mπ)/4π2MN

dθ
0 = dθ

0 −
egAg0

16πFπ

3mπ

MN
,

dθ
1 = dθ

1(μ) + δ1(μ) +
egAg0

4π2Fπ [ln
m2

π

m2
N

−
5πmπ

4mN ]

In effective theories, nucleon EDM is determined by the CPV pion-nucleon coupling

The CPV nucleon-nucleon interactions, mainly the one-pion-exchange contributions (CPV pion-
nucleon vertices) according to the chiral power counting, often dominate nuclear and atomic EDMs 
compared to the EDMs of constituent nucleons

No direct first-principles calculations

Crewther, Di Vecchia, Veneziano, Witten, PLB 88:123 (1979)



CPV Pion-Nucleon Coupling
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To leading order the coupling is related to the octet baryon masses

A more recent work shows that this coupling can be achieved using the proton-neutron mass 
difference, which receives no SU(3)-flavor breaking corrections up to NNLO in chiral expansion

J. de Vries et al., PRC92:045201 (2015) 

ḡπNN = − θ
(MΞ − MN)mumd

Fπ(mu + md)(2ms − mu − md)
| ḡπNN | ≈ 0.038 |θ |

m* =
mumdms

ms(mu + md) + mumd
=

m̄(1 − ε2)
2 + m̄

ms
(1 − ε2)

2m̄ = mu + md ε = (md − mu)/(md + mu)

ḡ0 = δmN
m*θ̄
m̄ε

ḡ0

2Fπ
= (15.5 ± 2.0 ± 1.6) × 10−3θ̄

Crewther, Di Vecchia, Veneziano, Witten, PLB 88:123 (1979)



A Rough Check
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dn ∼
gAḡ0

4π2f
log

m2
π

Λ2
+ . . .

dn ∼ A × msea log
m2

π

Λ2
+ . . . ∼ A′￼× m2

π,sea log
m2

π

Λ2
+ . . .

ḡ0(mπ ∼ 0.140) = ∼ 0.0061

d(PQ)
n ∼

e θ̄ ms

4π2f 2
Fπ log ( m2

π

μ2 ) + FJ log ( m2
J

μ2 ) + . . .
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G(3)Q(tf, τ) = ∑⃗
x ⃗y

e−i ⃗p⋅ ⃗xei ⃗q⋅ ⃗y ⟨χ(x) Q Jμ(y) P(y) χ̄(0)⟩

R3(Γe, γ5) =
Tr [ΓeG(3)Q(γ5)]

Tr [ΓeG(2) ( ⃗p = 0)]

=
Tr [ 1 + γ4

2 [α1γ5Gpγ5
1 + γ4

2 + 1 + γ4

2 Gpγ5α1γ5 + 1 + γ4

2 G̃′￼P
1 + γ4

2 ]]
2

= 2α1Gp + G̃′￼p

2iα1θGp + iθG̃′￼P = iθ (2α1GP + G̃′￼P) ≡ iθG̃P

mqG̃P =
m2

π fπ
m2

π − q2
ḡπNN



 from Direct Calculation (preliminary)ḡπNN
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Liang and et. al., in preparation



Summary and Take-Home
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Strong CPV and nucleon EDM can be studied on the lattice with decent 
precision 

Many other related physical topics are also of great interest and can be studied 
as well

Thank you for your attention!


