
Unifying the study of leading and 
subleading twist PDFs within Dyson-
Schwinger equations.

南京航空航天⼤学


Nanjing University of Aeronautics and Astronautics

2025.09.24@青岛《The 26th international symposium on spin physics (SPIN2025)》

(cshi@nuaa.edu.cn)

Shi, Chao!"#$

%&'()*+

1



/172

• A brief introduction to f(x) and e(x).


• A new approach to f(x) and e(x) through Dyson-Schwinger equations.
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f(x) & e(x)

Hadron Polarization

+...

Twist-2 Twist-3
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e(x) in experiment.

Aurore Courtoy et al, PRD 106, 014027 (2022)

CLAS Collaboration, PRL 126, 152501 (2021)

•Dihadron SIDIS — beam single-spin asymmetry

A. Efremov, et al, PRD 67, 114014 (2003)

•Single-hadron SIDIS — beam single-spin asymmetry

=
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e(x) decomposition through QCD's EOM

Novel features of twist-3 PDF!
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• DSEs are EOMs of Green functions.


• Gap equation: quark propagator's DSE.


• Bethe-Salpeter equation: DSE of meson->q  vertex.


• We introduce a new DSE aimed for quark-quark 
correlation matrix, which is the mother function to 
various leading and subleading-twist PDFs.



• The twist-2 and -3 PDFs can be simultaneously extracted 

from 


    

q̄

Φ

RL-DSEs for quark-quark correlation matrix

Φ(k, P)
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Link Pert. and Nonpert. objects

• Every bare quark propagator in the dressed quark propagator is probed by the 
light-cone vertex concerned.
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Symmetries preserved

Beauty Reality

SUV(3) ⊗ SUA(3)

• Poincare symmetry  (Continuum QFT+Regularization)


• translation, boost, rotation


• Chiral symmetry. (Axial-vector Ward Identity)


• ~0 MeV


• Spontaneous(dynamical) breaking.


• Evidence: Goldstone boson, etc.


• Global  symmetry.  (Vector Ward Identity)


• Baryon number conservation(quark number sum rule)


mq

U(1)
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Mellin moments

• Compute the Mellin-moments of f(x) and e(x).


• Reconstruct the PDFs by fitting the moments with parameterized ansatz.
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• : quark number sum rule.


• : gluon carries away 26% momentum 
fraction.


• The RL-DSE is associated with a low scale, where 
sea quark distributions are absent.


⟨x0⟩f ≡ ∫ dxx0f(x) = 1

⟨x1⟩f < 0.5

13

Pion f(x) at hadronic scale
f (x)=

γ+δ(k+ − xP+)
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Pion e(x) at initial scale

• Strong indication of  is found! (Zero mode)


• Strong suppression of first moment is found! 
(Chiral symmetry)


• Significant pure twist-3 contribution is found! 
Arising from  correlation.

δ(x)

qAq̄

⟨x⟩e = mq/mh
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Evolved PDFs and Implications for Nucleon

• Evolution of twist-3 PDFs is rather 
complicated: mixing between two and three 
partons


• In large  limit the e(x) evolution becomes 
simpler.


• The f(x) and e(x) are evolved to 
experimental scale ~ 1 GeV.


• f(x) compares well with JAM global fit.


• The node of e(x) persists under evolution.


• We notice hints of similar pattern in the case 
of nucleon.

NC

⟨x⟩e = mq/mh
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Origin: Higher Fock-states
|M⟩ = ϕ2 |qq̄⟩+ϕ3 |qq̄g⟩ + ϕ4 |qq̄gg⟩ + . . .
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Phys.Rev.Lett. 122 (2019) 8, 082301

Phys.Rev.D 101 (2020) 7, 074014

Phys.Rev.D 104 (2021) 9, 094016
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Since we have an analytical form for � (k, P) obtained
by parametrizing the numerical DSE solution, the two-
dimensional momentum integrations can be completed
with the help of Feynman parametrization. In practice, we
transform the integration variables to rewrite the integral
in the form

hxmilz (k
2
T ) =

π 1

0
d� �

m
π

d�d� flz (�,k2
T , �,� ). (10)

Comparison with Eq. (7) then reveals that the LFWFs
are identified as �lz (x,k2

T ) =
Ø
d�d� flz (x,k2

T , �,� ).
We present plots of the leading Fock state LFWFs for

the pion and kaon in Fig. 1. For concreteness, we focus our
discussion to the case of �� and K

�, so the d and s are the
valence quarks and ū is valence anti-quark. In general we
find that all the LFWFs are smooth functions decaying as
k2
T increases or x approaches the end-points. As expected

for light mesons, the x-dependence of the LFWFs is broad
at low k2

T and get narrower as k2
T increases, approaching

an asymptotic form for large k2
T proportional to x(1 � x).

Fig. 2 provides an example of how the x-dependence
of �0(x,k2

T ) changes with k2
T . The strong support of

the LFWFs at infrared k2
T originates from the strength

of the covariant Bethe-Salpeter wave functions at low
|kT |, which is closely connected to DCSB, as illustrated
model-independently in Ref. [36]. Therefore, our LFWFs
faithfully inherit the DCSB property from the covariant
DSEs calculation. At large k2

T , the LFWFs decay as
�0(x,k2

T ) ⇠ 1/k2
T and �1(x,k2

T ) ⇠ 1/k4
T , in line with the

perturbative QCD expectations [49]. The e↵ects of SU(3)
flavor symmetry breaking are clearly apparent in the kaon,
as the heavier s quark gains more support at large x and
the LFWFs become skewed. This indicates that the s

quark carries more of the kaon’s light-cone momentum
fraction. However, these SU(3) flavor symmetry breaking
e↵ects diminish as k2

T increases. Further analysis of these
e↵ects will be given in later sections when GPD and TMD
results are presented.

The LFWFs are normalized so that the quark number

sum rule
Ø 1

0
dx f (x ; µ0) = 1 is satisfied. Therefore, with

only the leading Fock state the valence quark distribution
function f (x ; µ0) is given by

f (x ; µ0) =
π

d
2kT

(2� )3
h���0(x,k2

T )
��2 + k2

T
���1(x,k2

T )
��2i . (11)

FIG. 1. The top row gives the LFWFs for pion and the bottom
row gives the kaon results. The left column is �0(x,k2

T ) and
the right column is �1(x,k2

T ), where k2
T is in GeV2.

FIG. 2. Pion’s spin-anti-parallel LFWF �0(x,k2
T ) at di↵erent

values of k2
T , normalized to �

N
0 (x,k2

T ) =
�0(x ,k2

T )Ø 1

0
dx�0(x ,k2

T )
.

This approximation to the full valence quark distribution
function is best at a low hadronic scale µ0, which in
Ref. [33] was determined to be µ0 = 520MeV. In a non-
relativistic system �1(x,k2

T ) would vanish because the
quarks are in a relative p-wave, however we find that
the contribution to the quark number sum rule from
�1(x,k2

T ) equals 0.36 for the pion and 0.31 for the kaon.
Therefore, we find that the valence quarks in both the
pion and kaon are highly relativistic. Importantly, the
relative strength between �0(x,k2

T ) and �1(x,k2
T ) in our

approach is completely determined by the Bethe-Salpeter
wave function, which itself is governed by the underlying
quark-gluon interaction. The significant contribution of
�1(x,k2

T ) to observables likely also implies that higher
Fock states may not be negligible in a more realistic
calculation. Nevertheless, the higher Fock states are much
more di�cult to calculate and are beyond the scope of
this work.

• The -LFWFs only constitute about 30% to 
the total normalization.


• Many gluon components reside in pion.

qq̄
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•  A new -DSE is introduced to render a unified study of f(x) and e(x).


• e(x) contains a Dirac-  function, through nonperturbative dynamics.


• e(x) is dominated by pure twist-3 part.


• e(x) contains a node.

Φ

δ

Thank you for your attention!

Conclusion

Outlook
• More PDFs


• TMD PDFs


• Nucleon


