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𝑊𝜇𝜈 𝑞Hadronic tensor : 

leptonic tensor :  𝐿𝜇𝜈(𝑙, 𝑙′)

𝑑2𝜎

𝑑𝑥𝑑𝑦
=

2𝜋𝛼𝑒𝑚
2 𝑦

𝑄4
𝐿𝜇𝜈𝑊𝜇𝜈

The differential cross section of deep inelastic scattering(DIS) :

decomposed into structure function :  𝑊𝜇𝜈 = −𝑔𝜇𝜈 +
𝑞𝜇𝑞𝜈

𝑞2 𝐹1 +
ҧ𝑝𝜇 ҧ𝑝𝜈

𝑝·𝑞
𝐹2

QCD factorization :  𝜎𝐷𝐼𝑆 ~𝑓 Τ𝑎 ℎ ⊗ 𝜎𝑎

The PDFs can be extracted from structure function:  𝐹𝑖 = σ𝑎 𝑐𝑖
𝑎 ⊗ 𝑓 Τ𝑎 ℎ



Hadronic tensor

The time-dependance quantities can not be directly calculated by Lattice QCD
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𝑊𝜇𝜈 𝑞 = න𝑑d𝑧 ⅇⅈ𝑞𝑧 ℎ 𝐽𝜇 𝑧 𝐽𝜈 0 ℎ

Hadronic tensor in d dimensional space-time: 

𝐽𝜇 = ത𝜓𝛾𝜇𝜓, is electric current when the lepton

interact with hadron by exchanging a photon

QC can simulate real-time dynamics naturally

—— A time-dependance non-perturbative quantity



Procedures of simulating hadronic tensor on quantum computers

2. Preparation of the hadron state

3. Evaluation of the current-current correlation functions

Models :  (1+1) D Abelian and non-Abelian LGT

1. Map the quantum fields to qubits

𝑊𝜇𝜈 𝑞 = න𝑑2𝑧 ⅇⅈ𝑞𝑧 ℎ ⅇⅈ𝐻𝑡 𝐽𝜇 0, റ𝑧 ⅇⅈ𝐻𝑡 𝐽𝜈 0,0 ℎ
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Quantum-number-resolving variational quantum eigensolver(VQE) 



𝐻𝐾.𝑆. = −
𝑖

2𝑎
෍

𝑛

( 𝜓𝑛+1
† 𝑈𝑛𝜓𝑛 − ℎ. 𝑐. ) + ෍

𝑛

−1 𝑛𝜓𝑛
†𝜓𝑛 +

𝑎𝑔2

2
෍

𝑛

𝑳𝑛
2

𝐿𝑛
𝑎 𝑅𝑛

𝑎 𝐿𝑛+1
𝑎𝑅𝑛−1

𝑎

𝑈𝑛

𝜓𝑛
𝑟

𝜓𝑛
𝑔

𝜓𝑛+1
𝑟

𝜓𝑛+1
𝑔

1. Map the lattice quantum fields to qubits

𝜓𝑛 𝜓𝑛+1

𝑈𝑛

One physical site : 
Discretization :  Kogut-Suskind formalism 
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𝜓𝑛 =
𝜓𝑛

𝑟

𝜓𝑛
𝑔Matter field : 

Gauge field : 𝑈𝑛 = ⅇxp ⅈ𝑎𝑔𝐴𝑛
𝜇,𝑎

𝑇𝑎 ,

𝑇𝑎, 𝑇𝑏 = ⅈ𝜖𝑎𝑏𝑐𝑇𝑐

𝑎 = 1,2,3

𝐿𝑛
𝑎 − 𝑅𝑛−1

𝑎 = 𝑄𝑛
𝑎Gauss law ： 

𝐵 = σ𝑛
1

2
𝜓𝑛

𝑟†𝜓𝑛
𝑟 + 𝜓𝑛

𝑔†
𝜓𝑛

𝑔  

• Baryon number :

𝑄𝑛
𝑎 = ෍

𝑖,𝑗

𝜓𝑛
𝑖† 𝑇𝑎

𝑖𝑗𝜓𝑛
𝑗

, 

• Non-abelian charges :

𝑖, 𝑗 = 𝑟, 𝑔



Map the LGT to qubits

, in SU(2) : 𝜓𝑛 =
𝜓𝑛

𝑟

𝜓𝑛
𝑔 =

𝜙2𝑛

𝜙2𝑛+1

Jordan-Wigner transformation : 𝜙𝑛 → ෑ

m<𝑛

𝜎𝑚
3 𝜎𝑛

−

𝑊𝜇𝜈 𝑞0, 𝑞1 = ׬ d𝑡 σ റ𝑧 ⅇⅈ𝑞0𝑡 ⅇ−ⅈ𝑞1𝑧 ℎ ⅇⅈ𝐻𝑡 𝐽𝑛
𝜇

ⅇ−ⅈ𝐻𝑡 𝐽𝑚
𝜈 ℎ , റ𝑧 = 𝑛 − 𝑚

Map the hadronic tensor to qubits
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𝐽𝑛
0 =

1

2
(𝜎2𝑛

3 + 𝜎2𝑛+1
3 ) 

𝐽𝑛
1 = 𝜎2𝑛

+  𝜎2𝑛+1
− + 𝜎2𝑛+1

+ 𝜎2𝑛
−

SU(2) LGT : U(1) LGT: 
𝐽𝑛

0 =
1

2
[ −1 𝑛 + 𝜎𝑛

3] 

𝐽𝑛
1 = 𝜎𝑛

+ 𝜎𝑛+1
− + 𝜎𝑛+1

+ 𝜎𝑛
−

1. Map the lattice quantum fields to qubits



2. Preparation of the hadron state

—— Quantum-number-resolving VQE :
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Li et al. (QuNu),  Phys. Rev. D 105, L111502

Target hadron state : 

the 𝑘-th excited state with quantum number 𝑙
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—— Quantum-number-resolving VQE :
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Li et al. (QuNu),  Phys. Rev. D 105, L111502

(1) Prepare 𝑘 reference states ȁ ۧ𝜓𝑙𝑖 , 𝑖 = 0,1 ··· 𝑘 − 1

Have the same quantum number 𝑙 as the hadron state

Target hadron state : 

the 𝑘-th excited state with quantum number 𝑙



2. Preparation of the hadron state

—— Quantum-number-resolving VQE :
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Target hadron state : 

the 𝑘-th excited state with quantum number 𝑙

(1) Prepare 𝑘 reference states ȁ ۧ𝜓𝑙𝑖 , 𝑖 = 0,1 ··· 𝑘 − 1

Have the same quantum number 𝑙 as the hadron state

𝐻 = 𝐻1 + 𝐻2 +··· +𝐻𝑘

𝑈 𝜃 = ෑ

𝑖=1

𝑝

ෑ

𝑗=1

𝑘

ⅇxp (ⅈ𝜃𝑖𝑗𝐻𝑗)

Parameterized symmetry-preserving operator

Divide the Hamiltonian

(2) Construct 𝑈 𝜃 :  Quantum alternating operator ansatz(QAOA)

Each 𝐻𝑖 has the symmetry of  𝐻 𝐻𝑖 , 𝐻𝑖+1 ≠ 0

Li et al. (QuNu),  Phys. Rev. D 105, L111502



2. Preparation of the hadron state

𝐻 = 𝐻1 + 𝐻2 +··· +𝐻𝑘

𝑈 𝜃 = ෑ

𝑖=1

𝑝

ෑ

𝑗=1

𝑘

ⅇxp (ⅈ𝜃𝑖𝑗𝐻𝑗)

Parameterized symmetry-preserving operator

Divide the Hamiltonian

(2) Construct 𝑈 𝜃 :  Quantum alternating operator ansatz(QAOA)

Each 𝐻𝑖 has the symmetry of  𝐻 𝐻𝑖 , 𝐻𝑖+1 ≠ 0

—— Quantum-number-resolving VQE :

(3) Minimize the cost function 𝐸𝑙(𝜃)

𝐸𝑙 𝜃 = σ𝑖=0
𝑘−1 𝜔𝑙𝑖 𝜓𝑙𝑖 𝜃 𝐻 𝜓𝑙𝑖 𝜃

(4) The hadron state is prepared as ۧȁℎ = 𝑈 𝜃∗ ห ൿ𝜓𝑙,𝑘−1

Li et al. (QuNu),  Phys. Rev. D 105, L111502
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(1) Prepare 𝑘 reference states ȁ ۧ𝜓𝑙𝑖 , 𝑖 = 0,1 ··· 𝑘 − 1

Have the same quantum number 𝑙 as the hadron state

Target hadron state : 

the 𝑘-th excited state with quantum number 𝑙

𝜔𝑙0 > 𝜔𝑙1 >···> 𝜔𝑙𝑖> 0



2. Preparation of the hadron state

—— Quantum-number-resolving VQE :

Dairui Zou (SCNU) SPIN2025 @ Qingdao 9 /15

(𝒬𝑡𝑜𝑡)2= 𝒬𝑡𝑜𝑡
3 = 0， റ𝑝 = 0

The reference states :  ȁ ۧ𝜓𝐵𝑖

ȁ ۧ𝜓00 = ห ൿ0011 0011 ··· 0011

ȁ ۧ𝜓01 =
2

N
 ቀห ൿ1100 0011 ··· 0011 + ห ൿ0011 1100 ··· 0011

+··· + ൯ห ൿ0011 0011 ··· 1100

ȁ ۧ𝜓10 =
2

N
 ቀห ൿ1111 0011 ··· 0011 + ห ൿ0011 1111 ··· 0011

+··· + ൯ห ൿ0011 0011 ··· 1111

ۧȁΩ = 𝑈 𝜃0
∗ ȁ ۧ𝜓00

ȁ ۧ𝑞 ത𝑞 = 𝑈 𝜃0
∗ ȁ ۧ𝜓01

ۧȁ𝑞𝑞 = 𝑈 𝜃1
∗ ȁ ۧ𝜓10

Conserve quantity : (𝒬𝑡𝑜𝑡)2，𝒬𝑡𝑜𝑡
3 ，𝐵， റ𝑝

Target state : ȁ ۧ𝑞 ത𝑞 , ۧȁ𝑞𝑞 , ۧȁΩ

Li et al. (QuNu),  Phys. Rev. D 105, L111502

Meson : 1st excited state in 𝐵 = 0 sector

Baryon : ground state in 𝐵 = 1 sector



3. Evaluation of the current-current correlation functions

Pedernales et al, Phys. Rev. Lett. 113, 020505 (2014)
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The current-current correlation functions

𝒪𝜇𝜈( റ𝑧, 𝑡) = ℎ ⅇⅈ𝐻𝑡 𝐽𝑛
𝜇

ⅇ−ⅈ𝐻𝑡 𝐽𝑚
𝜈 ℎ

𝐽𝑛
0 =

1

2
(𝜎2𝑛

3 + 𝜎2𝑛+1
3 ) 

𝐽𝑛
1 = 𝜎2𝑛

+  𝜎2𝑛+1
− + 𝜎2𝑛+1

+ 𝜎2𝑛
−

SU(2) ：U(1) ：

𝐽𝑛
0 =

1

2
[ −1 𝑛 + 𝜎𝑛

3] 

𝐽𝑛
1 = 𝜎𝑛

+ 𝜎𝑛+1
− + 𝜎𝑛+1

+ 𝜎𝑛
−
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Pedernales et al, Phys. Rev. Lett. 113, 020505 (2014)
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The current-current correlation functions

𝐽𝑛
0 =

1

2
(𝜎2𝑛

3 + 𝜎2𝑛+1
3 ) 

𝐽𝑛
1 = 𝜎2𝑛

+  𝜎2𝑛+1
− + 𝜎2𝑛+1

+ 𝜎2𝑛
−

SU(2) ：U(1) ：

𝐽𝑛
0 =

1

2
[ −1 𝑛 + 𝜎𝑛

3] 

𝐽𝑛
1 = 𝜎𝑛

+ 𝜎𝑛+1
− + 𝜎𝑛+1

+ 𝜎𝑛
−

𝑊𝜇𝜈 𝑞0, 𝑞1 = ׬ d𝑡 σ റ𝑧 ⅇⅈ𝑞0𝑡 ⅇ−ⅈ𝑞1𝑧 𝒪𝜇𝜈( റ𝑧, 𝑡), 

റ𝑧 = 𝑛 − 𝑚

The Fourier transformation

𝒪𝜇𝜈( റ𝑧, 𝑡) = ℎ ⅇⅈ𝐻𝑡 𝐽𝑛
𝜇

ⅇ−ⅈ𝐻𝑡 𝐽𝑚
𝜈 ℎ

𝑊𝜇𝜈 𝑞0, 𝑞1 = 𝑛𝑡−׬

𝑛𝑡 d𝑡 σ റ𝑧 ⅇⅈ𝑞0𝑡 ⅇ−ⅈ𝑞1𝑧 𝒪𝜇𝜈( റ𝑧, 𝑡)



Results of the hadronic tensor
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𝐽𝑛
0 =

1

2
(𝜎2𝑛

3 + 𝜎2𝑛+1
3 ) 

𝐽𝑛
1 = 𝜎2𝑛

+  𝜎2𝑛+1
− + 𝜎2𝑛+1

+ 𝜎2𝑛
−

SU(2) ：U(1) ：

𝐽𝑛
0 =

1

2
[ −1 𝑛 + 𝜎𝑛

3] 

𝐽𝑛
1 = 𝜎𝑛

+ 𝜎𝑛+1
− + 𝜎𝑛+1

+ 𝜎𝑛
−

The current-current correlation functions
SU(2) baryon

𝐿 = 20,
𝑚 = 0.5,
𝑔 = 1.0,

𝑚𝑞𝑞𝑎 = 1.25

𝑊𝜇𝜈 𝑞0, 𝑞1 = 𝑛𝑡−׬

𝑛𝑡 d𝑡 σ റ𝑧 ⅇⅈ𝑞0𝑡 ⅇ−ⅈ𝑞1𝑧 𝒪𝜇𝜈( റ𝑧, 𝑡)

𝑊𝜇𝜈 𝑞0, 𝑞1 = ׬ d𝑡 σ റ𝑧 ⅇⅈ𝑞0𝑡 ⅇ−ⅈ𝑞1𝑧 𝒪𝜇𝜈( റ𝑧, 𝑡), 

റ𝑧 = 𝑛 − 𝑚

The Fourier transformation

𝒪𝜇𝜈( റ𝑧, 𝑡) = ℎ ⅇⅈ𝐻𝑡 𝐽𝑛
𝜇

ⅇ−ⅈ𝐻𝑡 𝐽𝑚
𝜈 ℎ



Results of the hadronic tensor
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The current-current correlation functions

𝐽𝑛
0 =

1

2
(𝜎2𝑛

3 + 𝜎2𝑛+1
3 ) 

𝐽𝑛
1 = 𝜎2𝑛

+  𝜎2𝑛+1
− + 𝜎2𝑛+1

+ 𝜎2𝑛
−

SU(2) ：U(1) ：

𝐽𝑛
0 =

1

2
[ −1 𝑛 + 𝜎𝑛

3] 

𝐽𝑛
1 = 𝜎𝑛

+ 𝜎𝑛+1
− + 𝜎𝑛+1

+ 𝜎𝑛
−

U(1) meson  

𝐿 = 22,
𝑚 = 0.45,
𝑔 = 0.6,

𝑚𝑞 ത𝑞𝑎 = 1.2

𝒪𝜇𝜈( റ𝑧, 𝑡) = ℎ ⅇⅈ𝐻𝑡 𝐽𝑛
𝜇

ⅇ−ⅈ𝐻𝑡 𝐽𝑚
𝜈 ℎ

𝑊𝜇𝜈 𝑞0, 𝑞1 = ׬ d𝑡 σ റ𝑧 ⅇⅈ𝑞0𝑡 ⅇ−ⅈ𝑞1𝑧 𝒪𝜇𝜈( റ𝑧, 𝑡), 

റ𝑧 = 𝑛 − 𝑚

The Fourier transformation

𝑊𝜇𝜈 𝑞0, 𝑞1 = 𝑛𝑡−׬

𝑛𝑡 d𝑡 σ റ𝑧 ⅇⅈ𝑞0𝑡 ⅇ−ⅈ𝑞1𝑧 𝒪𝜇𝜈( റ𝑧, 𝑡)



Results of the hadronic tensor

Inserting a complete set of 
intermediate states :

𝕀 = ෍

𝑋

න 𝑑Π𝑋 ۧȁ𝑋 ۦ ȁ𝑋

translation invariant :  ۦ ȁℎ 𝐽𝜇 𝑧 ۧȁ𝑋 = ⅇⅈ 𝑝−𝑝𝑋 𝑧 ۦ ȁℎ 𝐽𝜇 0 ۧȁ𝑋

𝑊𝜇𝜈 𝑞 = න𝑑2𝑧 ⅇⅈ𝑞𝑧 ℎ 𝐽𝜇 𝑧 𝐽𝜈 0 ℎ

𝑊00 𝑞0, 𝑞1 = ෍

𝑋

න𝑑Π𝑋 𝛿 2 𝑞 + 𝑝 − 𝑝𝑋 ۦ ȁℎ 𝐽0 0 ȁ ۧ𝑋 ۦ ȁ𝑋 𝐽0 0 ۧȁℎ
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= ෍

ℎ′

2𝜋

2𝐸ℎ′
𝛿 1 ቚ𝑞0 + 𝑝0 − 𝑝′0

𝑝′1=𝑞1+𝑝1
ۦ ȁℎ 𝐽0 0 ȁ ۧℎ′ ۦ ȁℎ′ 𝐽0 0 ۧȁℎ

One-particle final state ∶ ۧȁℎ′ 𝑝′ ∈ ۧȁ𝑋

Two- or multi-particle final state ∶  continuous spectrum



Extract form factor from hadronic tensor
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න
𝑅

𝑑𝑞0 𝑊00 =
2𝜋

2𝐸ℎ′
ۦ ȁℎ 𝐽0 0 ȁ ۧℎ′ ۦ ȁℎ′ 𝐽0 0 ۧȁℎ

Integrating over a region 𝑅 in 𝑞0 to extract the 
matrix element square :  

𝑊00 𝑞0, 𝑞1 = ෍

ℎ′

2𝜋

2𝐸ℎ′
𝛿 1 ቚ𝑞0 + 𝑝0 − 𝑝′0

𝑝′1=𝑞1+𝑝1

× ۦ ȁℎ 𝐽0 0 ȁ ۧℎ′ ۦ ȁℎ′ 𝐽0 0 ۧȁℎ + others

The first peak ~ ℎۦ ȁ(𝑝) 𝐽0 0 ȁ ۧℎ(𝑝′) ۦ ȁℎ(𝑝′) 𝐽0 0 ۧȁℎ(𝑝)



Results of form factor
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In the case of scalar particles :

ۦ ȁℎ(𝑝′) 𝐽𝜇 0 ۧȁℎ(𝑝) = 𝑝 + 𝑝′ 𝜇𝐹 𝑄2

න
𝑅

𝑑𝑞0 𝑊00 =
2𝜋

2𝐸ℎ′
ۦ ȁℎ 𝐽0 0 ȁ ۧℎ′ ۦ ȁℎ′ 𝐽0 0 ۧȁℎ

Integrating over a region 𝑅 in 𝑞0 to extract the 
matrix element square :  

𝑊00 𝑞0, 𝑞1 = ෍

ℎ′

2𝜋

2𝐸ℎ′
𝛿 1 ቚ𝑞0 + 𝑝0 − 𝑝′0

𝑝′1=𝑞1+𝑝1

× ۦ ȁℎ 𝐽0 0 ȁ ۧℎ′ ۦ ȁℎ′ 𝐽0 0 ۧȁℎ + others

SU(2) baryon ：

U(1) meson ：

The first peak ~ ℎۦ ȁ(𝑝) 𝐽0 0 ȁ ۧℎ(𝑝′) ۦ ȁℎ(𝑝′) 𝐽0 0 ۧȁℎ(𝑝)

𝐹 0 = 𝑐ℎ𝑎𝑟𝑔𝑒



Summary
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We simulate the hadronic tensor of 1 + 1 -dimensional LGT by quantum algorithms.

extract the form factor from hadronic tensor

meson state in 𝑈 1  and 𝑆𝑈 2  LGT and baryon state in 𝑆𝑈 2  LGT 

Thank you!

The results shows the ability of QC to study nucleon structure and scattering.

The study of larger energy transfers requires an increased number of qubits.



Back up



Extract form factor from hadronic tensor
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Relative error for time truncation :

න
𝑅

𝑑𝑞0 𝑊00 =
2𝜋

2𝐸ℎ′
ۦ ȁℎ 𝐽0 0 ȁ ۧℎ′ ۦ ȁℎ′ 𝐽0 0 ۧȁℎ

Integrating over a region 𝑅 in 𝑞0 to extract the 
matrix element square :  

𝑊00 𝑞0, 𝑞1 = ෍

ℎ′

2𝜋

2𝐸ℎ′
𝛿 1 ቚ𝑞0 + 𝑝0 − 𝑝′0

𝑝′1=𝑞1+𝑝1

× ۦ ȁℎ 𝐽0 0 ȁ ۧℎ′ ۦ ȁℎ′ 𝐽0 0 ۧȁℎ + others

U(1) LGT ：

SU(2) LGT ：

𝜀𝑟𝑒𝑙 =
ȁ 𝒥𝐷𝐶

0 2
− ȁ𝒥𝐻𝑇

0 ȁ2ȁ

ȁ𝒥𝐷𝐶
0 ȁ2

The first peak ~ ℎۦ ȁ(𝑝) 𝐽0 0 ȁ ۧℎ(𝑝′) ۦ ȁℎ(𝑝′) 𝐽0 0 ۧȁℎ(𝑝)



Quantum alternating operator ansatz(QAOA)
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Li et al. (QuNu),  Phys. Rev. D 105, L111502

SU(2) Hamiltonian :

Divide the Hamiltonian :

Satisfying :



⚫ Gauss Law in lattice : 𝐿𝑛
𝑎 − 𝑅𝑛−1

𝑎 =  𝑄𝑛
𝑎

ℰ =
1

𝑁
෍

𝑛

𝐿𝑛
𝑎 ,average electric field : 𝐿𝑛

𝑎 = ℰ + 𝛿𝐿𝑛
𝑎

σ𝑛 𝛿𝐿𝑛
𝑎 = 0     (1)

𝛿𝐿𝑛
𝑎 − 𝑈𝑛−1

𝑎𝑑𝑗.
 𝛿𝐿𝑛−1

𝑎 = 𝑄𝑚
𝑎 2

average electric field：

gauss law：
then:

𝐿𝑛
𝑎 = ℰ +

1

𝑁
෍

𝑚=1

𝑁

𝑚 − 𝑁𝜃𝑚>𝑛 𝑄𝑚
𝑎

𝛿𝐿𝑛
𝑎 = −

1

𝑁
෍

𝑚=1

𝑁−1

𝑁 − 𝑚 𝑄𝑚
𝑎 + ෍

𝑚=1

𝑛

𝑄𝑚
𝑎

=
1

𝑁
෍

𝑚=1

𝑁

𝑚 − 𝑁𝜃𝑚>𝑛 𝑄𝑚
𝑎

substituting 4  into 3 :

෍

𝑛

𝛿𝐿𝑛
𝑎 = ෍

𝑛

𝑈𝑛−1
𝑎𝑑𝑗.

… 𝑈0
𝑎𝑑𝑗.

𝛿𝐿0
𝑎 + ෍

𝑛

෍

𝑚=1

𝑛

𝑄𝑚
𝑎then 1 : 

0 = 𝑁 𝑈𝑛−1
𝑎𝑑𝑗.

… 𝑈0
𝑎𝑑𝑗.

𝛿𝐿0
𝑎 + ෍

𝑚=1

𝑁−1

𝑁 − 𝑚 𝑄𝑚
𝑎

𝑈𝑛−1
𝑎𝑑𝑗.

… 𝑈0
𝑎𝑑𝑗.

𝛿𝐿0
𝑎 = −

1

𝑁
෍

𝑚=1

𝑁−1

𝑁 − 𝑚 𝑄𝑚
𝑎We can get : 4  

𝛿𝐿𝑛
𝑎 = 𝑈𝑛−1

𝑎𝑑𝑗.
… 𝑈0

𝑎𝑑𝑗.
𝛿𝐿0

𝑎 + ෍

𝑚=1

𝑛

𝑄𝑚
𝑎from 2  , recursively : 3  

Solve the Gauss law in PBC
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The lattice gauge theory in (1+1)-dimension 

Map the LGT to Pauli matrices

Eliminate the d.o.f. of gauge fields

Solve the Gauss law in lattice :

𝐿𝑛
𝑎 = ℰ𝑎 +

1

𝑁
෍

𝑚=1

𝑁

𝑚 − 𝑁𝜃𝑚>𝑛 𝑄𝑚
𝑎

ℰ𝑎 =
1

𝑁
෍

𝑛

𝐿𝑛
𝑎average electric field :

𝐿𝑛
𝑎 − 𝑅𝑛−1

𝑎 =  𝑄𝑛
𝑎 Gauge transformation : 

𝜓𝑛 → ෑ

m<𝑛

𝑈m 𝜓𝑛

𝜓𝑛+1
† 𝑈𝑛𝜓𝑛 → 𝜓𝑛+1

† 𝜓𝑛

where  𝜓𝑛 =
𝜓𝑛

𝑟

𝜓𝑛
𝑔 =

𝜙2𝑛

𝜙2𝑛+1
Jordan-Wigner transformation: 𝜙𝑛 → ෑ

m<𝑛

𝜎𝑚
3 𝜎𝑛

−

𝑊𝜇𝜈 𝑞0, 𝑞1 =
1

4𝜋
σ𝑡, റ𝑧 ⅇⅈ𝑞0𝑡 ⅇ−ⅈ𝑞1𝑧 ℎ ⅇⅈ𝐻𝑡𝐽𝑛

𝜇
ⅇ−ⅈ𝐻𝑡𝐽𝑚

𝜈 ℎ

The hadronic tensor mapped to qubits :

𝐽𝑛
0 =

1

2
(𝜎2𝑛

3 + 𝜎2𝑛+1
3 ) 

𝐽𝑛
1 = 𝜎2𝑛

+  𝜎2𝑛+1
− + 𝜎2𝑛+1

+ 𝜎2𝑛
−
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= ෍

𝑋

න𝑑Π𝑋 2𝜋 2𝛿 2 𝑞 + 𝑝 − 𝑝𝑋 ۦ ȁℎ 𝐽𝜇 0 ۧȁ𝑋 ۦ ȁ𝑋 𝐽𝜈 0 ۧȁℎ

= ෍

𝑋

න𝑑2𝑧 𝑑Π𝑋 ⅇⅈ𝑞𝑧ⅇⅈ 𝑝−𝑝𝑋 𝑧ۦ ȁℎ 𝐽𝜇 0 ۧȁ𝑋 ۦ ȁ𝑋 𝐽𝜈 0 ۧȁℎ

𝑊𝜇𝜈(𝑞) = ෍

𝑋

න𝑑2𝑧 𝑑Π𝑋 ⅇⅈ𝑞𝑧ۦ ȁℎ 𝐽𝜇 𝑧 ۧȁ𝑋 ۦ ȁ𝑋 𝐽𝜈 0 ۧȁℎ

𝑊𝜇𝜈(𝑞) = න𝑑2𝑧 ⅇⅈ𝑞𝑧 ℎ 𝐽𝜇 𝑧 𝐽𝜈 0 ℎ

Inserting a complete set of 
intermediate states :

𝕀 = ෍

𝑋

න 𝑑Π𝑋 ۧȁ𝑋 ۦ ȁ𝑋

ۧȁ𝑋 → ۧȁℎ′ 𝑝′

𝑎𝑛𝑑 𝛿 1 ቚ𝑞0 + 𝑝0 − 𝑝′0

𝑞1=𝑝′1−𝑝1

= ෍

ℎ′

𝛿 1 ቚ𝑞0 + 𝑝0 − 𝑝′0

𝑞1=𝑝′1−𝑝1
ۦ ȁℎ 𝐽𝜇 0 ۧȁℎ′ 𝑝′ ۦ ȁℎ′ 𝑝′ 𝐽𝜈 0 ۧȁℎ + othⅇrs

One-particle final state ∶ ۧȁℎ′ 𝑝′ ∈ ۧȁ𝑋

Extract form factor from hadronic tensor
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HVP:  Π𝜇𝜈 = ׬ 𝑑2𝑧 ⅇⅈ𝑞𝑧 Ω 𝑇 𝐽𝜇 𝑧 𝐽𝜈 0 Ω

• Hadronic vacuum polarization:

Results
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