1933,

° (s}
e iITHEMS

2025 26th International / °
YN Thearetical and Mathematical Sciences

RIKEN Center for Interdisciplinary

Symposium on Spin Physics
— A Century of Spin

Quantum simulations of non-perturbative
quantities in hadron scattering

Speaker: Tianyin Li (2= K Jil), form RIKEN iTHEMS
Collaborate with: Xingyu Guo, Wai Kin Lai, Xiaohui Liu, Enke Wang, Hongxi Xing,
Dan-Bo Zhang and Shi-Liang Zhu (QuNu Collaboration)

26th International Symposium on Spin Physics

26TH INTERNATIONAL SYMPOSIUM ON SPIN PHY SICS,

2025/9/24 TIANYIN LI



Outline

I. Background

II. Quantum simulations of hadron scattering based on QCD factorization
III. Scattering amplitude from quantum computing with the reduction formula
I'V. Discussions of mapping gauge fields to qubits

V. Summary

26TH INTERNATIONAL SYMPOSIUM ON SPIN PHY SICS,

2025/9/24 TIANYIN LI



Part I. Background
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Non-perturbative problems with sign problem

» Finite chemical potential problem:
QCD phase diagram

» Time-dependent problem:
Cross sections of hadron scattering

From H. Xing’s slides
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From L. Wang’s slides

Baryon Chemical Potential

They are the primary goals of RHIC, LHC, and other similar experiments. But it is a big challenge to
simulate those quantities on a classical computer due to the limitation of computational resources.
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Quantum computing: A new computing paradigm

What is a quantum computer?
» A quantum computer is a computer that uses the
physical rules of quantum mechanics to perform

calculations.

Advantages of the Quantum computing method:
» It is Controllable.

» It can store quantum states efficiently.

» Compared to classical computers, quantum “... and if you want to make a simulation
computers can achieve exponential acceleration of nature, you’d better make

. .. 1t quantum mechanical, ...” — R. Feynman
when simulating time-dependent systems. (No 1 4

sign problem.)
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Quantum simulations of scattering on a collider: An overview
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Red technical route:
» Based on QCD

factorization. o5
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C. W. Bauer, and B. Nachman, PRL, (2021)

Parton distribution functions (PDFs) form

hadron tensor by quantum computing:
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Orange technical route:
» Catch all information of

scattering process
» Suitable for future fault-

tolerant quantum
computers.

\_

First attempt to simulate scattering
amplitude on quantum computers:
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S. Jordan, K. S. M. Lee, and J. Preskill,
Science, (2012).

Scattering amplitude from quantum  Bound state scattering of the scalar field a
gauge theories

computing with reduction formula:

TL et al (QuNu), PRD, (2024)

Excited state

M. Turco et al, PRX Quantum, (2024). Z. Davo
et al, Quantum (2024).
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Part II: Quantum simulations of hadron scattering
based on QCD factorization

/ PDFs from light-cone correlation Quantum simulation of light-cone Quantum simulation of \
. functions distribution amplitudes (LCDAs) fragmentation functions (FFs)
Red technical route: 1 e
> Based on QCD 3 B i:;; ~ « Zﬁ:iiﬁi?sj;
factorization. - 1.0f Q6=013 ;
» Suitable for near- = e g
«S '§~ 0.6 =

term quantum

computers s —mgeos Face-vs 02 S g
) I — ED,g=10 D QCg=10 0.0F§ %Y "\ ¥
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%
k TL et al (QuNu), PRD (letter, 2022) TL et al (QuNu), SCPMA (2023) TL, H. Xing and D.B. Zhang, arXiV:2406.05683/
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QCD factorization 1n high-energy scattering

QCD factorization: \\}
=fR®RoQRQD .@HW W

\"

\\/ Final state

é/ 3’/; hadronization

f: Non-perturbative
parton distribution
function

— i LA
Initial state %‘7/ . \'§= Intermediate state
hadron structure g ,.-1{ 111\#\ partonic scatterings
. ./.

and showers
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Quantum simulations of PDFs in NJL model

Hamiltonian of NJL model: H = [ dx [y (—iy19d; + m)y — g(y¥)?]

The operator definition of PDFs, with n* = (1, —1):

fan@) = [ Zetmnz(n (G = 0)|e2h(0, ~z)e "2y *(0)|h(B = 0))

dz _; ~ .
= | ﬁ e”*Mhaf n(2) Need to be simulated on quantum computers

Four steps to simulate PDFs on a quantum computer:

» Discretize and map fields to qubits.
» Preparation of the hadron state |h).

» Evaluate the light-cone correlation function.
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Discretization and mapping of fermion fields to qubits

Discretization: staggered fermion Mapping to qubits by Jordan-Wigner transformation:

¢(n) = [1i<n 07 (o7t + igy).

(af, J,f and o5 are Pauli operators)

(52%) = (qbgﬂ)l)) = (¢$l(i)1))

Space point » This transformation preserves the anti-commutator

0 1 2
{p(n), oT(M)} = 8y
» A path is needed in more than (1+1)-D:
y
0 1 2 3 4 5

4113
S A x

|

Staggered
lattice

26TH INTERNATIONAL SYMPOSIUM ON SPIN PHY SICS,

2025/9/24 TIANYIN LI



Variational quantum eigensolver (VQE) to prepare the hadron state

» For given quantum numbers [, we use k reference

states to obtain the first k excited states.
TL et al (QuNu), PRD (letter, 2022)

> DlVldC H = H1 + Hz + -+ Hn:

[VARY PARAMETERS ¢ * |H;,H;; 1] # 0.

—/
;oé:

@ i H ° Pl%very Hl-.preserve all symmetry of the full
2 O =Y amiltonian H. |
=3l 150 - v - exe(iogm).
ly) % E E‘ WE ’% i > Trial wave function: [1;;(6)) = U(O) Y1) res
% § E : » Measure the loss function E;(0) =

Z{F wyi (Y (@) H| Y, (0)) on quantum computers,

» Optimize loss function on classical computers

Details of this quantum algorithm will
be given in Dairui’s presentation.
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Evaluate the dynamical correlation function

» Evaluate the dynamical two-point correlation function

S () = <h|e‘Ht._.§name ‘Htunaj|h>

Qubit PDFs can be written as sum of such correlation functions

| Re(Im)|[S,,, ()] can be obtained
MEASURE y measuring oy (O-N)

; |10O)— H |9 QUBIT N
7_?: - | ZZ Z : ? Details of this quantum
S [=3o7H “E.E | | QuBIT » algorithm will be given
g =C HEom| QuBIT m in Dairui’s presentation.
CJ : — QUBITN — 1
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Results of lowest gg bound state quark PDF in NJL model

T{‘_et T' (QIUNUI)’ PIRD(l'ettejr’ 2922)| S .. JAM Collaboration, PRL, 2021
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» Our result is obtained from a classical simulator.
» Good agreement between quantum computing (QC) and numerical exact diagonalization (ED) results.
» The non-vanishing contribution in the x > 1 is partly due to the finite volume effect.

» Our result has an expected peak around x = 0.5, it is also in qualitative agreement with pion PDFs.
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Simulating hadronization on quantum computers

QCD factorization:
c=fQRoQRQD

D

inal state
adronization

Non-perturbative light-cone
] distribution amplitudes ¢ and
- i P— ® ' =, fragmentation functions D for

o Wl S exclusive and inclusive process.

Initial state

Intermediate state
hadron structure

partonic scatterings
and showers
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Results of lowest gg bound state quark LCDA 1n NJL model

TL et al (QuNu), SCPMA (2023)
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» The QC result converges to asymptotic result 6x(1 — x) in the weak coupling limit.

» Peak gets narrower with increasing hadron mass.
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Results of fragmentation function in NJL model

TL et al (QuNu), arXiv:2406.05683.
D.-J. Yang, PRD, (2020).
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» Similar with the result of DY " in [D-J. Yang, PRD,(2020)], our result also vanishes in the small
z region and a peak appears in 0.4 < z < 0.6.
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Part III: Scattering amplitude from quantum
computing with reduction formula

First attempt to simulate scatterin Scattering amplitude from quantum  Bound state scattering of the scalar field and
p g g amp q g
amplitude on quantum computers:  computing with reduction formula:  gauge theories
Orange techn.lcal rout'e: ¢ /1y Lo [ ] . .
» Catch all information of = y d=1 S ] o] et
scattering process Py 2ssell) g o : 2
: Gvak~q (2 , d=2 S ;
» Suitable for future fault- &) o " g ] 1 % |
S5+o G \ h 3 E ] ]
tolerant quantum <l> , d=3 N S / ; I |
\ € 5F ED mass “\, E g [Dseee o > - -
computers. S S I
kla @) P
S. Jordan, K. S. M. Lee, and J. Preskill, TL et al (QuNu), PRD, (2024) M. Turco et al, PRX Quantum, (2024). Z. Davouid
Science, (2012). o et al, Quantum (2024).
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LLSZ reduction formula

» We propose an alternative framework to calculate scattering amplitudes on a quantum
computer based on the LSZ reduction formula.
» Using the LSZ reduction formula to calculate the scattering amplitude of

h(ky) + h(ky) + -+ h(ky, ) = h(p;) + h(py) + -+ + h(pn, )

IM =E|nin+nout X

Field renormalization

(2 (0)|h)]

2025/9/24

h(kq) h(p1)

h(k,) \R h(p2)

h(kn, ) h(Pngy.)

( __..__ )_nin_nout

On-shell connected two-point functions

On-shell connected n;,, + ny,-point functions
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Results of NJL. model

Connected four-point function
GPaB (p,, p,, k), with py, p, off shell:

1 = (0,0),pz = (k,2), ks = (k7,0).

TL et al (QuNu), PRD, (2024)

Quark mass poles i/(p* — mg + i€) of

Y two-point function.
Poles position: +1.14;
ED quark mass: mga = 1.18.

Fermion propagator with p = (p°a, 0)
Ky = [ d?x e *(Q|p(x)p(0)|Q)
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Results of NJL. model

Connected four-point function
GPaB (p,, p,, k), with py, p, off shell:

1 = (0,0),pz = (k,2), ks = (k7,0).

TL et al (QuNu), PRD, (2024)

\ Our quantum algorithm

removes the pole structure
of four-point function
successfully.

Fermion propagator with p = (p°a, 0)
Ky = [ d?x e *(Q|p(x)p(0)|Q)
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Part IV: Discussions of mapping
gauge fields to qubits
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Review of Kogut-Susskind formalism (without gauge fixing)
J. B. Kogut, and L. Susskind, PRD, (1975)

Fa)

) Y A > Second int (Gauss’s law): G(E) = 0;EL — JO ~ 0
® o—<«—@ > econdary constraint (Gauss’s law): G(E) = 0;EL — ], =

» Hamiltonian of the constraint system:

Two constraints:

> Primary constraint: [1° ~ 0.

vt ) Y | Z(p) |4 UG +1i))

@ r o9 S O » Quantization conditions:
U(r,i)
£ [Ea’ UZ’] - Z(Tpa)ikul/c)j'
@ o k

How to remove the inference from the undeterminate function AY?
» Using Gauss’s law operator to project to the physical subspace:
G(E)|Phys) =0
» Hamiltonian should be gauge invariant — The eigenstate of Hamiltonian should be well-defined

[H,G(E)] =0
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Impossible triangle of K-S formalism in finite-dimensional
Hilbert space

digitization. (Including dynamical quark)

The Hilbert space of quantum
computers has a finite dimension

] Preserve Gauss’s law strictly after

fl“ he following two conditions conflict \
with each other in a finite-dimensional
Hilbert space:

1. |E%Uf| = - 5i(1) UL, ..

Impossible
triangle

Has controllable
digitization error

Unitary gauge link

Y

2 Ui . Truncation of E basis: T. Byrnes and Y. Yamamoto, PRA, (2006). E.
- U 1s unitary. Zohar, J. 1. Cirac, and B. Reznik, PRL, (2012)...
k / Discrete subgroup method: Y. Ji, H. Lamm, and S. Zhu, PRD, (2020)...

Fixing to the maximum tree gauge: . D’ Andrea et al., PRD, (2024)...
Quantum link model: D. Luo et al., PRA, (2020)...

Broken of Gauss’s law C difv 12 . _ .

[H,G] = 0 or unitary. an we modily 1: The impossible triangle can be overcome by

fixing to the Coulomb gauge!

YV VY
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Coulomb gauge QED on lattice

In CG A° is determined by: o -
A° jds J2()]°(y) e+ Fin= ), ) oty
y4n|x—y|

- ST SO (g
Lattice of position space Q Fermion fields 1, (1) 7 , 28, M3

: Lattice of momentum space @ Photon fields a; Z z Ji O(m) ] O(n) o—ip-(m=n)
7 ' 2mn p
. _ . +1) — -1 —
A= $m [—iy‘ VRt D VD | pmypm)

Ry = ) == B Ep(n)

n

»We set a = 1 here.

»We have M lattice sites for each special dimension.

TL, PRD, (2025) > Wilson term Hy,, comes from Wilson fermion.
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Overcome the 1impossible triangle in CG formalism

Preserve Gauss’s law strictly by Unitarity of gauge link: U,(n0):
solving A° and polarization vector U _ A '
€S (p) on lattice l(n) — exp(—lg i(n))
,where A;(n) is Hermitian.

Controllable truncation error:
» Truncation of the Fock states:

af[A=2%-1) =0
P > A t. the Coulomb cauge
» Given truncation A, the error & > d COSt, g ) g .
formalism has non-local interaction

of arbitrary state |1) scales as: terms in the Hamiltonian.

(g2M3d+3 _I_EMd+1>
& ~0

A
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Map the QED Hamiltonian to qubits

it i =S Y Bpariar TYWI[ (1= 5.)]

p#0 T pA0 r J=

30 3) 3 SHEED > o

> ) o 3 -
n,i p#A0 r L=0 1Oyt =12 BE41s-pix —1=0,3 M2 ZEP

o+t pp —L—1=even

~

HK—1 ML+l Hnr,

x [Re(e; (p)) cos(p - n) — Im(e] (p)) sin(p - 0)] Fuse_y,.ursn Gy

Ho
Laeens .-[JK 1,p,r** JL—I—I ,p.r O-L,pr JU p,]

K-1 —L 714
HI _ _ > ) ) 3 f had
I'l.,‘?.} P-'/—:O T LZU Hogeens JU'L=]-12 ”L—I—]:"'!FLK—].:D?B -'“4 2 2Ep
pwo+...+pr, —L—1=o0dd

x [Re(e! (p)) sin(p - n) + Im(e? (p)) cos(p - 1) Fuy .y GA  |ohKot | ghttr  gh
H HLAIZ L, t0 " K—1,p,r L+4+1,p,r  Lp,r**

Ho
“70,p,r ]

1
-Fj_LK—la---aﬂL-i-l — Zp,g,...,pLZUﬁ(_l)“Lf#K—la--wﬂU pr_l,...,po - Z \/N('iK—la ...,’ig)(—l)iK_lpK_l Koo X

iQy--ii —1=0

()2 gl = (e (R e
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/Q
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Il
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Summary

» We proposed quantum algorithms for simulating PDFs, LCDAs, and FFs,

» Based on the LSZ reduction formula, we proposed that the scattering amplitude of h; + h, +
+++ hy, — hy + hy + -+ hy_processes can be obtained by simulating n;, + n,,, point

functions on quantum computers.

» We proposed that using Coulomb-gauge-based lattice regularization can overcome the

impossible triangle of K-S formalism.
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Thank you for listening!




	Slide 1: Quantum simulations of non-perturbative quantities in hadron scattering
	Slide 2: Outline
	Slide 3: Part I: Background
	Slide 4: Non-perturbative problems with sign problem
	Slide 5: Quantum computing: A new computing paradigm
	Slide 6: Quantum simulations of scattering on a collider: An overview
	Slide 7
	Slide 8: QCD factorization in high-energy scattering
	Slide 9: Quantum simulations of PDFs in NJL model
	Slide 10: Discretization and mapping of fermion fields to qubits 
	Slide 11: Variational quantum eigensolver (VQE) to prepare the hadron state
	Slide 12: Evaluate the dynamical correlation function
	Slide 13: Results of  lowest q q bar  bound state quark PDF in NJL model
	Slide 14: Simulating hadronization on quantum computers
	Slide 15: Results of  lowest q bar q  bound state quark LCDA in NJL model
	Slide 16: Results of fragmentation function in NJL model
	Slide 17
	Slide 18: LSZ reduction formula
	Slide 19: Results of NJL model
	Slide 20: Results of NJL model
	Slide 21: Part IV: Discussions of mapping gauge fields to qubits
	Slide 22: Review of Kogut-Susskind formalism (without gauge fixing)
	Slide 23: Impossible triangle of K-S formalism in finite-dimensional Hilbert space
	Slide 24: Coulomb gauge QED on lattice
	Slide 25: Overcome the impossible triangle in CG formalism
	Slide 26: Map the QED Hamiltonian to qubits
	Slide 27: Summary
	Slide 28

