Covariant L-S/helicity Coupling
Decomposition by spinors
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Ordinary QFT

Field to particle:

¥ (x) _Z f (2n)’ \2E, [as(ﬁ) (B)e P H bl (B)ps(B)e?|

Irrep of SO(3,1) ‘ Excitation of field
P(x)]0) = e *vy(p)|p, o)

Uo(A, a), (z)Uy YA, a) = ZD@@ w;(Am + a)

SO(3,1)=SU(2)1, x SU2)R: (j1,J2)

[Zis F5] = i€iji Zx
[ 7, K| = ieijn s, ,
[V, 5] = —ieijk P




Weinberg’s construction

Particle to field:

v —Zf 25 | Pk 4P} (e

Irrep of SO(3,1)
Unitary Irrep of 1ISO(3,1)
(m,s) given by Casimir

_ _ Pz, w?2,
Uo(A, a)y (2)Uy ' (A a) = Y Dyz (A1) 97 (Az + a)
7 1. define: |k, 0), L,

2.|p.o) =U(Lp)lk, o),
Ap, o'\ W7 W(A,p) = Ly, ALy

s il = i€kimTns s P = ikt P [T Bi] = i€ pm By [y H] = 0, U(A)|p,o) =

[Py, P] = 0, [By, Bi] = 0, [Bx, P = iMéy, [Py, H] = 0, [By, H] = iP,
[Ji, M| = [Py, M] = [By, M] = [H, M] = 0.

Standard boost L), : change p,
Little group: change spin




kt = (m,0,0,0)
Ly, = R(8, )™ R(6, )",

Canonical state

Orbit part L-S couple

=~ — — L bW,
(0, s3:1q, SIz)l —q, 322) X ng ( )Csl‘;:;z,ﬂ o2 Ce.'i,.r:;z;sygz
| (boost)

\P,J.,J)=U(Lp)|0, J.,J)

_ CJ:JZ 5,5z

L,L;;s,5; 7 81,812382,522

AFEem
| 1cm|

X W(L 7p1) SlZW( 7p2) il

Non-covariant little group trans

] d®Yr, 1., (Q)[P1, 1.0 P2 55.)

Particle states

L'; = R(#, @)Eﬁ'?}'fi’31 h: polarlza.tlon
along p-axis

Helicity state

—EE—

Helicity couple

h s .
(0, ha; b9, B3|, ha)| — @ ha) o S11612DE), - (4)

1

1 (boost)

B, h, J;hy, ha) = Lpfmmm D)0, QBrem); by ho)

Non-covariant little group trans




There are already several ways to 3 B pt Am p ‘ |t U d e ( CG C)

construct, all non-covariant!

5,8 4Ecm _
(p1,31z|<p2;32z|10 JZ}J> _ 54(13 - pz)ogizz sszCsl ;12 - Iplcm|YL LZ(Q)W(LP :pl).ﬂlzzW( P Jp2)32z L-S Coupling
7 5 B no1-h0 RO\ — 854 h3 ici i
(pl,h1|(p2,h2|P, h,J; h ,hz) =6*(P —pg — pZ)Dh ho h°W thz Helicity coupling

MYy, (ks, py,p3, L, S) = HR? , (ks, pi,p3, L, S) D3y, _», (9, 6,0)
L 9L +1

Hi\f,Az(kSapl:meJS) = (CL S)O A1— (C.fl 32))\1 —A)?qu
283 + ].

S'U'Chung’ SPIN FROMALISMS Agfas(klap2:p3) = I\aga3(k1,p2,p3) X u (31) uag(p2:32) (p3153)J
pure- orglrta.l part pure-s;:::n part

Lol (ks,p1,p5; L, S) = PyE®s(ks; s3, L, S)Py1**(ks; S, s1, $2)tE) (ks; pt — p3)

ar

pr = L= 1p; fori=2,3 Covariant Tensor Method, H.J.
P Jing, et, JHEP 06 (2023) 039




apy ..:SU2)y, aBy ...:SU(2)g , IJK: SU(2)-little group S p I n O r Va rl a b | e

ppgpscrd: — pad:pdﬂ — p#a-f:&-

Massless: Massive:

Pae = Aa ic’t = |p>a[p|d

i~

T
u(p) ~ GﬁD o(p) ~ ( ] ) a) ~ (prl i), 5 ~ (], '),

—lpr)

Paa = Ay Aer = 10D alpile

vVE+ps E—pc

(12) = {2 = 6“‘811,8/12a

[213]1) = 4 [1]3]1) = 1

VE T pe VE P(S*)) Rt — (\/E“’C vE p(s)) . Helicity state

ol (\/E +p + VE = pls]” (VE+p - VE - p)S*C)
a,f

“ (VE+p—VE=p)sc VE+p|s|* + VE—pc?

3, — VE +pct + VE=pls|* (VE+p—vE—Dp)sc Canonical state
U N\WETh - VEp)s'e VETRIsE+VE—pct), |

Bold = Total Symmetric = Spin-s:
11),11] ~ spin >

11)?,[1)[1], [1]* ~ spin 1
3
1), 11)?[1], [1)[1]?, [1]° ~ spin

i +jr = s ~ |p]¥R{p| L




Spin coupling

151 + 252 — 353

* Since SU(2),; # SU(2),, they don’t couple directly.
* In CoM frame, SU(2); are mixed.

SU(2); SU(2),

SU(2), SU(2),

In CoM frame (spinor-canonical
variable):

TDCTDCIO
=25 01 )

]!; SU(2)4 SU(2)4

SU(2)5

SU(2)3




Spin coupling

151 4 252 — 353;

* Since SU(2); # SU(2),, they can’t couple directly.
* In CoM frame, SU(2); are mixed.

SU(2), SU().
SU(2), SU(2),
Spin-Coupling:
Sty = RO —

b=s1+ s9 — s, SU(2
1 2 031{7} _ (a, -+ b)'(b + C)!(a +c+ 1)!6a,(71._.'yasb 56,’Ya,+1.._'ya+c) ( )3 SU(Z)
c=sy+s—s1. sulehe B T\ b0+ b+ et Dlalel (e Sawrnu) (BB Chrfore) 3




L-S coupling

151 + 252 — 353
S{K} 2s1\{A} 250\ 1B} ~S{K} .
Supin = N (7N Ca ka5 Spin part

For orbit, we construct y** ~ y* (Q) in COM as a spin-L rep of SO(3)
orbit part

pr ~: covariant spherical harmonic.

SU(2), SU2), SU(2)1  SU(2),

LS coupling

«J7{K} *{A} xL {B} ~J{K}
Moy =Sy PO iy

M € span{t;™ ® 157 @ YL}

SU(2);




~ L-Scoupling

1 1
= 0 = )
12 + 2% - 32: 11+ 25 o 35,

|
|
|
|
|
|
1 | S = . L=20
=-,L=1: 1 31 1o =5, L=
Szt (BUTED 2 (1] - @1)(12] - (12)y/ 2
I
|
------------------------- : 1
_______________________ sl
o : (311 + @U)([12] - (12)

12 + 22 - 3% i

L5231

S=0L=1 (nz-a2)BA) STkt
|
S=1,L=0  (31-B1)32-(s2) L (ma e — ) ([12] + (12))((31] - (31) + [1[211)(32] - (32)))

) . | :
|
|




helicity coupling

151 4 252 353,

Select certain h{hg: d),1,00,,49.
s3=|h) —h3| +Z,

hg = —51,—%1 + 1, ey 51, hg = —S7,...,5).
B - 0
T1+IK = m3|plcm|TfK _yfil'TlIA X (: 0) 010 1O B0 0 B0 O O
' hy . h s1thy _s2—hy _s1—hy __sathy 1 52
1772
0 _s* » M ~ T} 2= {aa ) 1-({ 2} 24{ss}) ~ Oy Ohs
Y — I A_T
Tk = M3|Prem|Tix + VicTia & (O ¢ )
hy = h?'hz - hg

@) SU(2), O B T T
1 {K} (K} ‘

SU( SU(2) >U
1 2
04,0




ez g = A 42 helicity coupling

S3

hg  h% Z determine the unique amplitude with
s3 = |h) —h3| + Z:

s 5 h s —hY Y
51_|_h0 .52 ho 31 ho 32+h0 Cw {J1,Ja}; lfl’{'b"h}yz

1+({J1} T2 {J4}) M- ({Jz} 2+{J3}) |hQ—h3|.({ K1}

_51+52+h?_h2
a 2

sy + 5, —h) + hd
2

b=




casimirs

A lot of relativistic spin operators
(table form 1303.3862)

TABLE 1: Definitions and commutation properties of various relativistic spin operators.

[Ay,81[S,,S;,]  Eigenvalues

Operator name Definition =07 =ig J,-Jﬁ 7 ==x1/2?
Pauli [30H32]) Sp = %E‘ no yes yes
R 1o i px (L xp
Foldy-Wouthuysen [33137] Spw = =2+ 1{3 pxa- M yes  yes yes
2, 2 2po(Po + moc) ] e e . .
Crachor [38] Se, =g By 0 B25 yes no o What is the relativistic spin
Dy Py Dy
S U ?
Frenkel [39H41] Sp==-2+ i[)xa: yes no no Operator *
2 2myc
. . 1. i . pxExp)
Chakrabart =¥ _rr=70
abarti [42H48] Scn 3 + 2mgca X p+ Smocimoc + Po) no yes yes
- 1 . 14 p
Pryce [47, [49H52] Spr = E,GE + EE -pa —ﬂ)}% yes  yes yes
Fradkin-Good [46] [53] Sre = l,EtZA'+ lZA’ (2o -8B 2 es  no es
L i 4 YN I y y
L /(... WP — —
Bogolubov et al. SBGZm(W—m+Po) L=RXP,S=]—-1L
1 1 1
Roey = —[=K+K— |,
¢ 2 \ PO Po)’
PxW
RNW = R M — .
M PO (m + PO’




Spin Operators

Sirg =

\2£mim3 + pi - p3)

I
WiI!J!TiI TZJ

T Rotate SU(2);indices

CSCO CSCO
L-S coupling: {P?, P,S?%,1%,]%,],} i helicity coupling: {P2, P, H,, Hy, J?,],}
|
T _Zo Y& 1% : Y 1 1J & T —1 1J &
Warg = A37A5 JWSQ(E/{‘ E = —Zimslﬁlcm\y Sy, He = —Q’imslﬁlcmly SarJ.
|
,\ ) ) B Pauli-Lubanski i ,Hth“ Y thh“ hY ﬁth“ A0 thh“ hy
:
|
|
|
!

Rotate SU(2);indices of T;

gjj = S'HJ + gQ}J Spin operator

L=Ww-258 Orbit-anlugr-momentum operator
In CoM frame:
R W W W e W
$2M = S(S+ 1M S e W ) = O W )

> .
M =L+ 1M Same as S




Analyse L,S of form factors:

O1 =Y ~ [12] 4 (12)
Oy = ihy5) ~ [12] — (12)

O3 = Pyt ~ [2[3[1) + (2[3[1] = 0.

O4 = Vyivp ~ [23](31) + (23)[31]

Assume that p; is rest, get the same
results in Jason Kumar, Danny Marfatia,
1305.1611.

P3 = Pp1 + D2

Form factor

bilinear Amplitude r=(L,S.,I) CP
P 112 (1,1,0)) ++
iyst U1Y5U2 (0,0,0) +-
YyoY PR U1 YUz none -+
Yyt 4 D1y 0,1,1)+(2,1,1) -
Vs Y0Y Py T1Y5 Vs (0,0,0) +-
zzr’}fymb E;ﬂl’)ﬁ"}f#ug (1,1,1) b
Poiy €10,y (0,1,D)+(2,1,1) -
Yoty e 0101 (1,0,1) —+
Aro) 1 (0,0,0) ++
iIm(¢'doe) s (pry — p2u) none —+
iIm(¢10,0) eb (p1y — Poy) (1,0,1) -
B B* € €2, (0,0,0)+(2,2,0) ++
Mm(BlaﬂB“) el oy (P1p — P2p) none —+
iIm(BL@‘iB“) fi’fgyfg(plp — p2u) (1,0,DH+(1,2,DH)+3.2.1H) | -
i(B!B; - B}Bz-) ehey(e1pea, — €1p€2,) (0,1,1)+(2,1,1) -+
i(B! By — BIB:) | eipl(erpeas — erveny) | (1L0,D+(1.2,0+3.2,1) | -
eIk B;9),; By, P3u€ Pe,parea (1,1,0) -
EmjkBr}@j By €3 €M P e, Parey (2,2,1) ++
B"d,By €1.P5 P3u€s (0,0,0)+(2,2,0) T+
B"0,B; €1.P5€30€5 (1,1,1) +-




Construct form factors by L, S FO r m fa CtO r

1,2 are spinning or spinless:
[ dxe™P=(0[0(1-41-) (x) [pyp,) € span {77 @ 7,7 ® Y ® [3)*1 ® [3]2/7})

As a comparison, amplitude M:

M € span{t:* @ 157 Q ¥ }

J e®*(0|pyH ey |pipz) = aMs,—ops + b[31](3"2|Ms, =1 1,1,

P3 = Pp1 + D2




Thanks
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