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Covariant L-S/helicity Coupling 
Decomposition by spinors



Outline
1. Particle states

2. Spinor-helicity formalism

3. (Covariant) L-S/Helicity coupling

4. Spin Operator, Form Factor
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Ordinary QFT
Field to particle:

Particle states

Irrep of SO(3,1) Excitation of field

SO(3,1)=SU 2 L × SU 2 R : (𝑗1, 𝑗2 )

𝜓 𝑥 0 = 𝑒𝑖𝑝⋅𝑥𝑣𝑠 𝑝 |𝑝, 𝜎⟩

Canonical 
Quantization
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Weinberg’s construction
Particle to field:

Particle states

Irrep of SO(3,1)
Unitary Irrep of ISO(3,1) 

(m,s) given by Casimir 
𝑃2, 𝑊2.

Standard boost 𝐿𝑝 : change p, 

Little group: change spin

1. define: |𝑘, 𝜎⟩, 𝐿𝑝

2.
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Particle states

Particle states

ℎ: polarization 
along p-axis

Helicity stateCanonical state

2-particle 2-particle

Orbit part L-S couple

Non-covariant little group trans 

Helicity couple

Non-covariant little group trans 
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3-pt Amplitude(CGC)

Particle states

Helicity coupling

L-S coupling

Covariant Tensor Method, H.J. 
Jing, et, JHEP 06 (2023) 039

⟨ Ԧ𝑝1, ℎ1| Ԧ𝑝2, ℎ2 𝑃, ℎ, 𝐽; ℎ1
0, ℎ2

0 = 𝛿4(𝑃 − 𝑝1 − 𝑝2)𝐷
ℎ,ℎ1

0−ℎ2
0

𝐽∗
𝑊ℎ1

ℎ1
0

𝑊ℎ2

ℎ2
0

S.U.Chung, SPIN FROMALISMS

There are already several ways to 
construct, all non-covariant!
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Spinor Variable

Spinor-helicity formalism

𝑝𝛼 ሶ𝛼 = 𝜆𝛼
𝐼  ሚ𝜆 ሶ𝛼𝐼 = 𝑝𝐼

𝛼[𝑝𝐼| ሶ𝛼

Canonical state

Helicity state

Massless: Massive:

12 = 𝜆1
𝛼𝜆2𝛼 = 𝜖𝛼𝛽𝜆1𝛽𝜆2𝛼

e.g.

2 3 𝟏 = ሚ𝜆2 ሶ𝛽𝑝3

ሶ𝛽𝛼
𝜆1𝛼

𝐼  

Bold = Total Symmetric = Spin-s:

𝟏 3 𝟏 = ሚ𝜆
1 ሶ𝛽

(𝐼
𝑝3

ሶ𝛽𝛼
𝜆1𝛼

𝐽)
 

𝛼𝛽𝛾 … : 𝑆𝑈 2 𝐿, ሶ𝛼 ሶ𝛽 ሶ𝛾 … : 𝑆𝑈 2 𝑅 , 𝐼𝐽𝐾: 𝑆𝑈(2)-little group

𝑝𝛼 ሶ𝛼 = 𝜆𝛼 ሚ𝜆 ሶ𝛼 = 𝑝 𝛼[𝑝| ሶ𝛼

𝟏 , 𝟏 ∼ 𝑠𝑝𝑖𝑛
1

2
𝟏 2, 𝟏 𝟏 , 𝟏 𝟐 ∼ 𝑠𝑝𝑖𝑛 1

𝟏 3, 𝟏 2 𝟏 , 𝟏 𝟏 𝟐, 𝟏 𝟑 ∼ 𝑠𝑝𝑖𝑛
3

2… …

𝑗𝐿 + 𝑗𝑅 = 𝑠 ∼ 𝒑 2𝑗𝑅⟨𝒑|2𝑗𝐿
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Spin coupling

L-S decomposition

𝑀

SU 2 2SU 2 1

SU 2 3

• Since 𝑆𝑈 2 1 ≠ 𝑆𝑈 2 2, they don’t couple directly.
• In CoM frame, 𝑆𝑈 2 𝑖 are mixed.

𝟏𝑠1 + 𝟐𝒔𝟐 → 𝟑𝒔𝟑:

෩𝑀

SU 2 3

SU 2 3SU 2 3

SU 2 2SU 2 1

𝜏1 𝜏2 In CoM frame (spinor-canonical 
variable): 
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Spin coupling

L-S decomposition

• Since SU 2 1 ≠ SU 2 2, they can’t couple directly.
• In CoM frame, SU 2 𝑖 are mixed.

𝟏𝑠1 + 𝟐𝒔𝟐 → 𝟑𝒔𝟑:

SU 2 3

SU 2 3

SU 2 2

𝐶𝐺𝐶

SU 2 1

𝜏1
𝜏2

Spin-Coupling:

𝑆

SU 2 1 SU 2 2

=
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L-S coupling

L-S decomposition

𝟏𝑠1 + 𝟐𝒔𝟐 → 𝟑𝒔𝟑:

𝐶𝐺𝐶

SU 2 3

SU 2 3

𝑦𝐿

∼ 𝑌𝐿𝑚
∗ (Ω) in COM as a spin-L rep of SO 3 .

𝑀

SU 2 1 SU 2 2

=

For orbit, we construct

Ԧ𝑝1
𝐿 ∼: covariant spherical harmonic.

SU 2 2SU 2 1

𝑆

Spin part

orbit part

LS coupling

𝑀 ∈ 𝑠𝑝𝑎𝑛{𝜏1
2𝑠1 ⊗ 𝜏2

2𝑠2 ⊗ }
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L-S coupling

L-S decomposition

𝟏
1

2 + 𝟐𝟎 → 𝟑
𝟏

𝟐:

𝑆 =
1

2
, 𝐿 = 1:

𝟏
1

2 + 𝟐
𝟏

𝟐 → 𝟑𝟏:

𝑆 = 0, 𝐿 = 1:

𝑆 = 1, 𝐿 = 0:

𝑆 = 1, 𝐿 = 1:

𝟏1 + 𝟐
𝟏

𝟐 → 𝟑
𝟏

𝟐:

𝑆 =
1

2
, 𝐿 = 0:

𝑆 =
1

2
, 𝐿 = 1:

𝑆 =
3

2
, 𝐿 = 1:
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helicity coupling

Helicity coupling

𝟏𝑠1 + 𝟐𝒔𝟐 → 𝟑𝒔𝟑:

SU 2 3
SU 2 3

𝑀

SU 2 1 SU 2 2

=

SU 2 2SU 2 1

Select certain  ℎ1
0ℎ2

0: 

𝑠3 = ℎ1
0 − ℎ2

0 + 𝑍,

ℎ1
0 = −𝑠1, −𝑠1 + 1, … , 𝑠1, ℎ2

0 = −𝑠2, … , 𝑠2.

෩𝑀

𝜏1±
𝜏2±

𝑀{𝐾}
ℎ1

0ℎ2
0 𝐼 𝐽

∝ 𝑀{𝐾}
ℎ1

0ℎ2
0 ++ ⋯−− +++ ⋯−−−

,
CoM

ℎ1 = ℎ1
0, ℎ2 = ℎ2

0

or 𝑀{𝐾}
ℎ1

0ℎ2
0 𝐼 𝐽

=0. 
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helicity coupling

Helicity coupling

𝟏𝑠1 + 𝟐𝒔𝟐 → 𝟑𝒔𝟑: 𝑠3 = ℎ1
0 − ℎ2

0 + 𝑍,

ℎ1
0 , ℎ2

0, 𝑍 determine the unique amplitude with 

𝑠3 = ℎ1
0 − ℎ2

0 + 𝑍:

𝐶𝐺𝐶

𝑦𝑍

𝐶𝐺𝐶

𝑠3 = 𝑠3
0 + 𝑍

𝜏2+𝜏1−
𝜏1+𝜏2−

𝑠3
0 = 𝑎 − 𝑏

𝑠3
0

a =
𝑠1 + 𝑠2 + ℎ1

0 − ℎ2
0

2 𝑏 =
𝑠1 + 𝑠2 − ℎ1

0 + ℎ2
0

2

𝑍
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Casimirs

Application

A lot of relativistic spin operators 
(table form 1303.3862)

Bogolubov et al.

What is the relativistic spin 
operator?

𝑳 = 𝑹 × 𝑷, 𝑺 = 𝑱 − 𝑳
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Spin Operators

Application

CSCO

L-S coupling: {𝑃2, 𝑃, 𝑆2, 𝐿2, 𝐽2, 𝐽𝑧} helicity coupling: {𝑃2, 𝑃, 𝐻1, 𝐻2, 𝐽2, 𝐽𝑧}

CSCO

Pauli-Lubanski

Rotate 𝑆𝑈 2 𝑖 indices 
Rotate 𝑆𝑈 2 3indices of 𝜏𝑖 

Spin operator

Orbit-anlugr-momentum operator

መ𝑆2𝑀 = 𝑆 𝑆 + 1 𝑀
෠𝐿2𝑀 = 𝐿 𝐿 + 1 𝑀

In CoM frame:

Same as መ𝑆𝐵𝐺
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Form factor

Application

Analyse 𝐿, 𝑆 of form factors:

Assume that 𝑝3 is rest, get the same 
results in Jason Kumar, Danny Marfatia, 
1305.1611.

𝑝3 = 𝑝1 + 𝑝2
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Form factor

Application

∫ 𝑒𝑖𝑝3𝑥 0 ത𝜓𝛾𝜇𝜓 𝑝1𝑝2 = 𝑎𝑀𝑠3=0𝑝3
𝜇

+ 𝑏|3𝐼1]⟨3𝐼2|𝑀𝑠3=1,{I1𝐼2}

1,2 are spinning or spinless:

Construct form factors by 𝐿, 𝑆:

As a comparison, amplitude M:

E.g.

𝑝3 = 𝑝1 + 𝑝2

∫ 𝑑𝑥𝑒𝑖𝑝3⋅𝑥 0 𝑂 𝛼1… ሶ𝛼1… 𝑥 𝑝1𝑝2 ∈ 𝑠𝑝𝑎𝑛 {𝜏1
2𝑠1 ⊗ 𝜏2

2𝑠2 ⊗ ⊗ 3 2𝑗𝐿 ⊗ 3 2𝑗𝑅}

𝑀 ∈ 𝑠𝑝𝑎𝑛{𝜏1
2𝑠1 ⊗ 𝜏2

2𝑠2 ⊗ }
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Thanks
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