Unified description of the scattering states,
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New hadron states: where are we now?
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QED vs QCD
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Complex scaling method (CSM)

A method to obtain energies and wave functions of bound states and resonances.

* In CSM, the coordinate r and its conjugate momentum p are transformed as

U@)r=re’, UB)p=pe ™
+ The complex-scaled Hamiltonian

4 ple—2 4 ‘
H(g) = Z (mb + Jbgm_ ) + Z V;J (TUBW)

i=1 i<j=1

no longer hermitian, has complex eigenvalues

¢ The properties of solutions of the complex-scaled Schrodinger equation (the ABC theorem):

e : Imag. (E .
Bound state: not change by scaling Aguilar:1971ve, Balslev:1971vb g- &) scattering states (6=0)
r— rei® —0-0@ 50 » Real (E)
Resonance E, = My, — il';/2 square-integrable function f ®-—resonance
20 > ‘Arg (Er) bound °
states
Continuum spectra: start at the threshold, rotate clockwise by 26 . ®
continuum
states

+ CSM was advocated to derive resonances in many-body systems.

B. Simon, Communications in Mathematical Physics, 27(1): 1-9 (1972)  S-Aoyama, T. Myo, K. Kat.o, and K. lkeda,
Progress of theoretical physics 116, 1 (2006)
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Background

Recently, more and more hadrons composed of at least four quarks were observed

[cscn] [c5ud][c5ud]
Z.5(3985) [ccud] T,50(2900)**
Z5(4000) T..(3875)* T,s0 (2900)°

LHCDb:2020bwg LHCb:2020bls BESII1:2020qkh LHCb:2021vvq LHCb:2022sfr
ATLAS:2023bft LHCb:2020pxc LHCb:2021uow LHCb:2021auc LHCb:2022lzp

Theoretical interpretations: molecular VS compact state
@ Unified description

@ Dynamic calculations that treat the molecular and compact state equally

@ Constituent quark model + 4-body Schrédinger equation
In this report, we focus on T (2900) state in BY — (DY K™ )D" [LHCb:2020pxc]:

M =2866£7+2MeV, I =57+12+4MeV

Yan-Ke Chen (F&#43) Qsnin in quark potential model 2024.05.29 AR 4/21
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Model

AL1 quark potential model [Silvestre-Brac:1996myf]:

P -
H:ZT,JW‘ Tem + ) v,-j+zj:m,-

j=1 i<j=1

! -5/
‘/17:_136’\1‘6"\f<_f“+/\’7j_A+ 21K exp( ”/0)0',-~0'J->
ij

3m,-mj 7T3/2 I‘S

@ One-gluon-exchange + Linear confinement

@ | Parameters were fitted by the meson spectrum (We do not introduce any
additional free parameters)

-
Mesons = tetraquark states, not trivial

@ richer color-structure:
33=1+38, 303®3®3=2(1)+4(8) +10+ 10+ 27

@ interactions and color confinement mechanism are not well understood

Yan-Ke Chen (F&#43) Qsnin in quark potential model 2024.05.29 AR 6/21
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|dentify resonances

T.0(2900) is above the DK threshold (a resonance)
However, when calculate the mass spectrum in a finite number of bases

@ all the eigenvalues including those for the continuum states are discrete
@ CSM is used to identify the genuine resonances [Myo:2014ypa, Chen:2023eri]
A simple transformation is introduced as

4 2
p—pe’ HO) = pj c
=1

+ Z Vu(ru )+ij

Ij—

r— re?,

@ Eg, Er do not shift as 6 changes [Aguilar:1971ve, Balslev:1971vb]

0.5 resonance

o

-1.0; bound state

Re(E)

Yan-Ke Chen (F&#43) Qsnin in quark potential model 2024.05.29 AR
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Solving 4-body Schrodinger equation

Gaussian Expansion Method (GEM) [Hiyama:2003cu]

.

2
(a) dimeson | (b) dimeson Il (c) diquark-anctidiquark

NMmax Mmax Mmax

v= ZZ Z Z Z Co 8.0 X&) €XD[—Vny 515 — Vny 5N — Vng 53]

a B=1ny=1n=2n3=1

Include both meson-meson and diquark-antidiquark correlations
Embed both long-range and short-range correlations
Treat the molecular and compact state

10* x 10* non-Hermitian matrices

By now, we only focus on S-wave states, J° = (0,1,2)"

Yan-Ke Chen (F&#43) Qsnin in quark potential model 2024.05.29 AR

8/21
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(csnn) with I(J7) = 0(0T)

50 T T T

esqq 1(J7) =0(07)

K D*K* D(2S)K DK(25)

States M —il'/2 AM rgg® rig® reg® rgg- Type

_ DE 2353 0.61 0.59 S,
: DR* 2920 0.70 0.81 s.
g 000*) 2350 -3 0.61 0.59 245 2.52 M.
E ° 2906 — 10i —14 0.74 0.86 1.12 1.26 M.

o—@ 3419 — 7 091 1.09 0.87 122 C.

-100F 1

2340 2350 2360 2370 2380

_150 I T T
2500 3000 3500

Re(E) [MeV]

Our current calculations do not account for the widths of the conventional mesons, and
only consider the two-body decays.

@ The theoretical widths of the resonances are expected to be smaller than the
experimental values.

@ The results below the D(2S)K thresholds are more reliable.

Yan-Ke Chen (F&#43) Qsnin in quark potential model 2024.05.29 F& 10/21
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(csnn) with I(J7) = 0(0T)

50 T T T
esqq 1(J7) = 0(0%)
DK D(2S)K DK(2S)
o . . . .
States M —il/2 AM ri2s pins pims g Type
= DK 2353 0.61 0.59 S.
z D*K* 2920 0.70 0.81 S.
g -sop s 0(0%) 2350 —3 0.6 0.59 2.45 2.52 M.
& | 2906 — 100 —14 0.74 0.86 1.12 1.26 M. |
0 & 3419 — 71 0.91 1.09 0.87 1.22 C.
-100 1
-5
2340 2350 2360 2370 2380
_150 T P

2500 3000 3500
Re(E) [McV]

mass and width: Mt = 2906 MeV, I'r =20 MeV

type: D*K* molecular quasi-bound(—14 MeV) state (Feshbach resonance)
good candidate for the experimental T (2900) in BY — (DK™ )D™"
cross-verification channel [Chen:2020eyu]: BT — (DYK™ )7t

Yan-Ke Chen (F&#43) Qsnin in quark potential model 2024.05.29 F&
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(csnn) with I(J7) = 0(0T)

Im(E) [MeV]

-100F

-150

esqq 1(J7) = 0(0%)

States M —il/2 AM rids pims pims pims Type
DK 2353 0.61 0.59 S.
D K" 2920 0.70_0.81 S.
s 1 o) 2350 —3 0.61 0.59 245 2.52 M. |
2906 — 10i —14 0.74 0.86 1.12 1.26 M.
0 & 3419 — 7i 0.91 1.09 0.87 1.22 C.

2340 2350 2360 2370 2380
T \¥

2500 3000

Re(E) [MeV]

@ mass: Mt = 2350 MeV.
@ type: DK molecular bound(—3 MeV) state

3500

@ below the DK threshold and can only decay weakly
@ possible channel [Yu:2017pmn]: Bt — T.DT with Tes > K K ntxt

Yan-Ke Chen (F&#43)

Qsnan in quark potential model

2024.05.29 %
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(bsnn) with I(JF) = 0(0")

50 T T T T T T T
bsqg 1(J7) =0(0%)
R B'K*  B(25)K BK(2S)
0 > States B AM r2® riF o r2S Type
= BK 5784 0.62 0.59 s.
B ° B'R* 6254 0.66_0.81 S.
= -sof ¢ [ oo 5781 -3 062 0.59 2.11 221 M. |
S 5 6240 - 9 —14 060 086 104 121 M.
o ® X 6748 — 28i 112 119 0.74 1.09 C.
Z100f ] 6834 — 130 0.77 1.22 1.06 123 C.
s 6920 — 5i 0.72 1.33 0.98 1.33 C.
5770 5780 5790 5800 5810
~150 A KPR Y

5800 6000 6200 6400 6600 6800 7000

Re(E) [MeV]

@ My = 5781 MeV, BK molecular bound(—3 MeV) state
@ partner of the DK molecular bound(—3 MeV) state

@ only decay weakly
@ possible channel [Yu:2017pmn]: Tps — J/UK K 7t or Tps — DTK 7~

Yan-Ke Chen (F&#43)

Qsnan in quark potential model

2024.05.29 %
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(bsnn) with I(JF) = 0(0")

50
bsgq 1(J7) = 0(0%)
BE BE BESK  BE(S) -
0 - States B AM rfp® piP s S Type
O BK 5784 0.62 0.59 S.
B 2% BR* 6254 0.66_0.81 S.
= —sop % 0(0f) 5781 —3 0.62 0.59 211 221 M.
Kl 5 [ 6240 — 9i —14 0.69 0.86 1.04 1.21 M.
o ® X 6748 — 28 112 1.19 074 1.09 C.
100} ] 6834 — 13i 077 1.22 1.06 1.23 C.
-5 6920 — 5i 072 1.33 0.98 1.33 C.
5770 5780 5790 5800 5810
~150 AN X X

5800 6000 6200 6400 6600 6800 7000

Re(E) [MeV]

M7 = 6240 MeV, T't =18 MeV
B*K* molecular quasi-bound(—14 MeV) state

partner of the D*K* molecular quasi-bound(—14 MeV) state

decay channel: T, — BK

Yan-Ke Chen (F&#43)

Qsnan in quark potential model

2024.05.29 %
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esults and predict

(Qsnn) with other I(JF) numbers

(al) esgg I(J7) =0(0") (a2) esqg I(J7) =0(1") (a3) esqg I(J7) =0(2")
2
5 D'K* D(28)K DK(25) DR DK* D'K* D(28)K Others DK Ohters
®
3| \
o
| B\
~60)
2340 2350 2360 2370 2380 \y \
2500 3000 3500 600 200 3000 3200 3400 3600 3000 3200 3100 30600
(ad) esqg 1(J") = 1(0%) (a5) esqq 1(J") =1(1%) (a6) esqq 1(J") =1(2%)
2
DK D*K* D(28)K DK(25) DK DK* D'K* D(2S)K Others DK Ohters
R\ e
\\ .
2500 3000 3500 2600 200 3000 3200 31003600 300 3200 3100 3600
(b1) bsgg 1(J7) = 0(0%) (b2) bsgg 1(J7) = 0(1%) (b3) bsgq 1(J7) =0(2%)
2
B R BESE | BRES) B BR"BR_FSK Othens R Others
]
] , )
o o \ \
RIS Nk \
3500 6000 6200 6400 6600 68007000 5500 6000 6200 Gi00__ 6600 G500 7000 6200 6100 600 00 700
(b4) bsqg I(J7) = 1(0%) (b5) bsqqg I(J7) = 1(1%) (b6) bsqg I1(J7) =1(2%)
2
BR BE BESK_BR(S) R BRTBR BESK Othes BR

300 6000 6200 6100 6600

6800 7000 5800 6000 6200 6400 6600 G500 7000 6200

Yan-Ke Chen (F&#43)

6400 6600 6800 7000

Qsnan in quark potential model 2024.05.29 F& 15/21



(Qsnn) with other I(JF) numbers

States M —il'/2 AM rims yims

rms _rms
Tes Tgg Lype

States M —il/2 AM 2

bg

_rms
Tsq

rms rms

The© Tggo Type

DK 2353 061 0.59 S. BR 5784 0.62 0.59 S.
DK 2507 0.70 0.59 S. 57 san 0,66 0.59 S
DK™ 2766 0-61 0.81 S. BK* 6197 0A62 0'8.1 Sl
D'R* 2920 0.70 081 S. B K* 6254 066 081 s.
0(1%) 3431 — 24i 111 1.26 0.57 0.79 C. (007 500 —1 066 059 266 275 M. ]
0(2%) 3607 — 2i 0.83 1.30 1.10 1.50 C. 53 —om T 15 08 110 O
1(0%) 3563 - Gi 0.89 1.15 097 1.33 - C. 1(0%) 6909 — 26i 1.04 0.96 0.72 1.18 C.

3578 = 16i 0-99 111 0.95 1.24 - C. 1(2%) 6916 — 2i 1.18 1.17 0.79 1.16 C.
1(2%) 3605 —3i 1.23 1.17 0.99 1.29 C.

@ Mr = 5840 MeV, B*K molecular bound(—1 MeV) state, I(J7) = 0(1T)
@ other compact resonances above the D(2S)K/B(25)K

Yan-Ke Chen (F&#43)

Qsnan in quark potential model

2024.05.29 %
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Summary

@ Unified description of the molecular and compact tetraquark states in
the quark potential model.
@ Obtain a good candidate of the experimentally observed T.5(2900).
o D*K* molecular quasi-bound state (Feshbach resonance)
e Predictions: I(JF), M~ iT/2 in MeV
o T.0(07): 2350( DK molecular)

o Tp0(0T): 5781(BK molecular), 6240 — 9i (B*K* molecular)
o Tp0(1T): 5840(B* K molecular)

Yan-Ke Chen (F&#43) Qsnin in quark potential model 2024.05.29 F& 18 /21



Background for QQQQ

Experimentally,
® Observation / Evidence of a series of cccc
states
[LHCb:2020bwg, ATLAS:2023bft,
CMS:20230wd]

X(6900)  X(7200)
X(6400)  X(6600)

* No signals for bbbb states are seen

Theoretically,
® [dentify genuine resonant states from
dynamical calculations
® Distinguish between compact and molecular
configurations

E [MeV]
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Quark Potential Model

® Success in conventional hadrons — extension to multiquark
e Do not priorly assume structures of multiquark states

® [nteraction: one-gluon-exchange + confinement

2 /.2
3 K 8k’ €XP (_rij/ro)
i

16 j 3mim; w323

Si- S

We use 3 models with different sets of parameters:

AL1, AP1 [Silvestre-Brac:1996myf] and BGS [Barnes:2005pb]
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Ims

Mesons MExp. MALI MAp| MBGs FAP1
1, 2984 3006 2082 2082 0.35
1n.(25) 3638 3608 3605 3630 0.78
1n.(35) E 4014 3986 4043 1.15
J/y 3097 3102 3102 3090 0.40
w(2S) 3686 3641 3645 3672 0.81
w(3S) 4039 4036 4011 4072 1.17
Ny, 9399 9424 9401 Ce 0.20
Ny (2S) 9999 10003 10000 0.48
17, (3S) E 10329 10326 0.73
T 9460 9462 9461 0.21
T(2S) 10023 10012 10014 0.49
T(35) 10355 10335 10335 0.74




Complex Scaling Method

® Resonant states:
poles at E=m — i3,
wave functions not square-integrable

® Complex scaling method: solve bound, imag. (E) _
. 3 scattering states (6=0)
resonant and scattering states .
simultaneously 1 R 2 )
[Aguilar:1971ve, Balslev:1971vb] pound
i _ip continuum
U@)r=re"” U(f)p = pe states
4 2 ,—2i6 4 .
1 I
H(O) = S o(mi+ P55+ 3 Vilrye)
i=1 i<j=1



Basis of Wave Function

® Color-spin wave functions

s1 (A A2 5 (0:04)2]
[(Q1Q2)§]c (Q3Q4)3c]1 [(Qle)ﬁlf (Q3Q4)56]1c

[

® Spatial wave functions: Gaussian expansion method

©@ ©® ® © 05

O Op

Ta Aa Ty Ap Y Pe
@ @ @ @ @

(2) (b) (c)

Dimeson (a,b) and diquark-antidiquark (c) configurations with S-wave
Gaussian basis

il ita.ng = Dy (Tiae) Py (Vi) b (i)
&n, (1) = l'\-f,qifz_"""t"r2 [Hiyama:2003cu]



RMS Radii

Molecular or compact states: rms radii

Ambiguities from antisymmertrization:

T =AU = A D [(Q1Q3)1(QQ4) 217, ® [¥i'?2)

51 252

= " ((Q@) (QQ2N, ® [412) + (&) E (QQuLL, ® [v42)

§1 259

+[(Q1Qa)E(QQ3) 211, ® [¥52) + [(1Qa)2 (Q2Q3)1L]1, ® |1Pj,ls2>)

Define rms radii using Wpa

e \/ (Wna (8)[r2e2® [ Waa (9))
"= (W (0)[Wa(0))

Reflect the clustering of quarks more transparently

M —il'/2 ~ Wave function 1, coCs o1ty =Tegts  Teyey =Teaty
6978 — 361 |Tna(6)) 0.81 0.81 0.86 0.66

() 0.83 0.83 0.83 0.68 unit: fm
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Fully charmed tetraquark

T Tt Tr_T T Tt T
(al) ecee T = gt

nl  JfdiY g age e 3 350018 nedf

I (a3) ceie  JFC = 2+
I W(23) 0y {354/

——
(a2} et JC =1t
na{25) ol 25)S v o (35 n35).0

Im(E) [MeV]

® | Different models
give qualitatiVEIy I 6400 6800 TZIE!B B;IBD ﬁﬂ:lIl I ?2Iﬂﬂ
consistent results ALL

(b1) ceie PV =gt ] (b2) ecze JPY =1* | (b3) cozz JFE =2
I (25

e AR s fed nf(25) m.( 23] m

0
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E 50
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oo T T
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Fully charmed tetraquark

® “Exotic” C-parity
(JPC —0ot—.1t+t 2+—)

® Couple with P-wave
diquarkonium thresholds
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All fully charmed tetraquark states are compact

IO MUY g deen | Th rms e o—pmsgmsogm
0t 6978 — 361 86% 14% 0.81 0.81 0.86 0.66
7049 — 1 37% 63% 0.70 0.70 0.82 0.75
| 6932 — 0.5i 65 % 35% 0.66 0.66 0.73 0.63
6998 —35i  88% 12% 079  0.80 0.77 0.59
2+ 7017 — 39i 90% 10% 0.79 0.79 0.71 0.56
7114 — 4 69% 31% 0.92 0.92 0.65 0.55
Mesons T heo.
e 0.35
1e(25) 0.78
1e(35) 1.15
J/b 0.40
Y(2S) 0.81

(389) 1.17
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TABLE III. The complex energies (in MeV), the proportions of different color configurations and the rms radii (in fm) of the bebé resonant
states.

JPe M — /2 X303, Xo. 08, i reee e = riet = g
(Vs 13290 — 171 56% 44%, 0.58 0.73 0.46 0.57
13322 — 181 56% 44%, 0.38 0.63 0.65 0.48
17~ 13289 — 517 48% 52% 0.32 0.71 0.60 0.61
13311 — 154 53% A7T% 0.50 0.70 0.53 0.58
13328 — 161 54% 46% 0.30 0.59 0.60 0.50
13364 — 11 49% 51% 0.43 0.58 0.56 0.56
o+t 13333 — 144 53% 47% 0.44 0.68 0.53 0.53
0= 13289 — 34 47% 53% 0.32 0.70 0.60 0.61
13308 — 71 46% 54% 0.36 0.52 0.54 0.49
13362 — 14 50% 50% 0.42 0.58 0.56 0.55
13400 — 117 67% 33% 0.41 0.59 0.53 0.56
13432 — 114 64% 36% 0.43 0.61 0.54 0.58
17+ 13255 — 1114 35% 65% 0.32 0.70 0.60 0.60
13276 — 81 45% 55% 0.31 0.70 0.59 0.60
13310 — 161 56% 44%, 0.50 0.71 0.52 0.57
13318 — 7i 48% 52% 0.41 0.55 0.55 0.53
13355 — 31 45% 55% 0.41 0.56 0.54 0.54
2t~ 13289 — 9i 41% 59% 0.57 0.85 0.61 0.78
13364 — 21 45% 55% 0.42 0.58 0.56 0.56




Fully bottomed tetraquark

e AP1 model is used for bbbb
systems

® Resonant states obtained in the
region (19.7,20.0) GeV

e All states have compact
configuration

E [MeV]
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Green (Blue) lines: states with widths larger
(smaller) than 1 MeV



Summary

* [nvestigate S-wave QQQQ (Q = b, ¢) resonances with all possible
JPC within 3 quark potential models

 Candidates for X(6900),X(7200) with J*¢ = 0"+, 2%+ and some
other cccc resonances in (6.9,7.3) GeV, but no signals for
X(6400),X(6600)

e bbbb resonances in (19.7,20.0) GeV

Outlook
® X(6400),X(6600) candidates in P-wave cccc system

® Coupling effects with P-wave diquarkonium thresholds for
JPC = 0t—, 11T+, 21— states
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Endless Frontier:

New horizon and landscape
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e n=12/3
« n=14A3(EC)
« n=12/2*18(EC)
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