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Building on a previous work [I], we illustrate that the leading-twist light-cone distribution ampli-
tudes (LCDAS) defined in heavy-quark effective theory (HQET) can be determined through lattice
simulations of quasi-distribution amplitudes (quasi-DAs) with a large momentum component P~.
Exploiting heavy-quark spin symmetry, we show that the LCDAs for a heavy pseudoscalar and
vector meson in the context of HQET exhibit degeneracy, and the degeneracy allows for the uti-
lization of quasi DAs for both pseudoscalar and vector mesons on the lattice. We then derive the
relevant short-distance coefficients for the matching between LCDAs defined with QCD fields and
HQET LCDAs at the one-loop level. The incorporation of these three quasi DAs can not only
confirm the methodology introduced in Ref. [I] but also provides possible insight into power correc-
tions. Discrepancies between the corresponding results offer a valuable perspective for estimating
power corrections within the system which are imperative for precise investigations into heavy-meson
LCDAs in the future particularly in the context of lattice QCD.

I. INTRODUCTION

In hard exclusive decays of B mesons like B® — 77~ /K7~ light-like distances are likely predominant. Under
the factorization schemes that can be established, the heavy-meson light-cone distribution amplitudes (LCDAs) [2]
play a vital role to calculate the decay amplitudes, as extensively discussed in the literature [3H6]. The involved
LCDAs are defined as the hadron-to-vacuum matrix elements of light-ray operators in heavy quark effective theory
(HQET). Understanding and modelling these LCDAs (hereafter named as HQET LCDAS) are not only crucial within
theoretical frameworks but also hold practical significance in predicting decay widths. These predictions, in turn,
significantly contribute to determining Cabibbo-Kobayashi-Maskawa (CKM) matrix elements. Furthermore, a deep
understanding of LCDAs is essential in the ongoing quest to explore new physics beyond the standard model, providing
valuable insights into the potential existence and behavior of phenomena lying outside the standard model.

Despite its significant importance, the heavy meson LCDAs have not been extensively exploited using first-principle
tools such as lattice quantum chromodynamics (QCD). This challenge arises from the nature of heavy-meson LCDAs
as light-like quantities that are defined in terms of the heavy-quark field within HQET. Due to this definition,
heavy-meson LCDAs cannot be directly computed on the lattice, posing a major obstacle in their determination.
Additionally, the presence of cusp divergences further complicates the situation [7], rendering the conventional moment
expansion method, which has been successfully employed for light meson LCDAs, ineffective for heavy meson LCDAs.
The combination of these factors presents a nearly formidable barrier to the calculation of heavy meson LCDAs using
traditional lattice QCD techniques.

A recent study in Ref. [I] addresses the obstacles mentioned above and presents an approach to overcoming them
through a two-step matching technique. In the first step of this method, one can perform simulations to obtain the
equal-time correlators, which serves as the basis for defining quasi distribution amplitudes (quasi DAs) characterizing
a heavy meson at large momentum scales. By following the spirit of large momentum effective theory [8,[9] (for recent
reviews see Refs. [10, [I1]), in large momentum limit P* — oo these quasi DAs can be expressed in terms of the LCDAs

for a heavy meson defined within QCD, referred to as QCD LCDAs in subsequent discussions. By integrating out the
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scale associated with the heavy quark mass mg, it becomes possible to derive the LCDAs for a heavy meson in the
context of HQET [12HI4], ultimately enabling a comprehensive understanding of the heavy-meson LCDAs through
this innovative two-step matching procedure. This approach eliminates the need for direct simulation of the HQET
field on the lattice.

In this study, we adopt the methodology outlined in Ref. [I], emphasizing the utilization of heavy-quark spin
symmetry to unlock additional avenues. Leveraging the robustness provided by heavy quark spin symmetry, we
highlight the degeneracy of HQET LCDAs for heavy pseudoscalar and vector mesons. Consequently, three distinct
types of equal-time correlators or quasi DAs emerge, facilitating the computation of HQET LCDAs. Through the
utilization of these three matrix elements, we delve into the process of matching these distributions with both QCD
LCDAs and HQET LCDAs in a two-step manner. Our analysis extends to deriving the pertinent short-distance
matching coefficients at the one-loop level, essential for advancing investigations into heavy-meson LCDAs. Notably,
we observe that the matching kernels for the three matrix elements exhibit similarities, barring discrepancies in how
they define decay constants. This observation serves a dual purpose: it not only validates the methodology proposed
in Ref. [I] but also sheds light on the potential for power corrections. Consequently, disparities in the results obtained
from the three offer insights into estimating power corrections within the system, part of which are estimated in
Ref. [15] in a dynamical way.

The remainder of this paper is structured as follows. In Sec. [[I, we present the definitions of HQET LCDAs.
Subsequently, in Sec.[[TI] we delve into the process of matching QCD LCDAs onto HQET LCDAs. Within this section,
we outline the computational steps, specifically deriving the matching kernel for scenarios where the momentum of the
light quark corresponds to approximately Aqcp/mp x P?, commonly referred to as the peak region. The matching
from quasi DAs to QCD LCDAs is given in Sec.[I[V] A brief summary is provided in the concluding section. Additional
details are included in the appendix.

II. HEAVY MESON LCDAS WITH HEAVY QUARK SPIN SYMMETRY

The HQET Lagrangian in heavy-quark limit [I6] [I7] reads
ﬁHQET = ﬁv(x)iv . th(l‘) (1)
Here h, denotes the effective heavy quark field with four-velocity v defined as
imQu-T 1 +
hota) = emer= 1L Q). &)

while Q(z) is the heavy quark field in full QCD. It should be noticed that in the heavy-quark limit the interaction is
spin independent, which is known as heavy-quark spin symmetry. Under this symmetry, the heavy pseudoscalar and
vector mesons belong to the same multi-plet. As a result, the decay constants for the pseudoscalar meson H and the
vector H* are the same.

The heavy-quark spin symmetry implies the leading-twist LCDAs for H and H* are also the same. In HQET, the
leading-twist LCDAs of a heavy pseudoscalar and vector mesons are defined as [2]:

(H (i) OF (tn)[0) = ~ifsmins v [ dac™+ . wip0)
0
(H*(ps,)|OY (tn4)|0) = fumpny -0 / dwe™ ™+ (w; ),
0
(H* (e, m)| O (tny)[0) = frrmpny 'Wﬁu/o dwe™ ™+ g (w; ), (3)

where fH is the decay constant defined in HQET, and the involved operators are given as:

O) (tny) = ho(0)h, 5[0, tn]gs(tns),
Oll(tny) = hy(0)h, [0, tny]gs(tny),
O (tns) = ho(0)h V10, tns]qs(tns), (4)
where [0,¢tn.] is a finite-distance Wilson line with n is a light-like vector. The ¢, represents a light and soft quark

field. The [0,¢n] denotes the Wilson line which connects the soft quark field g5 and the h, and ensures the gauge
invariance. The hardron state |H ™) (pg)) is related to the HQET state |H,) by |H™) (py)) = /mu [|Hu)+O(1/mg)],

ho
ho



with my being the hadron mass. At leading power the masses for both pseudoscalar and vector mesons are equal to
the heavy quark mass mg.

The HQET LCDAs is related to the QCD LCDAs of heavy mesons [I12HI4]. To obtain the relations, it is convenient
to work in a frame in which the heavy meson is fast moving. Ref. [14] points out that HQET LCDAs is boost invariant
and can also be defined in boosted HQET (bHQET) [I8] [19]. We use the bHQET field h,, as [20]

hnta) = | ——emera e )

ngy - v

which projects Q(z) onto its large component ﬁ’f* (z), and then subtracts the rapid phase variations from the
large momentum piece mgv through the exponential factor as in HQET, leaving the residual momentum. The
normalization factor in Eq. is chosen such that the h,, field will have a scaling independent of the boost as shown
below. Therefore, the definitions of LCDAs of heavy meson matrix elements in bHQET are

(H(pm)|OF (@)|0) = —z-ngo+< 1),
(H* (i, m)|O) (@)[0) = Frr™ sa+(w w),
(H*(pr,m)| 0y (w)]0) = me </>+(w;/~t). (6)

The involved bHQET operators are constructed as:

Of @) = o [ grertmee [T R 0 250, tns e (tn),
OL‘(W) — L/itr —itwng v /n+2 U— ( )7/L+[0 tn+]fsc(tn+)
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where the soft-collinear field &, = = 7‘+ gsc(x) describes the light anti-quark in the heavy meson in the boosted frame.

III. QCD LCDAS AND MATCHING ONTO HQET LCDAS

The non-perturbative HQET LCDAs defined in the previous section includes the degree-of-freedom below the Aqcp
scale. The QCD LCDAs corresponds to physics below the mg scale. In this section, we give the definitions of QCD
LCDAs under the soft-collinear effective theory (SCET) [2IH25] and factorize the QCD LCDAS into a convolution of
the mg-scale jet function with the HQET LCDAs.

To derive the factorization formula, we work in a frame in which the heavy meson is energetic. Thus we describe
the light quark ¢(x) and heavy quark Q(z) fields employing SCET framework

o(x) = €o(w) + ne(a), ole) = "), ne@) = = g(a),
Q@) = £9@) + 1P @) 9w = " o), W@ = "0w. @

The SCET operators defining the QCD LCDAs are

dt _, - dt _, ~

OF () = [ §re " PE@ 00 25 0vtna) €oltms) = [ S1e P QO), 35 [0, 14 ),
dt _, - dt _. _

Ob(w) = [ gre e rE@ O, 0,tns]écltns) = [ £1e P QO 0.t gltn),

d dt . _
Oé”( ) = /2; —iutny - pf(Q)( )7/L+'Yi [0,tny] Ec(tny) :/%Qﬂutn+~pQ(0)¢+,ﬂ [0, tn] q(tny), (9)

where u stands for the fraction of momentum of the light quark compared to the momentum of the meson. Once
taking the matrix element of the SCET operator, the momentum p will become the momentum of the heavy meson
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pr. Employing the equation of motions 74, nc = 0 and ﬁg@?/i , = 0, one obtains that the three SCET operators are
the same to the three QCD operators, respectively.
The QCD LCDASs of heavy meson are defined in terms of SCET operators as [26H28]

(H (pr) |05 W)|0) = — ifpp(u),
(H* (prr, 1) |0 (w)[0) = fj———ny - 1"¢) (u),
N4 " PH
(H* (pr,m) |O5" (w)|0) = () éo (w). (10)

The relationship of the HQET decay constants and the QCD decay constants are [29-32]

o = Fal)[1 = 25 (3L 2) 4 003,
fii = fuw [1 - aSiF (31nm—Q +4) +O(a§)],
Filn) = Tt - S (5 L )+ 0(2)]. ()

mQ

It should be noticed that fp and f|| are scale-independent, while we did not distinguish the renormalization scales in

fi(p) and fr(p). At the scale mg, fi(mg) = f||.

It is clear that QCD LCDAs receive both a short-distance contribution from the mg scale and a long-distance
contribution from the Aqcp scale. The two separated scales generate large logarithms of the form Inmg/Aqcp,
which should be resummed properly with the renormalization group (RG) eqnarray technique. This requires that the
LCDA be factorized into a convolution of a mg scale jet function with heavy-meson bHQET LCDA [14]. To obtain
the factorization formula, we follow Ref. [I4] and distinguish the momentum fraction « to be small and large and call
the two regions the peak region and the tail region, respectively. At the tail region, where v ~ O(1), the QCD LCDA
is not related the form of the bPHQET LCDA, and thus we will not consider the tail region in this paper.

At the peak region, it is conjectured that the QCD LCDA is factorized as

o) = 7wy o), um0I) (12)

With the factorization formula at hand, the large logarithms could be resummed. The peak-region jet function satisfies
the form

w

)Jgeak(mH) ) i=P, H? 1, (13)

mp

T (u,w) = O(myr — w)(;(u _

where jgeak depends only on mg and mpy since umpy and w are nonperturbative scale variables. The ¢ function
comes from the momentum conservation of the light quark in the heavy meson. Then one derives the QCD LCDAs
at the peak region

fu
fi

The heavy-meson QCD LCDAs defined by different Dirac structures at the peak region are related to the single
bHQET LCDA at leading power [11 [14].

¢i(u) =

mijeak(mH)@-‘r (umH) (14)

A. The calculation procedure of the jet function

For a general jet function J°, which is insensitive to the physics below the Aqcp scale, it could be determined by
the matching relation with on-shell external states

(Q(Pa)a(py)|O¢(w)[0) = /Ooo dwT" (u,w){Q(PQ)4(pq)| O (w)[0). (15)
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FIG. 1. The one-loop diagrams relevant for calculating the jet function.

We use the condition pg) = mqu®, py = nypgn?. By calculating the one-loop correction to the matrix elements of
the SCET operator and the bHQET operator, one can derive the jet function at NLO. The matrix elements of the
operators are

(Q(p)a(py) |0 ()]0) = — —t(pQ)Tv(py) [ — ) + BT ND (1, 5) +0(a2)]:
(Q)ap,) 0N = ———lpa)lo(py) 8w — ) + - N ) + O], (16)

where s = nypg /14 (pg + Q) = nqpg/n+pn and wo = nypg/nyv.
The three diagrams in Fig. [[|will contribute both to the SCET side and the bHQET side at NLO. The renormalized

amplitudes are
1
M,(l)(u, s) = Vi(u, s) + Wq.i(u, s) + Wy i(u,s) + ing(l)é(u —s)+ Z((Dlé (u,s),
N (w,w0) = VPP (@, o) + WEE T (w0, w0) + Woi ¥ (w,w0) + Zg] (w,w0)- (17)
From the matching relation, the jet function at NLO is determined as

H

T (@) = Omu = w) [MP (w, =) = mg N (wmp, w)|. (18)
my

We will regulate both the UV and IR divergence with dimensional regulation scheme. Then the W, diagram is scaleless
and generates W, ; = 0 and W;;IQET =0.

B. The jet function at NLO with the method of regions

The method of regions, which is suitable for computing diagrams with multi scales [33],[34], is employed to compute
the SCET diagrams. The hard-collinear region and soft-collinear region will contribute to the SCET side. Separating
the two regions, the jet function is

i1 _ he W L osq) w 1) (1)
Tl )(u7w) =0(my — w){WQ_’i(u, mH) + §ZQ 5(u— mH) + Zoic(u,s) - mHZog (ump,w)
+ [Vsc(u i) — my VPIET (ym w)} + [WSC-(U L) — mugWEIRET w)] . (19)
7 I mpy 7 ’ 5 ) mey Q,z )

The diagram V only receive soft-collinear region contribution since the hard-collinear region breaks the momentum
conservation. The soft-collinear region contribution of SCET is diagram by diagram the same as the bHQET results.
We confirm that

w w
‘/isc(u7 ) =mpg ‘/inQET (UmH, w)a Wsc,i(u7 ) = mHWSI—%QET(umHa CU), (20)
myg myg ’

and see App. [A|for details. Thus the second line in Eq. cancels exactly, we are left to calculate the terms in the
first line.



For a general SCET operator the amplitudes of the W diagram is parameterized as
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OéOF

AWQ,i = fc [fl (pQ pq) + f2(pQ pq) }Fifc, (21)

where the form factors f; and f, depend on p2Q and pg - pg. We have employed p,1 = 0 which means that the
independent Dirac structure of the form factors could only be 1, 9, and 4 7_. Recall that I'; in the eqnarray is

1, Vs, b, and 1h, v, we are left with the two form factors. Then one directly derives

a,C

[ hka.p) + falpa.py)]. (22)

h _ h
Whip = Wi = Wiy =

Now we need to calculate the renormalization constants of the SCET operators and the bHQET operators. For the
SCET operators, the W diagram generates the same UV divergence as one could see from Eq. . The amplitudes
of the W, diagram of a SCET operator can be parameterized as

asC h_1k
Aw,i = = €8T 9100, pa) + 92(0Q:00) |0 (23)

which indicates that the UV divergences of the three SCET operators form the W, are the same. The amplitude of
the diagram V', which can not be parameterized as that for Wg and Wy, is calculated directly. At leading power the
UV divergences are

=V =vV=o. (24)

It is worth to mention that at subleading power, the UV divergences from the V diagram are different for different
SCET operators. The renormalization constants of the three SCET operators Z (12 are identical.
(e}

For the bHQET operators, the Wg and W, diagrams introduce

WbHQET _ pyPHQET _ WbHQET

Q,|l ’
quI]{DQET _ quI”{QET _ WbHQET (25)

The above eqnarrays are derived in the same way as for the SCET case. For the V' diagram, we could also parameterized
it as

APHQET _ afF T {dl(pq) +d2(pq)¢’¢+}€sc (26)

Thus the renormalization constants of the three bHQET operators Z gi) are the same. Then the jet functions are
h

: C
7)o — = 2 (14 BE gD ) + 0@ ) i L (27)
H
with [I4]
2 2
) Lo, 1 /~L ™~
jpeak(mH) 5 In me, + 21 + D + 2. (28)

IV. QUASI DAS TO QCD LCDAS

In LaMET [8,[9] (for recent reviews see Refs. [10}, [11]), one can make use of equal-time correlation functions which
are named as the quasi-DAs to extract the QCD LCDAs. In this framework, the unit vector of the z direction is
denoted by n# = (0,0,0, —1). We introduce the non-local bilinear operators, in which the fermion fields are separated
on the z direction:

@z(x) :/%e‘i“"’PQ(O)Fi[O,znz]q(znz), (29)



where T; = 7#/tvs, 2/t ~#/ iyl for i = P,||, L, respectively. Then, the quasi-DAs of the transverse and longitudinal
components of a vector meson are defined by the matrix elements of the operators as

(H (p) |Op(x)|0) jz'prZ/tép(?),
(H* (pr,) |0 (2)[0) = fyymm-n"*"¢(x),
(H* (pr,m) |0% (2)0) = fLP*/'nit ¢, (x). (30)

The quasi DAs can be factorized as:

] A2cp  m?
@(x):/dy[(a(x—ywc;”(x,y,u)—08%)¢i<y7u>+0( aco )|, (31)
(yP=)" (P?)
The matching kernels C;(x,y, 1) for these quasi DAs are given in Refs. [35] [36],
[Hi(T, 2, 9)] 4 ) <0<y
P a,Cr [Hz(nyP/u)} 0<z<y
C(l) (F, ) ’Z> = ’ +) ) 32
oA\ Doy or | [Ha(T, —y P )], y<z<l (32)
-2y, y<l<a
3asC 1
a4 z [ = y%y5 and 7
1 4 r—y
Cor (Coay) =4 o + R (33)
I'=~%v1
T |-y,
where
1+z—y 1 1=z 1+y— ty—2z |, ¥=2 D — d
Hl(r,x,w{ [ ;—fy“; e Lo e " (34)
ymlyn +y:1:yn _’Y'YJ_
1+y—z z da(y— 017)(Pz)2 l4+z—y [ 1—=z z =z _ .z
p ywy] w2 :_ y—w (1 ylnlﬂc y) =9
z o 1 x 4z z)(P* 1+ x o
H,y <F,x,y,u) ;yjyo o “)(2 ) 1)+ y’gy} ZinY=t T=4' . (35)
FLem = L (Lsnym_2) Doy

These results have been used in the calculation of light meson LCDAs from lattice QCD [37H44], where it should be
noticed that the long-distance behavior should be properly handled with the hybrid renormalization scheme [45].

V. CONCLUSION

The determination of heavy-meson LCDAs is crucial for understanding heavy meson decays, and a recent analysis
offers a pioneering approach to precisely determine the heavy meson leading twist LCDAs from first principles [I], in
which it is pointed out that the determination of HQET LCDAs can be accomplished by engaging in lattice simulations
of quasi DAs that involve a significant momentum component P?. This proposal entails a step-by-step integration
process that effectively removes P? and mp, thereby disentangling various dynamic scales. By integrating out P*, we
can establish a link between quasi-DAs and QCD LCDAs, while the elimination of the my scale enables a connection
between QCD LCDAs and HQET LCDAs.

In this work, we have pointed out that as a result of heavy-quark spin symmetry, the LCDAs at for a heavy
pseudoscalar and vector meson within the framework of HQET become indistinguishable. Thus one can make use
of three different equal time matrix elements and determine the same HQET LCDA. However during process, the
short-distance contributions are different. To accommodate these differences, we have derived pertinent short-distance
matching coefficients at the one-loop level, which are instrumental for forthcoming investigations into the LCDAs of
heavy mesons. Consistencies and discrepancies between the corresponding results offer a valuable perspective for
estimating power corrections within the system which are imperative for precise investigations into heavy-meson
LCDAs in the future particularly in the context of lattice QCD.

Generalizations of this work can include the calculation of the QCD LCDAs for a vector heavy meson at the tail
region following Ref. [I4], which allows to obtain a full shape for QCD LCDAs by merging the results in the peak
region. In addition the impact of heavy quark spin symmetry in the approach to construct the quasi DAs with HQET
field as in Ref. [46H49] deserves further explorations.
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Appendix A: Jet function

The bHQET diagrams reproduce the soft-collinear region result of the SCET side. For the diagram V', the SCET
amplitude and the bHQET amplitude are

1 dPi 1 o _ ny -1 ny-l—sn -pH%J/i
_SC - —9 2 37 + 6 + _ 1—\ + + =+
Vi(u, 5) ZQSCFn+ on / (ZW)Du(pQ)n+ vl 4 (u+ e - PH 5) (I = pg)212 4 v(pq),
1 dP1 n_ v ny -1l ny - (I —wov) 1t
bHQET 9 _ 4 ol L 0 n
Vi (w,wo) = —ig,Cr N4 " PH / (ZW)Du(pQ) v-l 4 8w+ ny v wo)T (I—pg)2l2 4 v(pg). (A1)

For the diagram W, the SCET amplitude and the bHQET amplitude are

D ny v ny -
Wiitus) = iiCr—— [ L atpe) =t B e st 2L )]t

N4 - PH v-lng -2 4 ny - Py
1 dP1 ny v o ny -1l
WbH.QET — g2 / — + + rls v Y _ (A2
Ga 2 ww) = ig20r | Spane) T [0 T — ) — 6 — )| o(g) (A2)
The hard-collinear region reault for the W diagram is
9 €
he p c d(u — s)
= | — | 2e7"T(e) 0. A
X (mé) ¢ (€) 2¢(1 — 2¢) (A3)

For the completeness of the paper, we also collect here the renormalization constants necessery for deriving the jet
function

3 u?
ZQOS(l) = — E 731nm72Q 74,
(1) 2 fub(u—s)  ub(s—u)
ZOE(U’S)_ € [s u—S Jrg s—u L_i_’
= 290 [0 =) | 1 B —w) VARSI
Zoz(w,wo)— ; [w(w—wo) +w0 o Lﬁ—ﬁ—é(w wo) <62 + . [QIHwo 2}), (A4)
where the “+”-distribution is definied as
1 1
| dut@os)] = [ as[r - ro)]ow.s),
| dwt@|sen] = [ dwfs) = sen)] gt (45)
0 wt 0
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