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necessity and significance of this work personal perspective

Handbook of the analytic and expansion formulae for the muon magnetic dipole

moment
Shi-Ping He (APCTP, Pohang) (Aug 14, 2023)
e-Print: 2308.07133 [hep-ph]

® Muon (g-2) is one of the most important probe of new physics

—

expansion at special mass scale

® Systematic analytical results and approximations are still absent —

less discussion on singularities

—

® Although one-loop amplitudes can be derived fully automatically,

a handbook is useful to check.
FeynRules—FeynArts = FeynCalc/FormCalc — Package-X

A
[ |

model by model less discussions on general physical implications
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general Interactions

canonical interactions b field redefinition, total derivative, equation of motion

quasi-canonical interactions v/

non-canonical contributions

® Canonical interactions v/ * symmetry: Lorentz and SU¢(3)®U, (1)
* renormalizable

» ufS(V) interactions
p(yrw— + yrwy)fS + py* (grw— + grw+) fV, + hec. chiral basis

» standard QED interactions
eQ; ' fA, +1ieQs[ST(0*S) — (0*9)1S]A, + ieQv { [V, (V)T — (Vi) TVHAY 4V, (V,)T A#) unitary gauge: no yV-S*
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® Quasi-canonical interactions v/
» interactions involving Weyl and Majorana fermions

» interactions involving other spin half fermions

P my, = My
XfS ——————> dark matter MDM

electric charge conservation condition:
Qp+0s=-1-0r+0s+=0Qr—0s=0,=0

» interactions involving charge conjugate fields

W= f°
afcs —————> Qp = Qpe =—Qf, My =mg

C transformation

» interactions involving equation of motion

(OuS)av Y1 = Bu(SEv*y°n) — SOu(By ¥’ 1)

2024/11/14 Shi-Ping He



® Non-canonical contributions

» high spin particles

— four-fermion interactions  (Lp.,0"eRr)éa(Qr.a0mur)
dipole interactions et j ¥

non-standard scalar QED interactions
i[(0#8)1(0”S) — (8 S)1 (9" 9) Ay
non-standard vector QED interactions \
ieQw+[g,(WHLW ™+ — W WHAY + g WIW; A + L WEW™PA ¥
- , . : My
two field strength interactions SA,, 71

» high-dimensional operators —

» high-loop contributions

» beyond local QFT: non-local QED, gravity

2024/11/14 Shi-Ping He 7



Contributions to (g — 2),

canonical interactions at one-loop level Qs + Qs = —1

ufS(V) interactions yrw— +yrw4)fS + py*(grw— + grwy ) fV, + hec.

standard QED interactions  eQsfy"fA, +ieQs[ST(8"S) — (0*9)1S]A, + ieQu {[Vi (V)T — (Vi) TVHAY 4V, (V,) T A#

M

I
ffy vertex mediated < Qf SSy(VVy) vertex mediated < Qs

M

N\
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general structure of the one-loop contributions

Aa

# P . P . contributions in chiral basis
_ NCmEL Z (lyle + |yR|2)(_QfILL - QSILL) + [yL(yR)*-I'yR(yL)*](_QfILR — QSILR)
87‘[2 S mg
2 >Ne_n 1f % . . 1f v chiral symmetry breaking
+z (lng + |gR| )( QfLLL QVLLL) + [gzL(gR) +gR(gL) ]( QfLLR QVLLR) EO-MV.UR +E0.uv‘ull
14 my

M

Hi i KV ViR 151 I
I
0

foqr

LLL’ LLR L‘l/,L' Il],/R

M
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three different representations

® PaVe representation

tensor integral and scalar integral

® [ntegral representation

not unique fol dx(l — 2x) = fol dz(z? + ax — % -2)=0

® Special function representation

1

1

re-defined function k% m2 m?) = li d
i fUm,mi) = i e

2

(1 —x)k? —ie

2024/11/14 Shi-Ping He
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analytic form of the loop functions: scalar mediator case

= PaVe Representation

2

2 2 2 2 2
p )]

: 2 2 7.2 2 2 Boagh oS D oD oD % 22
I{L :klggomS[Cu(mu,k , Mo, mg, my,my) + Cra(my,, k%, my, mg, ms,m3) + Ci(m;, k*, m;,, mg, ms, mj

2

e 1?—7’%[(3m§ + mi — Smfc)Bo(O, m%, m}) + 2m% By (0, m%, m%) + (5mfc o mi — 5m§)30(mi, m?’ m%)
+ (3mg — 2mEm?, — 6m3m3 + 3m} — 2mim? —m;;)Co(m2,0,m2, me, m%,m3) + 2(ms — m> —m?%)]
= % /0 : dg;(l — x)mgmi(i(_l 37_)2")%”% . xm% — Integral Representation
- ;;E {[m?c — (3m% + 2mi)m‘}c + (3me + m%mi + mﬁ)m% + m‘émi - mg]f(mi, mfc, m%)
+ [-m} + (2m3 + m2)m} — mg]log Z—g; +m(2m% — 2m% — mi)} S Sflzslc)i'ilsfrllltr;ﬁ:;n i
' i
; B
I} -

H

2
m
= f 2
2024/11/14 ) +{me + m, — mf) log % + ZmM}. 1




IEL = —myg khgo[C’l(mZ, k{mi,mfc,m%,m%) + C’U(mi, I{:Q,mi,mi,m%,m%) - Clg(mi,k2,mi,mfc,m§,m25)]
2
m
- 1675&4 [(5m& —m2, — 3m7%)Bo(0,m%, mg) — 2m$Bo(0, m3,m3) + (5m7 + m?, — 5mg)Bo(m:,, m}, m%)
"

+ (=3m% + 2m%mi + Gm%m? — 3m31c + Qm?mi + mﬁ)C’o(m 0, m mfc, m%, ms) + 2(m% + m mfc)]

1 /1 s (1—x)?m?
2 )0 (I—2)mg—x(1—z)m?2 + xm?

2

= 5-{Im§ — Bm3 +m2)mf + Bm — m)mEm} — mE(m?, —m)°)f (m, mF,m3)
m
2
+[—m4+2m2m2—}-mzm2 me] lo i + (2 2m% + m?) g
7 sy T Mg ngsmmf Mg T My,)
S,/
LEAVAVAVAVIGRE B
S\\
mym?% 2 oo o B g
= 2m“ kl;go[C (m k m mf,ms,m5)+201(mu,k , My, M, Mg, Mg )]
:M[B (m m?%,m%) — Bo(0, m2 m2)+(m2+m2—m2)0(m Om ,m2,m%, m3)]
4m20 Mg olU,mg, Mg S R~ RSN fr7tsy TS
my /1d 2(1 — z)m3
— — X
2my Jo (L —x)mg — z(1 — z)m? + zm3
2
_mfm%‘[4_ 2(9m2 + m2) + 2) £( 2 m2) + (m% — m2)1 ﬂ+22
= My —my(2ms +my, mg — mgmp]f(mg;, m§,mg) + (m§ — m} ogm% LT
I

2024/11/14 Shi-Ping He 12



analytic form of the loop functions: vector mediator case

L, = Jim. {m%/[(D —2)(C11 + C12) + (D + 2)C1 + 2C0]

— [(D 4+ 2)Coo1 + 2Co0 + mi(clll + 3C112 + Ci1 + Ci2) — k*(Cr12 + C12) — m?c(c'll + 012)]}

_ﬁ{[Sm‘} + m?(?m%, - 4mi) — mi — Gm%, + llmim%,]Bo(O, mfc, m?c) — 2m%,(m?c + mi + 2m%,)Bo(O,m%,,m%/)
e [mﬁ - mi(4mfc —9m?) — 5(m‘} + m?«m%/ - Qm%/)]Bo(mi,mfc, m¥) + 2(mfc - m2 — m%/)(m?c -+ m2 +2m%)

[—3m?c + 7m;1cmi + m?(3m%, - 5mi)(3m%, +m ) + m — 6mS, + 17m? mV 12m? mV]C’o(m 0, m S mfc, m?)}

o /1 dm:z;[a:(l +z)mi — z(1 - z)m’ +2(1 — 2)(2 — x)m3)]
0

2 (1 =z)m{ — (1 — 2)m2 + am3
1
= m{[m? — m?(m%, + 3mi) + m‘}(3mi + 2mim%, — 3m“1,) + m?(—mz — mim%, — 4mim§1, + Sm?,)
i

— 3mim§1/ -+ Smim?} - Qm%/]f(mi, mfc, m%/) -+ mi [2m31c + m? (Qm%/ (mi — Qm%/)z]

my) —
s
+ [=m§ + 2mimZ + mi(—m, — 2mim3, + 3my,) + 3mimy, — 2my]log m%f/}

2024/11/14

LiR = TTf ' k12i§0[—m%/(D - C1 +2C) + (D + 2)Coo1 + 2Co0 + 2 (C111 + 3C112) — k*(C1az + Cr2)]
,u.

- MR

- 8m2 {(3mf — 3m + 5m3,) By (0, mf,mf) 2m2, Bo(0, m3,,m?,) — (mfc — mi + m%,)Bg(mi,mfc,m%/)
i

+2(m% + mi —mi,) — [mf 2m2 (m% — 4m%,)+4mfcm%/+mﬁ—5m%,]00(m 0, m m%,,mfc,m?)}

_my /1 zlem} — x(1 - 2z)m?, + 4(1 — x)m3/]
0

Iy (1-z)m} —z(1 —z)m2 + :cmf:

:477’;1" {[ mf+3mfm +3mf( m +mv)—|—m + 3m?2 mv—2mv]f(m m?,m%/)
I

2
m
+2m2(—mF + 2m) — 2mi) + [m} + mF(—2m], + mi,) + m), + mom3, — 2my] log m—%i}

H

H
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1
Ly, = 5 kl;go {m?c(2m%/ — k*)Co + [2m3, (D — 6)m3, + m2 + 3m%) — k*(m?, + 3m7 — 2m3,)|Cy
Vv

+ [2m3, (D — 2)mi + m2 +m3}) — k*(m? + m3)](C11 + C’lg)}
|
= Tt { — 2mi(m}, +m -+ 2m)Bo(0,m,m3) — [y, 4 m?(13m}, — 4m3) + 3mp +mimi, — 10mY]Bo(0,miy, m?)
m
+ [y, +m(13mi — 2m3) +5(m + mjmi, — 2my)| Bo(my;, m,mi) + 2(my, + 3mimy, — mj —mjmi; + 2my)

+ [mg — mi(5mfc + 12m%) + mi(?m}% — 12mfcm%, +17m3,) — 3(m?c — 3m?cm“1, -+ Qm?,)]Co(m 0, m m?, mi, m%,)}

1 /1 dx(l —x)|z(1+ :U)mfjc —xz(1— x)mi +2(1 —2)(2 — z)m?/]
0

= ,u
(1 —z)m}, — 2(1 — x)m2 + zm}

= ﬁ{[m%—m?(m%+2m )+mf(m +2m? mv 3mv)+mfmv(5mv 7mi) 5 4 i
+mi, (3mZ — 2mi) (mi, — mi,)?f (mi, m$,mi) + mZ[2m} +mG(2mi, —m3,) + my, + 8mimi, — 4my] v
+ [-m§ + mim, + 3mimi (—m, + mi) — 3mumi, + 5mimy — 2mY]log #} #
Lin = gt Jim, {2 (4 = Dy + m + ) = K2(m; + mi|Co -+ dm(2my = K2)(Ca + Ciz)
b (~ D, + 32+ ) — 22+ — 2] ) agree with J. P. Leveille (1978)
= g V2 BoO,m )+ B ) Bo(O, ) + i 3y — 3mi) By i )
" [+ 2m2 (4md — m3) +mi + 4mmd — 5m|Co(m?,0,m2, m3, m, m¥) +2m3 — 2m2 — 2m3; | disagree with F. Jegerlehner (2009)
> _27%/01 = gi)l[ing,:;(fz(_l ?Z?%ﬁlx;n;)ma] Vector Qv =—-2221+z—-2¢)+X2(1-¢2Qs arXiv version
' T e :
= _2’%/0 dm(1a—::;fnv(—3x(fx—)(:)mf)ln;m§ Axialvector :Qa = —222(1+z+2¢)+ X2 (1+¢€)? Qp
= %{[ m$ +2mim? + mi(—my; —mimi, +3my) — 3mumi +5mimy, — 2mY]f (my,, mF, mi) Vector: Qy = 2x%(1 £|_§ — 26@2 (1 = €)2Qs Journal version
—2mZ(m} + 2mY) + [m} + mF(—m2 + m}) + 3mZm}, — 2mi] log :nn—g} Axialvector: Qq =2x"(1+x+ 26)@)‘ (1+e)°Q book

difference may appear for light charged gauge boson



The singularity of loop integrals Landau singularity (LS)

_ leading order (LO)
® PaVe representation m& = (mgy + my)? (normal threshold) next (N)
— LO-LS
m; = (my — my)* (pseudo threshold, unphysical region)
Bo(m;; , Mg, M)

~ NLO-Ls: mg = 0, my=0

L2 2 2 _ _ 2
LO-LS:my = (mg + my)°, my = (myg —my) —* pseudo threshold

C (mz ,O;mz ;mzrmzimz)
oMy po O T = NLO-LS: my =0, mg = (mg+my)? mﬁ=(mo—m1)z/

— NNLO-LS: myg =0, m; =0
® [ntegral representation

zero points of xmg§ — x(1 — x)m; + (1 — x)m{ between 0 and 1 singularities in all

4 )
. . . mo == 0
® Special function representation m, = 0
f(k?, mg, mf) \mﬁ = (mo +my)*

2024/11/14 Shi-Ping He 15



Expansion of the loop functions

three mass scales: my,, mg, mg,

* Hierarchical mass expansion:

syUsy ... [ my, < mf'mS(V)] Mgy < Mg, my, [mf < mwmsw)] — W in the SM
vector-like fermion

Mme, Mgy KMy, Me,my K Mgy My, Mgy K My

° Degenerate MassS CasSe.

[ mg =my ] my, = Mgy) Mg = Mg(y)

—

Z and Higgs in the SM

me =my, = Mg(y)

2024/11/14 Shi-Ping He
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Expansion of the loop functions: scalar mediator case

example of hierarchical mass expansion: m,, < mg, mg

2
} mg
I; =

-
e
12(m§—m§) (2m5+3m5mf 6m5mf—|~mf-|—6m5mflog %)

2,2 2
m y m
dh Q”S _3m85 + 44mgm? — 36m§m31f — 12m%m§’; + m?c = 12m§m?c(3m?c + 2m%) log —g]

F4 4O(m75 — m?)s 4m + 155m5mf - SOmSmf — 220m5mf — ZOmSmf i m

D
=+ GOmgmfc(m‘é s 4m%m?c + 2m‘})1 og g] +O(m ) .
kg
f
[ llmf Gm? - 7 : S
f ! (1—|- my  ml logmif), for m, < my < mg f ,
hid: % 2
12m2 (1 - 27%3 ); for m,, < mg < my u
\

2024/11/14 Shi-Ping He 17



m
s s i 1y
M m% LL m% LR
f Chiral limit m, — 0 0 0
|
7 rSs 2 4 2
| 1 mg mg 1
' Chiral limit| ™ i 4 2mI 2m} logL g) 0
b mys — 0
Iz m, = mg —Z—I—%log% g
my
_ m2 2 2 2 2 2
my . f 1 my  mi(ms—my) uy| My f m
behaviours of mZ LRy Limit of | %™ | =7+ gz g 1081 = 28 | 5o 1+ (g — Dlog(1 - Z5)]
under different mass limits S P ) 1
4 2
Decoupling limit
0 0
mys — OO
Decoupling limit 0 0
mgs — OO
H m/i IS mi IS
—SiLE ~— LR
Bis Wig
S.” f Chiral limit m, — 0 0 0
EVAVAV Ve
S 1 _ m§  mi(mj—m3) i
S ° Chiral limit Rl itds 4 2m2 2mg, log(l:— _?q) 0
mys — 0 1
7 My = mMms 5 0
behavi £ ML S P N N T ™ [1+ 7 log(1
€enaviours o m_g,ILL(LR) Limit of & J 4 2mZ  2mi 5 7 2my, _ﬁ og(1 - )]
. . . mg — 0 1 1
under different mass limits my = my 7(3—2log ) 5(1—log —~)
Decoupling limit
0 0
my — OO
2024/11/14 Decoupling limit 0 0 18
ms — OO




12

my, <my < mg

(e l” + lal®) (=5 Qs + 75@9) + s (un) + va(w)] - 2L [ = o 722 — $)Qs + 7@s]

m, K mgs < my

)

2 2 m?g 1 1
(lyrl” + lyrl )'W(_EQf + 5QS)+ [yL(
f

§ -
| (lye|* + |yR|2) ; 52 (Qsr — Qs)
Y : S ms K my K my
| +lye(yr)* +yr(ye)’] 22 [(210g T2 — ir — 1)Qf — Qs] : :
- o i . hierarchical mass
i ms <m, <mys|  (lyol® +lyzl*) - W(‘ﬁ@f o+ ng) +yz(yr)" +yr(ye)]- — i (—Qf + Qs)
I
7 my < my, < ms| (yol® + |yR|2)(_éQf e %Qs) + [yr(yr)" + yr(ye)™] - f[ (o —— — —)Qf . Qs]
ms (Qf - Qs)
Sl ? my K ms K my
T B, f +yr(yr)" +yr(ye)] = [(2108 — —im —1)Qs — Qs]
S \\
" (lye|* + lyzl?) - ms > Qs +(210g— —3)Qs]
/ ms K my =my mi
]
leading order formulae my=mu <ms | (yel”+lysl? )(——Qf+—QS)+[yL(yR) +yr(ye)] - [~(og ;= - 2)Qs + 3@s]
Nemi, (e + lyml®) - (] = 5108 T2)Q; + Qs
Of Aa‘u/(S 2m2 ms K my, =mg "’
. S +lye(yr)” +yr(ye)'] - Q1 + 5 f - (log - ~1)Qs]
In different scenarios - degenerate mass

2024/11/14

my, = mg < my

(uul” + lonl") - 7 (- 75Qs + 5@8) + elon)” +mue)']- 72 (=@ +Qs)

m, < ms =mg

(el + unl®) - 57(=Qs + Q)+ [y ()" +velon)]- T2 (= 5@y + 15Q5)

ms (Qf - Qs)
my=ms < my
+ lyr(yr)" + yr(yL)"] - [(2 log —= — 1 —im)Qs — Qs]
(sl? + yal?)- f;;‘ (@ +@s) ,
mys=my=ms
e ()" +ur(un)']- (-2, + 2T 90
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M

¥
|
Y ! S
|
¥
M
M
b
LEEVAVAVEV M B
S N

H

electric charge bounded
by Aa,> 0 with pure
left-handed (right-
handed) couplings

In different scenarios

2024/11/14

1 1 1 2
m, K my K mg |yL(R)|2°(—6Qf+EQS) Qf<_§ or Qs >—§
2
m 1 1 2 1
my K msg K my lyLry|? - m—g(—ﬁQf 4 EQS) Qs < —g or g = —3
i
<my < m vzl 75 (Qr - Qs) Qs >—= or Qs < —=
m m " = e i . .
i T - BN A el F= 7327 ¥5>73%  hierarchical mass
2
m 1 1 2 [ |
ms K< my, K< my lyLry|? - m—g(—ﬁQf 5 EQS) Qs < —g or Qg = ~3
f
5 1 1 1 2
my K my, K ms YL(r)| °(—6Qf+ﬁQS) Qf<—§ or QS>—§
s Mz 1 1
mrLms <my |yL(R)| -4m2 (Qf—Qs) Qf>—§ or Qs<—§
m
ms K mys=my ||lyLml” - i [-Qs + (2log =~ —3)Qs]| Qs S —1or Qs 20
- 4m2 ms
2 1 1 2
my =my K ms lyL(m)l '(—ng‘f‘ﬁQS) O < —- ox Q5>—§ -1
Aoubhbhs -~

UUuJty -

3 1 m 1
my < mu =ms| |yLrl® - [(Z =5 log ‘m—;)Qf + ZQS] RQfS0or Qs 2 -1
2
m 1 ]| 2 1
my, =ms K< my |yL(R>|2'm—g(—ﬁQf+ng) Qf<—§ or Qs>—§
Fi
1 1 1
my, K myg=mg lyLr)l” - ﬂ(_Qf +Qs) Qr < —5 or Qs > %
5 Mz 1 1
my =ms <K my lYL(R)] e (Qf — Qs) Qf >—50rQs<—3
m
231 —9 1 1
myf=mu =ms |yL(R)|2'T(—Qf+QS) Qf<—zorQs>—3

haxQed scalar fucs

degenerate mass

20



Expansion of the loop functions: vector mediator case

example of degenerate mass case: m, = my

f 1 6 4, 2 2. 4 2 (.4 2. 2 4 m?
S [m“ — 3m;,my, + 2m;my, +mg,(my, — 3m:m3, +my,) log m%/]
. \/ 2 _4m?
— id'a 5mt — 5m2m2 + m)log VIV L for m, < ¥
mgm( L YV + V) g 2m,, ) I 5
Lin = — 55 [mS — 3mim3, + 2mZmi + mi, (mf — 3mZmi, + mi,) lo mi] p
2mS, H $ATN VA 14 1% n plity vV 14 H%; :
- fity (5m4 — 5m2m? + mj ) arctan i 1 for m,, > &Y% A v
AT py = il n >
f
[ 20log2 — £, for m, = ¥ "
2 4
_2 My o _ my
f 3 T am? s 60m?%, (137 — 120 log my ), for m, K my
LLL ~ 1 m2 = 57('m3 m4 E
e A% o [ - Vv A% 24
2 + 2m?2 (3 210g mv) 4m3 + 4m?, (1 + 1210g my )7 for my < my,
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My 1 f
—L
5 2 o _;L{R
Chiral limit m, — 0 0 3
5 0
; " (m2 —2m3)?  mP(3m2 —2mi 2
Chiral Timit|™"* = Zm2m2 + el 2H 1 Z log(1 — m_;) 0
my — 0 =¥ . i
f
B 1 1
7 g _Z_§Og% B
4
1 2 4 9759
ﬁ[m (2m} — 3mim —mi)+ mf{ i [ 2m? 2
behaVIou rS Of . - dmim3, 3 L u) My \2m2m?, mym,, + 2m (my — 2)2
LL(LR) Limit of # f om?(m?. 2v2 m2 m> o
. my — 0 my(my —m,)" log(1l — —;)] +1+—log(1——) log(1 — my 1 mf"f‘ m;,
gl — =) - 5 - —S = log(1- T5)}
under different mass limits — " i TR St 4
my, =my b e My Uy
n “om2 t3 log — 2m“ +log —= —1
Decoupling limit 5m -
myg — 00 - > Lt
f 12m?
- 2 . V 4m2
Decoupling limit v
my — OO 0 0
2
m 2
z i, L i Lin
Chiral limit m, — 0 0 E
0
%4
— [mG +8mimy — 4m>ZmS
%) & m, #m Lo L o e
Chiral limit| *7 " s i 0
ms — 0 +2mi (m2 — my, ) (2m3 — 3m}.) log V—m“]
v i
_ 5
my =m =
1 e 1 0
1 2 b
TPy [m“(me mfm -I-m )+2mf( ) ﬂ{L[ 2 2 2 m2—m?2
my, o — —m: + (m;, —m?)1 —u]
behaviours Of LL(LR) o, o : "’ L gt | i+ (i —m3) log =5
d d Limit of Hip T = m7 } + 2m2(m2* ) [3mﬁ log _ZL g Z( 15 m2) [mi(2mi = m?‘) —3m;, log 22?—
. . 2m m i
under different m | et e SR
+(3
aSS |Im |tS S R L - + my(3m} _4mu)] —(3mj, + 2mZm3 +m}) log = i]}
_ m, ™m =
My = myg 2m# -i-2m”—|—2—310gﬂ _m” L +21o my 1
1 % v my 2m2,  2my v 2
Decoupling limit m;,
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ecoupling limit v 22
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leading order formulae
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V
in different scenarios
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my, < my < my

(lgz]” +gr[*) <-2-Qf ~ §czv) + gL (9r)" + gr(9L)"] :Z_ }

my, < my < my

)
12

(l9z1* + 19 *)(55Qr — —Qv) + [g.(9r)* + gr(gr)*] - 777:;‘# y

(l91® + lgal*) (@5 — 7QV)

my <K my <K< my " ; 1. m2 1 . .
+lon(gm)" +gr(or)'] - Lillog [ — Sim = 1)Qy + Eé(‘ log % +5im+)Qv]  hierarchical mass
5 il
my K my K mg (gl + lgr|? N(5Qr — gQV) + [9£.(9r)™ + gr(gL)"] - )
5
myf K my K my (lgz|” + |9R|2)(§Qf - EQV) + [9£.(9r)™ + gr(g9L)"] - ( Qs +Qv)

my < my < my

1) 1
(lgcl® + IgRIQ)(ZQf —29v)
2
m, 1. my
— ——ir—1 — (=31
my 2" )Qs + m2 dile

+[92(9r)" + gr(9r)"]- Z—Z[aog

3.
g 4 Zir 4+ 1)Qv]
my 2

my < my=my

(192 + 19m1") (5Q7 = 2Qv) + l90(an)" + 9m(a1)"] (~3Qs + 2Qv)

mfzmu<<mv

(92l +19x)(5Qs = 2Qv) +lgwgr)" +9n(91)"] (—Qs +Qv)

my < my = my

1 my

(961" +19nl") - Qs (7 + 5108 52%) = Q)

+ [gr(9r)" + gr(gL)"] - [——Q 5 f(log—+2)Qv]

degenerate mass

my = my <<mf

(92 +19n) (5 @r = 5@v) +lor(9m)" +9r(02)"] - T (- Qs +@Qv)

dmy,

my, LK my =my

(lgzl” + |9R|2)(§Qf - ;—ZQV) +[gz(9r)" + gr(91)"] - %(_%Qf + ng)

my =my < my

(lgzl? + rgRF)(le - 3@v)

2

+lg0(0)" +9r(00)"]- T2 (log 72 — Zim — 1)@y + "ok (~4log 12 + 2im + 5)Qv]
my = my = my | (g2 + lon )T Qs + MQvH[gL(gR)*+9R(9L)*](9_f§/§7r62f+27_12\/§va) =




2 3¢ ¢ 4
my LK mg K< my lgLry|? - (ng = EQV) Qr > O 8 s
# 9 5 1 4 D
; my, K my K my l9L(R)] A ng) Qr>—gorQv<—g
| y o ol 1 1 1
my K myp <K my 9w ™ - (7Qr — 7@v) @r>=50MQv <=5 hierarchical mass
f 1 4 5
Z my < my < my |gL(R)| (—Qf . gQV) Qr > ) or Qv < 9
5% 5 4 _ _
g [ my L my < my |QL(R)|2 g (ng == EQV) > 9 or Oy < ) W boson uy*v, W, ]
1% 1 i) 1 1
. f ms K my K my |QL(R)|2'(ZQf_ ZQV) Qf>—§ or Qv S
1% 1 1 1 1
. my L my =my lgL(m)|” - (§Qf = §QV) Qf >—50rQv<—3
2 5 5 4
myg =my, K< my lgL(r)|* - (—Qf = —QV) Qs > g or Qv < ~93
electric charge bounded S - [Qf( N _1 g )_ _QV] s i

by Aa,> 0 with pure
left-handed (right-
handed) couplings
In different scenarios
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my, =my < my

l9L(R)|

2' (EQf - ng)

4 5)
Qf>—§OI'QV<——

9
~ 5 18 17 17 13
my L myg =my l9L(R)| (24Qf 24QV) > 30 " Qv < — 30
P | 1 1 1
my=my < My l9L(R)| '(ZQf—ZQV) Qf>—§ or QV<—§
63 — 27
~ —0.57
\f’/r \/371’—18 Qr > - —
ms =m, =my |lgm)l’ - (—Qf TQ") 6V3-m
or Qy < — ~ —0.43

6\/3—7r

degenerate mass
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Applications and examples

example 1. one-loop contributions in the SM

2

Aaj, = lim 2= {(lgn|* + |grI*) LLp (M, myu, ma) + [9L(9R)" + 9R(gL) ILL R (s My M) }
: S — ! g, i m? : :
interaction: —epy*u A, Aaj = lim b [—2m6 (my, = 3my,m? +m3m, log —) photon contribution
— — 2 ot —
gL = 9gr = —€ 2 2 my < mg=my
+ 2mﬁ (mu == 27’”/’14777/,y -+ m m log m—?y)] = 8?
2 2 4 2 2
. : — _ g° my, 2m m m W e D my,
Interaction: %HL)/“VLI/V# + h.c. m2 Aa) ~ TP 2 [— mg" - mVﬁV + 2W;‘é(l — mVZZ)( ZV —3)log(1 — —W)]
Ad?W = 2LY. (m,, m,, m : :
g =i, gr =0 m P 2mW lg|" Ly ( o My w) N 5g°2 m“ 1+ mi " 9mf; ) W contribution
\/E 96m2m?, 5m2,  100mi, ms & m, & my
2
Adl = —E ) { |9L|2 +|9r|*) LY L (my, mpu, mz) + [g2.(9R)* + gr(9r) 1L g (M, My, mz) }.
8m2m
- 9 1 2 N U i 4 :
interaction: -~ [( 2+SW)uLy Uy + AdZ 87r RS I ([ 5.4 W][ 4m;; +60m (137_12010gm_)]
2 7 U z'w % Z iz ' '
e ZR]ZM e g +s2,(252 — 1)[1 + M 11— 1210g ™Z) + (89— 120108 ™2 écinzlbgzlfr?
g=(5+sh),  gr=—si " Gm%( T 12lo8 T ) Ty (89— 12008 T Dl f = my K my
w2 Cw g*m?2

W(ZLSW = 2SW 1)

. . — m * *
interaction: (=my, /v)Aph  Aa; = 5 {(lyr P + [yal) L (e, e, ma) + e (r)* + yr(ye) VL p(my, my,ma) }

8mem; . . :
— = —m../v Higgs contribution
Y1 = IR M/ Agh ~ m, log % _l_l_m_i(glo %_E) m_i(glo L ﬂ)] n%g— &



example 2: compute the muon MDM induced by doubly charged mediators

interaction:  A(yrw— + yrwi ) S + iy (grw— + grwi )€V, + he.

Qr =Quc=-Q,=1 f=pu symmetry factor 2 from each vertex
Qs =Qy =—2
Ag. = M {<|yL|2 + lyrlP)(=IE +2IF1) + e (Wr)* +yr(yL) (~ILn + 217 R)
o on2 e
o Uge +19r*)(=Li +2LY,) + [91.(9r)" + 9r(9)"] (~Lir +2LR) }
g :

my,
l mf = mu K mS(V)
m2

1 g " mg 1
Ay 5t { = 50l + lunl’) + o) +ur(ue)]- (log 122 + )}

m2

4 {§(|9L|2 +19r|*) = 3[9L(9r)" + 9r(9L)"] }

)
27 my,

agree with F. S. Queiroz and W. Shepherd, New Physics Contributions to the Muon Anomalous
Magnetic Moment: A Numerical Code, Phys. Rev. D 89, 095024 (2014), arXiv:1403.2309 [hep-ph].
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example 3: compute the dark matter MDM

interaction: X(yrw— + yrwy ) fS* + h.c.

m, - m, Qr +Qs-=Qf —Qs=Qy, =0

ZQf
{12m,

Aa, = {(lyL|2+ lyrl?) (=1, + IZ.) + e (yr)* +yr(r)*) (=Tl + IfR)}

Qy —mj + (2mg + mi)m} +mg(m3 — mg)

{yel? +1yrl®) - [ o

f(m3, m$, mg)

9 o my }
mi, M, m + 1
f( f s) 0og ms]

2 2 ;.
- . N —ms +mg+m
log— — 1] —7 lyr(yr)" +yr(yL)']- [ ! -
mg my .

agree with A. Ibarra, M. Reichard and G. Tomar, Probing Dark Matter Electromagnetic
Properties in Direct Detection Experiments, arXiv:2408.15760 [hep-ph].
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example 4. compute the muon MDM from axion-like particle interactions

diagonal interaction: ypaji(iy®)u me =my, miyd :
' Aaﬂ wa 47T2m2 [I (mmmuama) - ILR(mmmM’ma)]
YL = —1Yp, Yr = 1Yp 1
Yp
Aay = 5o [T (M, my, ma) = I g (my, my, ma)]
4m<m?z
m?242m? 2m?2(m2—m?) m 2m3 (3m —m?) Mma—+4/m2—4m
_ I a a a 24 a
. y?o . [ mg u my; log i g m# \/m2 —4m?2 log 2my, ] for MMy < Ma
- 1672 m2+2m§ 2m(21(m2—m2) Ma 2m2(3m —m?) 4m?
[_ Mmﬁ 4 = £~ Jog o + mﬁ\/‘“’fﬁi—"’% arctan 73& - 1], for 2m, > m,
2
-di ' ion: ai(yrw— + yrw + h.c. ™ 2 * "
off-diagonal interaction: afi(yrw- +yrw+)f Bay = gt (el + lyrP o my g, ma) + [y () + y(un) 1 E (g me,ma)
YL = —tYp, YR = LYp |
By 2l () +yR<yL>’(1ff (musme,m,)  f s T lepton A =2 (g P + lgnl) g (i m m\) f is electron
M 871'2777% LR M % 87T2m(21 LL Ko ey 1%a
M, Ms " " 1
~ 3o WL(UR)" +yr(yr)’] ~ = (el + lyaP)
1 4 2, 2 4 4, M2 1 m2 — m?
W(—?)ma +4dm;m; — m; — 2m, log m_g)a for my, < m-,mg m4 [m + 2m?2 m + 2m? log | for me < my,m, and m, < m,
1 - 5 “ 2
m—g [1 =+ 3m2 (my, — 3ma)], for my, ma < m4 [1 + %(nﬂ —m?2 —imm?2 + m?2 log m; )] for me, m, < my,

agree with A. M. Galda and M. Neubert, ALP-LEFT Interference and the Muon (g-2), JHEP 11, 015 (2023), arXiv:2308.01338 [hep-ph].
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Summary and conclusions

® Complete analytic and expansion formulae for the muon magnetic dipole moment
» a useful reference for cross check at one-loop level

® Universality of the formulae (spin-half fermion)
» valid for canonical and quasi-canonical interactions: proper substitutions of masses, couplings, and
electric charge conservation conditions

® Fquivalent representations of the contributions
» PaVe representation, integral representation, special function representation
» singularities

® Approximations of the contributions

» clear scope of applications
» correctness: compared to the existing results and cross checked by the Package-X

® Physical implications of new physics

» not just list of mathematical formulae

» physics discussions: decoupling behaviour, chiral limit, electric charge bounds with pure
left-handed (right-handed) couplings



Thanks!

Comments and criticisms are welcome.
E-mail: heshiping@tyut.edu.cn



Backups

What is anomalous magnetic moment?

magnetic moment

‘ anomalous magnetic moment
2 [

L &5’ gi

M= G 2m, Dirac equation (1928) 9 =21+a)

_ Nelald
y&+re” vertex  (—ieQ)u(py) [V“Fl(qz) +io— (1= P2y F2(q%) | u(p2)
a
l l — QED ( Schwinger, 1948) a; = 5=
21
tree level form factor a; = F,(0) —

— SM and beyond the SM (BSM)
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muon g-2 anomaly

G. W. Bennett et al. [Muon g-2], Final Report of the Muon E821 Anomalous Magnetic Moment Measurement at BNL, Phys. Rev. D 73, 072003 (2006), arXiv:hep-ex/0602035.

B. Abi et al. [Muon g-2], Measurement of the Positive Muon Anomalous Magnetic Moment to 0.46 ppm, Phys. Rev. Lett. 126, 141801 (2021), arXiv:2104.03281.
D. P. Aguillard et al. [Muon g-2], Measurement of the Positive Muon Anomalous Magnetic Moment to 0.20 ppm, Phys. Rev. Lett. 131, 161802 (2023), arXiv:2308.06230.

A BNL a,(BNL) = 116592080(63)x10~ 1"
o : ENAL Run-1 a,(FNAL1) = 116592040(54)x10~**
& FNAL Run-1 + Run-2/3 a,(FNAL 1+ 2/3) = 116592055(24)x10~*
‘ } Exp Average aM(EXp) = 116592059(22))(10_11
20:0 20:9 210 213 ot 225 4, (SM) = 116591810(43)X 1011 T, Aoyama etal (2020)

a,x10° - 1165900
a,(Exp) — a,(SM) = (249 £ 48)x107'!' 54
FNAL muon g-2 experiment (2023)

A. Boccaletti, et a/. High precision calculation of the hadronic vacuum polarisation contribution to the muon anomaly, arXiv:2407.10913 [hep-lat].
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Inadequacies of this work

® \Vithout UV completion of the each scenario
» hierarchical mass

mu 1G4 mf, mS(V) mS(V) 1G4 mf,mu mf 1G4 mu, mS(V)
mf,ms(v) 1G4 mu mf,mu 1G4 mS(V) mu,ms(v) 1G4 mf

» degenerate mass
my =my, my = Mswv) me = M)

me =My, = Mg(y)

® Renormalizable interactions at one-loop level
» two-loop contributions
» non-renormalizable interactions

® Understanding of the imaginary part oq
» If EFT breakdown, is a, well defined for light loop particles? i4m“ otV Fy,
» Does the imaginary part lead to observable effects?




