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Precision: gateway to discovery

« Currently main strategy: search
anomalous deviations from theory

* Interplay between exp. and th.

To make full use of data: theoretical errors should be much smaller than experimental errors, ideally:

Errory, < §Err0rexp
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High-precision test of Higgs boson

» High-precision data expected

_ OExp
« 2012: u =1.4 £ 0.3(exp) * (negligible th) PLB2012 U =
2022: p = 1.05 + 0.04(exp) £ 0.04(th) 7SM ST TATEY, 2000 per experiment
RT TR EIREE T Nature2022 o Total ATLAS and CMS
« Theorists also working hard, but experimentalists are excellent... — E:(E;(Iesrtllr(r;legntal HL-LHC Projection
—— Theory Uncertainty [%]
» Looking ahead o =7 oo e
ggH [— 1.6 07 08 12
* Run lll of LHC (22-25) I
Ovgr — 3118 1.3 21
* HL-LHC (29-40): expect 0(1%) uncertainty |
* Requirement: reducing theoretical uncertainties by at OwH 57 33 24 40
least a factor of 5-10 (1-2 higher orders in ! ) Oy :— 42 26 13 31
Y : 313 18 37
Eg., DGLAP : 3-loop@2004 — 4-l0op@202X  sce Tongzhi Yang's talk [ -

| i I I I ! !
0 002 004 006 008 01 012 014
Expected relative uncertainty

Can theorists keep up (a? in 16 years)? CERN2019

Assuming theoretical errors halved
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https://inspirehep.net/literature/1718163
https://inspirehep.net/literature/1124337
https://inspirehep.net/literature/2104706

Era of precision physics

» High-precision data

 Many observables probed at

precent level precision

» QCD cor. requirement

* Most processes: N2LO
 Many processes: N3LO
« Some processes: N4LO

A few processes: NSLO

Standard Model Production Cross Section Measurements

Status: February 2022
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https://inspirehep.net/literature/2055470

Current status of perturbative calcualtion

> Accomplished processes NQEIEIEIETIEIETS

NLO Kk k hkhk Kkhkkhk khkkhk Kkkhkk Kkkhkxk

« NLO solved, automatic codes exist: N2LO **xk &k * ? ?
* % * ?
MadGraph, Helac, etc N3LO :
N4LO  * 5
N5LO ?

Automatic high computation is highly demanded!!!

> A “billion-dollar project”

LHC cost about 10 billion dollars

It is waste of money unless having high-precision computation
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High-order community
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2012: &I Higgski+

\

1990 2000 2010

* In10years: high-order papers increased by 2.5 times

 The number of papers is almost unchanged for the whole hep-ph field

2020 IZ.S times
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Main bottleneck: Feynman integrals computation

Z Q7"(D,85)I»(D,5) =0

1) Reduce loop integrals to basis (Master Integrals )

2) Calculate Mls
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FROMTITHENER

Computation of MIs

150

Sum
|- Canonical form

100 )
REREEEEEE Mellin-Barnes

50

2010 | 20115 | | 2o|20 o '_

o . . 12.5 times
v' Efficient for numerical evaluation

v" High precision

x High manpower cost

x  Only applicable for some processes

FROFEHENE

150

100

B Sum i
—————— AMFlow
N Sector Decomposition

EEEEE - Dimensional difference eq.

+ = = Numerical differential eq.

~
‘.0 ,..,l N
* I' ~'.‘
/I, - ~:0—
_____ I7‘¢'~
~"'&“I' ‘&
__________ __,*—‘ =
- “l -------------- | ._—”‘-- Sl
2010 2015 2020 ]
/7 times

v' Applicable for any process

v" Low manpower cost for AMF/SD

v" High precision except for SD

v Efficient by combining AMF+differential eq.

But, all depend on IBP!!!
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Reduction: the bottleneck!

» The state-of-the-art IBP method: very challenging

° FOUl’-lOOp g+g—->H (NNLP in HTL) 860 days (wall tlme') Davies, Herren, Steinhauser, PRL2020

» Improvements for IBPs

« Syzygy equations: trimming IBP system —
Gluza, Kajda, Kosower, PRD2011
Bohm, Georgoudis, Larsen, Schulze, Zhang, PRD2018

NeatIBP: Wu, et al. CPC2024 Improve efficiency

. . - ~ half orderin o,
« Block-triangular form: search simple IBP system by a hundredfold

Liu, YQM, PRD2019
Guan, Liu, YQM, CPC2020
Blade: Guan, Liu YQM, Wu, 2405.14621

I

We need to calculate two more orders in a,! How?
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https://inspirehep.net/literature/1766896
https://inspirehep.net/literature/1651462
https://inspirehep.net/literature/1771922
https://inspirehep.net/literature/2789587
https://inspirehep.net/literature/866930
https://inspirehep.net/literature/1645272
https://inspirehep.net/literature/2659772

Way to bypass IBP
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Large auxiliary mass expansion

» Introduction of auxiliary mass

Eoalby & 1

» Asymptotic expansion

M(D § ?7) — nLD/Q—Za Va Z n—ﬁtoMbub(D? §)

HO
po=>0

» Ansatz and matching
1=1

Q’&(DJ ga 77) —
(/\O,X)eszgjl

S Qs s

X|%E: 2017.11 -2019.12

2

87

— 2
,Da pm— Q(){ - TT?;

« Expensive for expansion for many

variables and complex expression

« Byproduct: block-triangular form

Liu, YQM, PRD2019

Guan, Liu, YQM, CPC2020
Blade: Guan, Liu YQM, Wu, 2405.14621
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https://inspirehep.net/literature/1651462
https://inspirehep.net/literature/1771922
https://inspirehep.net/literature/2789587

Large spacetime expansion

» Quantities present in all Feynman integrals

» Later we realized: it has been
studied by Baikov long time ago

Again, expensive for expansion for many

variables and complex expression

Space-time dimension D — 4 and
Feynman prescriptionn — 0
Asymptotic expansionof Flsat D —» «

(No n, simpler final expression)

XI|&E . xEEE: 2018.07 - 2019.01

Baikov, PLB2006

Zhi-Feng Liu

Supervisor: Yan-Qing Ma

Jan. 14t, 2019

Lee&Pomeransky rep.

» Feynman integral parameterized as

j _ rd/2) U ‘ J’ V"de] el
Viva¥n rMd/2=v+1Ld/2) v

[R.M.Les, AA Pomerans

G=U+F

+ U,FisL,L+1 degree graph polynomial of parameters x,
» Non-zero stable points correspond to irreducible Mls
*  Expanding at critical points yields series rep.

» Based on series rep. , reduction can be done

ky 2013]

2036
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https://inspirehep.net/literature/686713

A-space expansion

XFEE, O0E: 2021.04-2021.10
» Squeeze singularities: generating function

. -L-E-
J =0 dJ 2) ?\:\ ’PDLz , 1/;7/0, nzm
v J)/ 2' —.?N\ B =t

D to A: Laplace transformation
n to A: Mellin transformation

» 1/A expansion to construct 1-DEs

 Very simple singularities: 0 and o
« Byproduct: generating function
*  Much less unknown parameters

: : : , in D-space  Guan, Li, YQM, PRD2023
« But, still expensive for expansion for many variables
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https://inspirehep.net/literature/2665808

A-space: to compute MIs (like AMFlow)

DLZ<1li:  2021.08-2022.10 HOCHs . TEREY . BHER]:  2022.08-2024.03

&M e GED ARFHEEIB

HH:  SHEFemhFFERRRELR

Study and Application of Perturbative o o
Finding:
i Quantum Chromoc lynamics

o REREHRITAR Perfect for one-loop, but
BAE¥S sk 3180105527 very hard for multiloop
g 4] SHE, DHRY " & i 5
FREEY 201845 4y 2 % ¥ 2 1900011408
ET wEEY 5% .

4 ¥ F
2 H ¥ 2022 %5 A S S#E

—_Oo”_= % h H
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Byproduct of A-space: one-loop(-like) MIs

» Dimension-changing transformation (DCT) ..o sin vam, we we 0 preparation

a1 & 1
II}‘? n E/.
W= [ om0

1 [ o]
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» Very efficient: any number of legs, any spacetime dimension
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Lessons: 2017-now

» Reduction using asymptotic is very hard

 May need to expand to about 100 orders
« Suppose we have n integration variables, the number of terms is about 102"

* For cutting-edge problems,n > 10

» One-loop and one-loop-like Fls can be perfectly
computed using DCT

e So what?
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Iterative computation of MIs

Feynman parameter integration through differential
equations

Martijn Hidding," Johann Usovitsch?

! Department of Physics and Astronomy, Uppsala University, SE-75120 Uppsala, Sweden
2 Theoretical Physics Department, CERN, 1211 Geneva, Switzerland

E-mail: martijn.hidding@physics.uu.se, johann.usovitsch@cern.ch

ABSTRACT: We present a new method for numerically computing generic multi-loop Feynman inte-
grals. The method relies on an iterative application of Feynman'’s trick for combining two propagators.
Each application of Feynman’s trick introduces a simplified Feynman integral topology which depends
on a Feynman parameter that should be integrated over. For each integral family, we set up a system of
differential equations which we solve in terms of a piecewise collection of generalized series expansions
in the Feynman parameter. These generalized series expansions can be efficiently integrated term by
term, and segment by segment. This approach leads to a fully algorithmic method for computing
Feynman integrals from differential equations, which does not require the manual determination of
boundary conditions. Furthermore, the most complicated topology that appears in the method of-
ten has less master integrals than the original one. We illustrate the strength of our method with a
five-point two-loop integral [amily.

1 Pvi+vy) [ pVi (1 — vt

= dx
DYDY Twal(y) Jo  (Diw+ Dj(1 —z)) s

The integrand of x is easier to compute

because there is one less denominator
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Iterative reduction

}FE. wALM: 2022.07-2023.08
» Integrate out parameters one by one
» Reduce integrand to corresponding Mls at each step

qNv—(L+1)D]2

F Ny-LD/2

o TN =LDI2) [ et e
J@D) = (=1) F(Vl)"'r(VK)fD(Xi dxi)o (1 - X)

Finding:
Too many variables: hard to reconstruct complex intermediate expression
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Lessons after 7-year study

» Reduction is very hard, no matter using any method,
the reason: too many integration variables

- IBP

« Asymptotic expansion EI XE %?‘ ‘IE. J/?\ @

e |terative reduction

* Intersection number

No precision, no New Physics!!!
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A possible simplification?

. . End of 20237
» Feynman parametrization

— R v=(L+1)D/2
e B [ [ IR o e
i=1

C(r)---T(vk) FN-LD]2
 U:degree L in the Feynman parameters x; U = E H T
« F:degreel +1 TET(G) e &T

» Will things be simpler if we fix U unintegrated?

B
J (7; D) = / [dX] HX“a‘luV‘wI

a=1

LD
2

(X)
X,: the summation of Feynman parameter for the a-th branch
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Surprise!

FALMS . HEIE: 2024.04-now
» The integrand is as simple as one-loop Fls! |

J(ﬁ’D):/ dX HXVa—luy (+)DI 2 (X)

v
a=1

A new representation

« Because F is then degree 2

* Integrand can be computed using DCT

» Much less unintegrated parameters!

e 2loops:B =2
« 3loops:B =5
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Example* compute MIs

\T/

DCT/pt (ms) : : 4 : 7.89
Total time : . . .
(CPU) <1min <1min <3min 3min 12h

A very very preliminary implementation

* Much more to improve
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Summary and outlook

» Find novel structure of Fls: one-loop-like integrals followed by
integration over a few variables

» All previous Fls techniques can be applied to the novel
representation

» Optimistic to overcome multiloop multileg Fls computation, and
to meet the requirement of high-precision LHC data

» Stay tuned

Thank you!
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