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What is bootstrap

Difficulties:
• Do not know fundamental Lagrangian
• Do not know how to do computation (e.g., non-perturbative)
• Known methods too complicated

Universal 
physical 

properties

Constrain physical 
results directly

Bootstrap



字⾯面意思：
拔靴带，
靴袢

What is bootstrap



“Pull yourself up by your bootstraps”

The Surprising Adventures of 
Baron Munchausen, (1781)

What is bootstrap



中国武侠轻功 “梯云纵”：

陆⼩小凤更更吃惊，脚尖点地，身⼦子⽴立刻蹿起。⼤大
殿上的横梁梁离地⼗十丈。没有⼈人能⼀一掠⼗十丈。他
身⼦子蹿起，左⾜足⾜足尖在右⾜足⾜足背上⼀一点，竟施
展出武林林中久已绝传的“梯云纵”绝顶轻功，居
然掠上了了横梁梁。

What is bootstrap



S-matrix Theory

Bootstrap

Modern 
Amplitudes

MethodsConformal 
Bootstrap

Lattice gauge 
theory

EFT Wilson 
coefficients

Bootstrap



Bootstrap lattice gauge theory

First proposed by Anderson and Kruczenski in 2016, and later 
improved significantly by Kazakov and Zheng.

Anderson, Kruczenski, arXiv:1612.08140
Kazakov, Zheng, arXiv:2203.11360, 2404.16925

Bootstrap in the framework of lattice YM theory

• First principle computation: from fundamental action


• Universal: no special symmetry, and for general dimensions


• A method with “analytic” control



Basic strategy

Positivity property

+
Schwinger-Dyson 

equations

Constrain the value of 
physical quantities

3d，SU(3) YM



Main results
Previous studies focus on large N YM, or SU(2) YM, where 
only single-trace Wilson loops operators are necessary.

We consider for the first time the SU(3) case which involves 
single- and double-trace operators. We show that the method 
works as well as in the SU(2) case.

( Li, Zhou, arXiv:2024.17071 for U(1) )

Anderson, Kruczenski, arXiv:1612.08140
Kazakov, Zheng, arXiv:2203.11360, 2404.16925



Results：2d

2d plaquette：

2d，SU(3) 2d，SU(3)

x-axis is coupling constant, y-axis is the expectation value of plaquette.



3d，SU(3) 3d，SU(2)

Results：3d

3d plaquette：
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Setup of the theory

S = −
N
2λ ∑

P

tr(UP + U†
P)

Z = ∫ 𝒟Ue−S = ∫ ∏
x, ̂μ

dU ̂μ(x)e+ N
2λ ∑P tr(UP+U†

P)

Action:

Partition function:



Physical quantity

Expectation value:

⟨𝒪⟩ = Z−1 ∫ 𝒟Ue−S𝒪 = Z−1 ∫ ∏
x, ̂μ

dU ̂μ(x)e+ N
2λ ∑P tr(UP+U†

P)𝒪

The fundamental quantities is the Wilson loops.

• Area law for confinement


• Glueball spectrum from loop correlators
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Main strategy

Fundamental 
positivity property

+
Schwinger-Dyson 

equations

Constrain the value of 
Wilson loop operators

3d，SU(3) YM



Positivity: For any             ！
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Positivity

Consider operator:

Figure 2. The strategy of positivity bootstrap.

Positivity conditions

The origin of the positivity is very simple.

Given a linear operator

O =
NX

i=1

↵ioi , (2.5)

hOOi =
X

i,j

↵i↵jhoioji � 0 , (2.6)

for any ↵i,↵j . This is equivalent to that the following matrix for wi,j = hoioji is semi-definite

positive: ⇣
wi,j

⌘

N⇥N

⌫ 0 . (2.7)

The meaning of the “semi-definite positive” is that the determinant of each main sub matrix

is non-negative.

For the lattice YM theory, we will use the types of positivity conditions:

• Hermitian positivity:

MH = hO
†
Oi � 0 . (2.8)

This case is straightforward to understand.

• Reflection positivity:

MR = hO
R

+O+i � 0 . (2.9)

We will discuss the reflection positivity (RP) in more detail in Section 3.

Schwinger-Dyson equation

Operators satisfy equation of motions, which is a quantum version of the classical Euler-

Lagrangian equations.

– 4 –
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Positivity in QFT

∫ 𝒟U e−S | f(U) |2 ≥ 0

∫ 𝒟U+ e−S+f(U+)
2

≥ 0

Hermitian positivity:

Reflection positivity:

⟨𝒪†𝒪⟩ ≥ 0

⟨𝒪R
+𝒪+⟩ ≥ 0

K. Osterwalder and R. Schrader, 

“Axioms for Euclidean Green’s functions”, 1973



⟨𝒪R
+𝒪+⟩ ≥ 0

A twist version of Reflection positivity (twist-RP): 
exact in 2d lattice, or in continuum theory.

Positivity in QFT

Reflection positivity:



Loop equations

Schwinger-Dyson equation for Wilson loops:

Examples:



Dimension reduction

Consider operators that are in (d-1) sub-plane.

2d loops, extended in only one direction:

Compare number of loops:

Question：does this reduction have good convergence？（Yes！）

3d loops in a 2d sub-plane



An explicit example
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⟨𝒪†𝒪⟩ ≥ 0

Hermitian positivity:



Reflection positivity:

⟨𝒪R
+𝒪+⟩ ≥ 0
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An explicit example
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Constrain the value 
of Wilson loops

An explicit example

Here only 1 loop equation is related.



#path=5 
#loop=4 
#SDE=1

#path=15 
#loop=37 
#SDE=16

An explicit example



#path=5 
#loop=4 
#SDE=1

#path=15 
#loop=37 
#SDE=16

#path=33 
#loop=121 
#SDE=94

#path=33 
#loop=121 
#SDE=94

An explicit example



Semi-definite programming

A mathematical problem:  “Semi-definite Programming”

• Simple problem: using Mathematica directly

• Complicated problem: need specific software



Outline

•Background


•Method


•Results: SU(3)


•Outlook



SU(3) YM theory

Example of SDE:

Number of loop variables increase significantly.

Good convergence?

Need to consider multiple-trace operators.
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#path=81 
#loop=358 
#SDE=72

#path=729 
#loop=17427 
#SDE=3179

Results：2d SU(3)

2d plaquette：

~ 3 digits precision



3d，SU(2)

SU(3) and SU(2) is similar

#path=641 
#loop=3102 
#SDE=398

#path=289 
#loop=871 
#SDE=131

Red dots from MC data: Athenodoroua, Teper, arXiv:1609.03873 (3d), 2106.00364 (4d)

Results：3d SU(3)

3d plaquette：

3d，SU(3)



4d，SU(2)
#path=1681 
#loop=5392 
#SDE=423

#path=769 
#loop=1605 
#SDE=230

4d plaquette：

SU(3) and SU(2) is similar

Red dots from MC data: Athenodoroua, Teper, arXiv:1609.03873 (3d), 2106.00364 (4d)

Results：4d SU(3)

4d，SU(3)



Summary

Our new progress for bootstrapping lattice gauge theory:

Consider SU(3) that involves multi-trace operators 
for the first time. Show that the method works well.

Consider (d-1) sub-plane operators. Show that 
there is good convergence property.

Introduce a new RP: twist-RP, which is 
exact in 2d lattice and in continuum theory.

Bootstrap methods play increasingly important roles in 
various studies.



Outlook

Generalization: higher N, QCD with dynamic quarks, …

• How to make “good” truncation for the loops?


• How to derive the SDE efficiently?


• How to improve the SDP computation?


• New constraints?

Challenges:



Postdoc position @ ITP-CAS

Research area:


“non-perturbative QCD”  and “quantum gravity”

1 or 2 postdoctoral positions @ ITP-CAS, Beijing

Candidates with background of high-loop computations or 
bootstrap methods are particularly encouraged to apply.



Thank you for your attention!



Reduction of high-trace operators

SU(3): need single- and double-trace operators

SU(2): only single-trace operators



SU(2) results Kazakov, Zheng, arXiv:2404.16925

4d，SU(2)3d，SU(2)



Well-known methods

Lattice simulation: most successful quantitative method

Exactly solvable model:

Effective field theories:

• low dimensional models

• specific symmetries: supersymmetry, conformal symmetry

• Chiral perturbation, 

• heavy quark effective theory, 

• Nambu-Jona-Lasinio (NJL) model, etc

“positivity bootstrap” strategy



Result: plaquette-correlator
3d double-trace operators:汛 ӣك ࢥ ԫ܈ iitgIiofw.tus
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