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F. Dulat, A. Lazopoulos, B. Mistlberger 2018

Hadronisation 

Parton Shower

Hard Scattering

Proton      Parton

Slide based on M. Grazzini’s talk @ Higgs10

Georgi, Glashow, 
Machacek Nanopoulos 

1978

Djouadi, Graudenz, Spira, 
Zerwas, Dawson 

1991~1995

Harlander, Kilgore, 
Anastasiou, Melnikov, 

Ravindra, Catani, 
deFlorian, Nason, Grazzini, 

Passarino, Czakon, 
Klappert, Niggetiedt, Re, 

Rottoli, Torrielli  et al  

2002~2021

Anastasiou,  Duhr, Dulat, 
Furian, Gehrmann, Herzog, 

Lazopoulos, Mistlberger, 
Cieri, XC, Glover, Huss, 
Pelloni, Billis, Dehnadi, 

Ebert, Michel, Tackmann, 
Baglio, Szafron et al  

2016~2022

Which is the 
shortest panel? 

2025

?

The Bucket Effect in pp → H + X
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ANATOMY OF HARD SCATTERING ̂σab
➤Building blocks from perturbative QFT

                                                                                                                        

̂σ = αs( ̂σB) + α2
s ( ̂σR + ̂σV) + α3

s ( ̂σRR + ̂σRV + ̂σVV) + α4
s ( ̂σRRR + ̂σRRV + ̂σRVV + ̂σVVV) + 𝒪(α5

s )

̂σLO ̂σNLO ̂σNNLO ̂σN3LO ⋯
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➤Building blocks from perturbative QFT

                                                                                                                        

̂σ = αs( ̂σB) + α2
s ( ̂σR + ̂σV) + α3

s ( ̂σRR + ̂σRV + ̂σVV) + α4
s ( ̂σRRR + ̂σRRV + ̂σRVV + ̂σVVV) + 𝒪(α5

s )

̂σLO ̂σNLO ̂σNNLO ̂σN3LO ⋯
Matrix elements for Higgs production from gluon fusion (in HTL)
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ANATOMY OF DIFFERENTIAL CROSS SECTIONS d ̂σab
➤Method to control IR divergence?

➤Subtraction of IR divergence  
NLO: di-pole (S. Catani, M.H. Seymour 1996), FKS (S. Frixione, Z. Kunszt, A. Signer 1995), Nagy-Soper (2003) 
NNLO: Antenna subtraction (A. Gehrmann-De Ridder et al. 2005),  
STRIPPER (M. Czakon 2010), ColourfullNNLO (V. Del Duca et al. 2016),  
Nested-soft-collinear subtraction (F. Caola et al. 2017),  
Analytic Sector Subtraction (L. Magnea et al. 2018),  
Geometric IR subtraction (F. Herzog 2018), Unsubtraction (G. F. R. Sborlini et al 2016)

➤Slice IR sensitive phase space region (applicable to all orders) 
 
 
qT slicing (G. Bozzi, S. Catani, D. De Florian, M. Grazzini et al. 2006-07), N-jettiness slicing (R. Boughezal, X. Liu, F. Petriello et al. 2015)

➤Projection to Born 
 (M. Cacciari, F. A. Dreyer, A. Karlberg, G. P. Salam, G. Zanderighi 2015)

➤Amplitude level removal 
Loop-Tree Duality (I. Bierenbaum, S. Catani, P. Draggiotis et al. 2008-10, R. Runkel, Z. Szor et al. 2019, Z. Capatti, V. Hirschi et al. 2019-20, 
J. J. Aguilera-Verdugo et al. 2020) Universal factorisation (C. Anastasiou, R. Haindl, G. Sterman, Z. Yang, M. Zeng 2018-20)

Xuan Chen (SDU)                                                                       Precision Phenomenology towards N3LO QCD                  15
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dσF
NkLO = ℋF

NkLO ⊗ dσF
LO δ(τ)

+ [dσF+jet
Nk−1LO

− dσF CT
NkLO]τ>τcut

+ 𝒪(τ2
cut /Q2)
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 jet @NNLO QCDpp → γγ +
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 Perturbative QCD @ NNLO

F. Buccioni, XC, W. Feng, T. Gehrmann, A. Huss, M. Marcoli in preparation  

➤ Fully differential predictions ( ) 
➤  ME @ 2-loop. 

➤  ME @ 1-loop from OpenLoops2 

➤ Loop induced contribution @ NLO ( ) 

➤ Antenna subtraction for IR divergence 
cancellation within each event 

➤ Reliable fixed order prediction for  GeV 
➤ Scale uncertainty reduced by > 50%  
➤ Improved agreement with ATLAS 13 TeV data.

α3
S

2 → 3

2 → 4

α4
S

pT,γγ > 5

B. Agarwal, F. Buccioni et. al. PRL. 127, 262001 (2021)  

F. Buccioni, J.-N. Lang, J. M. Lindert et. al. EPJC 79, 866 (2019) 

S. Badger, T. Gehrmann et. al. Phys.Lett.B 824 (2022) 

ATLAS collaboration  JHEP 11 (2021) 169 

Also in H. A. Chawdhry, M. Czakon, A. Mitov, R. Poncelet JHEP 09 (2021) 093 

https://inspirehep.net/literature/1927846
https://inspirehep.net/literature/1887997
https://inspirehep.net/literature/1862813
https://inspirehep.net/literature/1747023
https://inspirehep.net/literature/1863379


 Perturbative QCD @ NNLO
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 Perturbative QCD @ NNLO
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 ANTENNA SUBTRACTION @ NNLO
Feature Reference

Traditional 
(NNLOJET v.1.0)

• Built from scattering matrix element (di-pole) 
• All collider types available: LHC, LEP, DIS etc. 
• Most 2 to 2 scattering and crossing available 
• Branch to Trunk and Trunk to Branch algorithms 
✴ Partially automated (LHC 3 jets production) 
✴ (Massive/heavy quark) 
✴ (Identified hadron, photon) 

 

• Original: 
hep-ph/0505111 hep-ph/0612257  
0710.0346 0912.0374 1006.1849  
1112.3613 1211.2710 1301.4693  

• Massive: 
0904.3297 1102.2443 1105.0530 

1112.4736 1207.6546 1309.6887 1409.3124 
• Identified: 

2201.06982 2208.02650 2406.09925 
• Automation: 2203.13531 2310.19757

Idealised
• Built from desired IR limits 
• Based on two hard partons (di-pole) 
• Currently only final state partons for NNLO

2302.12787 2307.14999 2308.10829

Generalised

• Built from desired IR limits 
• Based on three hard partons (tri-pole) 
• Currently only final state partons for NNLO 
• Branch to Trunk algorithms and easy to automate 
• Efficiency boost at x5 ~ x10

2410.12904
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X0
3(i, j, k) =

|ℳ0
3(i, j, k) |2

|ℳ0
2(Ĩ, K̃) |2 X0

4(i, j, k, l) | =
|ℳ0

4(i, j, k, l) |2

|ℳ0
2( ˜ijk, ˜jkl) |2

https://arxiv.org/abs/hep-ph/0505111
https://arxiv.org/abs/hep-ph/0612257
https://arxiv.org/abs/0710.0346
https://arxiv.org/abs/0912.0374
https://arxiv.org/abs/1006.1849
https://arxiv.org/abs/1112.3613
https://arxiv.org/abs/1211.2710
https://arxiv.org/pdf/1301.4693
https://arxiv.org/abs/0904.3297
https://arxiv.org/abs/1102.2443
https://arxiv.org/abs/1105.0530
https://arxiv.org/abs/1112.4736
https://arxiv.org/abs/1207.6546
https://arxiv.org/abs/1309.6887
https://arxiv.org/abs/1409.3124
https://arxiv.org/abs/2201.06982
https://arxiv.org/abs/2208.02650
https://arxiv.org/abs/2406.09925
https://arxiv.org/pdf/2203.13531
https://arxiv.org/pdf/2310.19757
https://arxiv.org/abs/2302.12787
https://arxiv.org/abs/2307.14999
https://arxiv.org/abs/2308.10829
https://arxiv.org/pdf/2410.12904
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J. Currie, N. Glover, S. Wells JHEP 04 (2013) 066 
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https://arxiv.org/pdf/1301.4693
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 ANTENNA SUBTRACTION @ NNLO

XC, T. Gehrmann, N. Glover, A. Huss, M. Marcoli JHEP 10 (2022) 099 
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https://arxiv.org/pdf/2203.13531
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 ANTENNA SUBTRACTION @ NNLO Slide from Elliot @ HP2

E. Fox, N. Glover, M. Marcoli 2410.12904 
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https://agenda.infn.it/event/35067/contributions/241500/attachments/124878/183958/Generalised_Antenna.pdf
https://arxiv.org/pdf/2410.12904
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 ANTENNA SUBTRACTION @ NNLO Slide from Elliot @ HP2

E. Fox, N. Glover, M. Marcoli 2410.12904 

 jets @ NNLO 
Efficiency boost by a factor of 10

e+e− → 3
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https://agenda.infn.it/event/35067/contributions/241500/attachments/124878/183958/Generalised_Antenna.pdf
https://arxiv.org/pdf/2410.12904


Lo
op

s

loops + legs + scale = 7~8

Leg

N3LO QCD 
Phenomenology 
Study by year

17
16

15

23

22

21

20

19
18

Higgs (ggF HTL) total, Anastasiou, Duhr, Dulat, Furlan, Gehrmann et al.

Higgs (VBF) total, Dreyer, Karlberg

Higgs (ggF HTL) yH, Dulat, Mistlberger, Pelloni

Higgs (ggF HTL) total, Mistlberger

Higgs (ggF HTL) yH, Cieri, XC, Gehrmann, Glover et. al.

Higgs (ggF HTL) yH, Dulat, Mistlberger, Pelloni

HH (VBF) total, Dreyer, Karlberg DIS (1-jet) diff, Currie, Gehrmann, Glover et. al.

Higgs (bbF) total, Duhr, Dulat, Mistlberger

HH (ggF) total, Chen, Li, Shao, WangHiggs (bb decay) diff, Modini, Schiavi, Williams

DY( ) total, Duhr, Dulat, Mistlberger
γ*

Higgs (bbF) total, Duhr, Hirschi, et. al.
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 Perturbative QFT for Precision Predictions
 @N3LO QCD2 → 2

➤ Total cross section for pp and epem collider 
➤ ME from  @ NNLO + ME @ 3-loop. 
➤ Use reverse unitarity for IR pole cancellation. 
➤ Different perturbative-series convergent behaviour

2 → 3

X. Chen, X. Guan, C.-Q. He, X. Liu, Y.-Q. Ma PRL. 132, 101901 (2024)

σ (e+e− → tt̄)

qq̄ → ZH

σ/
σ N

3 L
O qq̄ → W−H

qq̄ → W+H

J. Baglio, C. Duhr, B. Mistlberger, R. Szafron JHEP 12 (2022) 066

-1%

0.3%±

-1.9%

Xuan Chen (SDU)                                                                       Precision Phenomenology towards N3LO QCD                  30

https://inspirehep.net/literature/2157953
https://doi.org/10.1007/JHEP12(2022)066


3

and the beam functions [70–72], using the rapidity reg-
ulator proposed in [73]. These newly available results
provide the key ingredients for applying qT -subtraction
to processes with colorless final states at N3LO. The
perturbative beam functions are expressed in terms of
harmonic polylogarithms [74] up to weight 5, which can
be evaluated numerically with standard tools [75].

The resolved contribution above the q
cut
T for N3LO

Drell-Yan production contains the same ingredients of
the NNLO calculation with one extra jet. Fully di↵eren-
tial NNLO contributions for Drell-Yan-plus-jet produc-
tion have been computed in [76–78]. The application to
N3LO qT -subtraction further requires stable fixed-order
predictions at small qT [79–81], enabling the cancella-
tion of the q

cut
T between resolved and unresolved contri-

butions to su�cient accuracy. In this Letter, we em-
ploy the antenna subtraction method [82–85] to compute
Drell-Yan production above q

cut
T up to NNLO in pertur-

bation theory, implemented in the parton-level event gen-
erator NNLOJET [76, 79]. To achieve stable and reliable
fixed order predictions down to the qT ⇠ 0.4 GeV re-
gion, NNLOJET has been developing dedicated optimiza-
tions of its phase space generation based on the work
in [68]. This ensures su�cient coverage in the multiply
unresolved regions required for the qT -subtraction.

RESULTS

Applying the qT -subtraction method described above,
we compute Drell-Yan lepton pair production to N3LO
accuracy. For the phenomenological analysis, we restrict
ourselves to the production of a di-lepton pair through a
virtual photon only. We take ECM = 13 TeV as center
of mass collision energy and fix the invariant mass of
the di-lepton pair at Q = 100 GeV. Central scales for
renormalization (µR) and factorization (µF ) are taken at
Q, allowing us to compare with the N3LO total cross
section results from [14]. We use the central member of
PDF4LHC15_nnlo PDFs [86] throughout the calculation.

To establish the cancellation of qcutT -dependent terms
between resolved and unresolved contributions, Fig. 1
displays the qT distribution of virtual photon obtained
with NNLOJET (used for the resolved contribution) and
obtained by expanding the leading-power factorised pre-
diction at small qT using Eq. (2) up to O(↵3

s). The high-
est logarithms at this order are 1/qT ln5(Q/qT ). The
singular qT distribution is expected to match between
NNLOJET and SCET, which is a prerequisite for the
qT -subtraction method. This requirement is fulfilled by
the nonsingular contribution (NNLOJET minus SCET)
demonstrated in the bottom panel of Fig. 1. Remarkably,
the agreement starts for qT at about 2 GeV and extends
down to 0.32 GeV for each perturbative order. Numerical
uncertainties from phase space integrations are displayed
as error bars. We emphasize that the observed agreement

FIG. 1: Perturbative contributions to transverse mo-
mentum distribution of the virtual photon up to ↵

3
s.

The upper panel displays the qT -distribution obtained
from NNLOJET and from expanding SCET to each
order. The bottom panel contains the nonsingular re-

mainder (NNLOJET minus SCET).

FIG. 2: Inclusive N3LO QCD corrections to total
cross section for Drell-Yan production through a vir-

tual photon.

is highly nontrivial, providing very strong support to the
correctness of the NNLOJET and SCET predictions.

In Fig. 2, we display the N3LO QCD corrections to
the total cross section for Drell-Yan production through
a virtual photon, using the qT -subtraction procedure, de-
composed into di↵erent partonic channels. The cross
section is shown as a function of the unphysical cut-
o↵ parameter q

cut
T , which separates resolved and un-

resolved contributions. Integrated over qT , both the

qq̄
gg
qq

qg

Σ
𝒪(qcut

T )

XC, T. Gehrmann, et. al. PRL. 128, 052001 (2022) 

 Perturbative QFT for Precision Predictions
 @ N3LO (+ N3LL) QCD2 → 1

➤ Fully differential N3LO correction in event generator 
➤ Recycle  @ NNLO with  slicing 

 

➤ Fiducial power correction removed via MC recoil technique. 
➤ Small  resummation at N3LL and partial N4LL

pp → V + J τcut

pT

dσF
NkLO = ℋF

NkLO ⊗ dσF
LO δ(τ)

+ [dσF+jet
Nk−1LO

− dσF CT
NkLO]τ>τcut

+ 𝒪(τ2
cut /Q2)

➤ Validation of inclusive 
total cross section for

 GeV. 
 

➤ Separated in parton 
channels  

➤ Foundation of numerical 
Monte Carlo setup for 
differential predictions.

qcut
T < 1

C. Duhr, F. Dulat, B. Mistlberger.  
PRL. 125, 172001 (2020) 

XC, T. Gehrmann, et. al. Phys.Lett.B 840 (2023)

Neumann and Campbell JHEP 11 (2023) 127

pp → W+
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qcut
T = 0.81 GeV

N4LL + N3LO
qcut

T = 5 GeV

T. Neumann, J. Campbell PRD 107, L011506 (2023) 

dσ/dpZ
T

 Perturbative QFT for Precision Predictions
 @ N3LO (+ N3LL) QCD2 → 1

qcut
T = 4 GeV

S. Camarda, L. Cieri, G. Ferrera Phys.Lett.B 845 (2023) 

XC, T. G
ehrm

ann, N
. G

lover, et. al. PRL 128, 252001 (2022)

N3LL + N3LO

DYTurbo

CuTe-MCFM

RadISH + NNLOJET
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1%±

➤ Fully differential N3LO correction in event generator 
➤ Recycle  @ NNLO with  slicing 

 

➤ Fiducial power correction removed via MC recoil technique. 
➤ Small  resummation at N3LL and partial N4LL

pp → V + J τcut

pT

dσF
NkLO = ℋF

NkLO ⊗ dσF
LO δ(τ)

+ [dσF+jet
Nk−1LO

− dσF CT
NkLO]τ>τcut

+ 𝒪(τ2
cut /Q2)
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Slide from Petr @ LL2024

Integration of  finished for all final statesX0
5 , X1

4 , X2
3

  γ* → qq̄

  H → gg

  χ → g̃g

P. Jakubcik, M. Marcoli, G. Stagnitto 
JHEP 01 (2023) 168 

XC, P. Jakubcik, M. Marcoli, G. 
Stagnitto  JHEP 06 (2023) 192 

XC, P. Jakubcik, M. Marcoli, G. 
Stagnitto  JHEP 12 (2023) 198 
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 jets @ N3LOe+e− → 2
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➤ Precision is not the ultimate goal  identify anomaly then understand 

➤ The most famous failed experiment: Michelson–Morley in 1887, 
foundation of special relativity.  1907 Nobel Prize to Albert A. Michelson . 

➤ “… it seems probable that most of the grand underlying principles have 
been firmly established and that further advances are to be sought chiefly 
in the rigorous application of these principles to all the phenomena which 
come under our notice. … An eminent physicist remarked that the future 
truths of physical science are to be looked for in the sixth place of 
decimals.” —— Albert A. Michelson, 1894 University of Chicago 

➤ Mass origin, Higgs potential, EW vacuum metastability etc.  

→

→
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in the rigorous application of these principles to all the phenomena which 
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truths of physical science are to be looked for in the sixth place of 
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➤ Mass origin, Higgs potential, EW vacuum metastability etc.  
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An electron-positron Higgs 
factory is the highest-priority 

next collider
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42nd ICHEP in Prague 2024

There will be Higgs factory without any doubt.

 —— Yifang Wang @ ICHEP 2024
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come under our notice. … An eminent physicist remarked that the future 
truths of physical science are to be looked for in the sixth place of 
decimals.” —— Albert A. Michelson, 1894 University of Chicago 

➤ Mass origin, Higgs potential, EW vacuum metastability etc.  

➤ Europe: HL-LHC, EPPSU due in June 2026, FCC feasibility study etc. 

➤ United States: P5, muon collider, Snowmass conference etc. 
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Resummation Fixed OrderTransitionNon-perturbative

Predictions of Colourless pT at Hadron Collider

➤Beyond QCD improved parton model

➤pQCD describes the tail of spectrum

➤Large logarithmic divergence 
 

➤Various LP resummation schemes

➤Multiple solutions in transition region

➤Non-perturbative effects ~ 1 GeV 
(Short distance and long distance effects) 

ln
pT

Q
as pT → 1 GeV
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Resummation Fixed OrderTransitionNon-perturbative

H

g

g

Hg

gg

t/b? ?

@ N3LL (full) 

@ N4LL (partial)

@N3LO V 

@NNLO V+jet

⊗ ⊕
MiNNLO 

Profiling

S.D. and L.D.  

NP models

dσ
dpT res

dσ
dpT F.O.

dσ
dpT res

+
dσ
dpT F.O.

−
dσ
dpT truncated

fNP(x, bT, ξ)
Lattice QCD

~2% (fitting data) 

> 10% (lattice)

~ 1% (single) 

~3% (multiple)

~ 1% (single) 

~3% (multiple)

~1-10%  

 (Scale Unc.)

➤Beyond QCD improved parton model

➤pQCD describes the tail of spectrum

➤Large logarithmic divergence 
 

➤Various LP resummation schemes

➤Multiple solutions in transition region

➤Non-perturbative effects ~ 1 GeV 
(Short distance and long distance effects)

ln
pT

Q
as pT → 1 GeV

Predictions of Colourless pT at Hadron Collider
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➤State-of-the-art differential N3LO predictions ( )
➤ Fully differential N3LO Drell-Yan production (via ) (XC, T. Gehrmann, N. Glover, A. Huss, T.-Z. Yang, H. X. Zhu 2021) 

➤ Apply qt-slicing at N3LO with SCET factorisation and expand to N3LO: 
 
 
 

➤ All factorised functions are recently known up to N3LO: 
1) 3-loop hard function   (T. Gehrmann, E.W.N. Glover, T. Huber, N. Ikizlerli, C. Studerus 2010) 
2) Transverse-momentum-dependent (TMD) soft function  at  (Y. Li, H.X. Zhu 2016) 
3) Matching kernel of TMD beam function  at  (M.-X. Luo, T.-Z. Yang, H. X. Zhu, Y. J. Zhu 2019, M. A. Ebert, B. 
Mistlberger, G. Vita 2020) 

➤ Apply qt cut to factorise N3LO contribution into two parts:  

                

2 → 1
γ*

H(3)
qq̄

S(b⊥, μ) α3
s

Iqk α3
s

dσγ*
N3LO = [ℋγ* ⊗ dσγ*]N3LO

δ(pT,γ*)
+ [dσγ*+jet

NNLO − dσγ* CT
N3LO ]pT,γ*>qtcut

+ 𝒪(qt2
cut /Q2)

 Perturbative QFT for Precision Predictions
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  @ N3LOpp → γ*/Z

4

Fixed order �pp!�⇤(fb)

LO 339.62+34.06
�37.48

NLO 391.25+10.84
�16.62

NNLO 390.09+3.06
�4.11

N3LO 382.08+2.64
�3.09 [14]

N3LO only qcutT = 0.63 GeV qcutT ! 0 fit [14]

qg �15.32(32) �15.34(54) �15.29

qq̄ + qQ̄ +5.06(12) +5.05(12) +4.97

gg +2.17(6) +2.19(6) +2.12

qq + qQ +0.09(13) +0.09(17) +0.17

Total �7.98(36) �8.01(58) �8.03

TABLE I: Inclusive cross sections with up to N3LO
QCD corrections to Drell-Yan production through
a virtual photon. N3LO results are from the qT -
subtraction method and from the analytic calculation
in [14]. Cross sections at central scale of Q = 100 GeV
are presented together with 7-point scale variation.
Numerical integration errors from qT -subtraction are

indicated in brackets.

NNLOJET and SCET predictions involve logarithms up
to ln6(Q/q

cut
T ), which become explicit in the SCET cal-

culation. The NNLOJET calculation produces the same
large logarithms but with opposite sign, as well as power
suppressed logarithms (qcutT )m lnn(Q/q

cut
T ), where m � 2

and n  6. The physical N3LO total cross section con-
tribution must not depend on the unphysical cuto↵ q

cut
T ;

therefore it is important to choose a su�ciently small qcutT
to suppress such power corrections.

Figure 2 demonstrates the dependence on q
cut
T of the

SCET+NNLOJET predictions is negligible for values be-
low 1 GeV. In fact, for all partonic channels except qg,
the cross section predictions become flat and therefore
reliable already at qcutT ⇠ 5 GeV. It is only the qg chan-
nel that requires a much smaller q

cut
T , indicating more

sizeable power corrections than in other channels.

Also shown in Fig. 2 in dashed lines are the inclusive
predictions from [14], decomposed into di↵erent partonic
channels. We observe an excellent agreement at small-qT
region with a detailed comparison given in Table I. We
present total cross sections at small qcutT value (0.63 GeV)
and results from fitting the next-to-leading power sup-
pressed logarithms with q

cut
T extrapolated to zero. This

agreement provides a fully independent confirmation of
the analytic calculation [14], and lends strong support to
the correctness for our qT -subtraction-based calculation.
We observe large cancellations between qg channel (blue)
and qq̄ channel (orange). While the inclusive N3LO cor-
rection is about �8 fb, the qg channel alone can be as
large as �15.3 fb. Similar cancellations between qg and
qq̄ channel can already be observed at NLO and NNLO.
The numerical smallness of the NNLO corrections (and
of its associated scale uncertainty) is due to these cancel-

FIG. 3: Di-lepton rapidity distribution from LO to
N3LO. The colored bands represent theory uncer-
tainties from scale variations. The bottom panel is
the ratio of the N3LO prediction to NNLO, with dif-

ferent cuto↵ q
cut
T .

lations, which may potentially lead to an underestimate
of theory uncertainties at NNLO.
In Fig. 3, we show for the first time the N3LO pre-

dictions for the Drell-Yan di-lepton rapidity distribution,
which constitutes the main new result of this Letter. Pre-
dictions of increasing perturbative orders up to N3LO
are displayed. We estimate the theory uncertainty band
on our predictions by independently varying µR and µF

around 100 GeV with factors of 1/2 and 2 while elimi-
nating the two extreme combinations (7-point scale vari-
ation). With large QCD corrections from LO to NLO,
the NNLO corrections are only modest and come with
scale uncertainties that are significantly reduced [5, 7, 8].
However, as has been observed for the total cross sec-
tion, the smallness of NNLO corrections is due to cancel-
lations between the qg and qq̄ channels. Indeed, Fig. 3
shows clearly that the N3LO correction is large compared
with NNLO, and that the NNLO scale uncertainty band
fails to overlap with N3LO over the full rapidity range.
It should however be noted that the uncertainties from
PDFs, especially from the missing N3LO e↵ects in their
evolution, can be at the percent level [14], which high-
lights the necessity for a consistent PDF evolution and
extraction at N3LO in the future.
In the bottom panel of Fig. 3, we show the ratio of

the N3LO rapidity distribution to the previously known
NNLO result [7, 8]. As can be seen, the corrections are
about �2% of the NNLO results, and are flat over a
large rapidity range. There is minimal overlap between
the scale uncertainty bands only at large y�⇤ . To test the
numerical stability at N3LO, three values of qcutT are ex-
amined in the bottom panel. We observe the qcutT depen-

[Chen, Gehrmann, Glover, AH, Yang Zhu '21]

XC, T. Gehrmann, N. Glover, et. al. PRL 128, 252001 (2022)
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and the beam functions [70–72], using the rapidity reg-
ulator proposed in [73]. These newly available results
provide the key ingredients for applying qT -subtraction
to processes with colorless final states at N3LO. The
perturbative beam functions are expressed in terms of
harmonic polylogarithms [74] up to weight 5, which can
be evaluated numerically with standard tools [75].

The resolved contribution above the q
cut
T for N3LO

Drell-Yan production contains the same ingredients of
the NNLO calculation with one extra jet. Fully di↵eren-
tial NNLO contributions for Drell-Yan-plus-jet produc-
tion have been computed in [76–78]. The application to
N3LO qT -subtraction further requires stable fixed-order
predictions at small qT [79–81], enabling the cancella-
tion of the q

cut
T between resolved and unresolved contri-

butions to su�cient accuracy. In this Letter, we em-
ploy the antenna subtraction method [82–85] to compute
Drell-Yan production above q

cut
T up to NNLO in pertur-

bation theory, implemented in the parton-level event gen-
erator NNLOJET [76, 79]. To achieve stable and reliable
fixed order predictions down to the qT ⇠ 0.4 GeV re-
gion, NNLOJET has been developing dedicated optimiza-
tions of its phase space generation based on the work
in [68]. This ensures su�cient coverage in the multiply
unresolved regions required for the qT -subtraction.

RESULTS

Applying the qT -subtraction method described above,
we compute Drell-Yan lepton pair production to N3LO
accuracy. For the phenomenological analysis, we restrict
ourselves to the production of a di-lepton pair through a
virtual photon only. We take ECM = 13 TeV as center
of mass collision energy and fix the invariant mass of
the di-lepton pair at Q = 100 GeV. Central scales for
renormalization (µR) and factorization (µF ) are taken at
Q, allowing us to compare with the N3LO total cross
section results from [14]. We use the central member of
PDF4LHC15_nnlo PDFs [86] throughout the calculation.

To establish the cancellation of qcutT -dependent terms
between resolved and unresolved contributions, Fig. 1
displays the qT distribution of virtual photon obtained
with NNLOJET (used for the resolved contribution) and
obtained by expanding the leading-power factorised pre-
diction at small qT using Eq. (2) up to O(↵3

s). The high-
est logarithms at this order are 1/qT ln5(Q/qT ). The
singular qT distribution is expected to match between
NNLOJET and SCET, which is a prerequisite for the
qT -subtraction method. This requirement is fulfilled by
the nonsingular contribution (NNLOJET minus SCET)
demonstrated in the bottom panel of Fig. 1. Remarkably,
the agreement starts for qT at about 2 GeV and extends
down to 0.32 GeV for each perturbative order. Numerical
uncertainties from phase space integrations are displayed
as error bars. We emphasize that the observed agreement

FIG. 1: Perturbative contributions to transverse mo-
mentum distribution of the virtual photon up to ↵

3
s.

The upper panel displays the qT -distribution obtained
from NNLOJET and from expanding SCET to each
order. The bottom panel contains the nonsingular re-

mainder (NNLOJET minus SCET).

FIG. 2: Inclusive N3LO QCD corrections to total
cross section for Drell-Yan production through a vir-

tual photon.

is highly nontrivial, providing very strong support to the
correctness of the NNLOJET and SCET predictions.

In Fig. 2, we display the N3LO QCD corrections to
the total cross section for Drell-Yan production through
a virtual photon, using the qT -subtraction procedure, de-
composed into di↵erent partonic channels. The cross
section is shown as a function of the unphysical cut-
o↵ parameter q

cut
T , which separates resolved and un-

resolved contributions. Integrated over qT , both the

qq̄
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➤qT slicing at N3LO for neutral and charged current production (NNLOJET)

∑ dσV
N3LO ≡ ∑

dpT,V

dσV+jet
NNLO/dpT,V |pT,V>qcut

T
+ ∑

dpT,V

dσV SCET
N3LO /dpT,V |pT,V∈[0,qcut

T ]

XC, Gehrmann, Glover, Huss, Yang, Zhu Phys.Rev.Lett. 128 (2022) 5 XC, Gehrmann, Glover, Huss, Yang, Zhu Phys.Lett.B 840 (2023)

STATE-OF-THE-ART PREDICTIONS: dσN3LO

NC and CC Validated against inclusive XS within  5% uncertainty ±
Δσγ*

N3LO = − 7.98 ± 0.36 fb vs. − 8.03 fb
Duhr, Dulat, Mistlberger Phys.Rev.Lett. 125 (2020)
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https://linkinghub.elsevier.com/retrieve/pii/S0370269323002101
http://dx.doi.org/10.1103/PhysRevLett.125.172001


➤qT slicing at N3LO for neutral and charged current production (MCFM)

STATE-OF-THE-ART PREDICTIONS: dσN3LO

Neumann and Campbell JHEP 11 (2023) 127Neumann and Campbell Phys.Rev.D 107 (2023) 1

pp → Z pp → W+

τcut corelates qcut
T

∑ dσV
N3LO ≡ ∑

dpT,V

dσV+jet
NNLO/dpT,V |pT,V>qcut

T
+ ∑

dpT,V

dσV SCET
N3LO /dpT,V |pT,V∈[0,qcut

T ]

CC agree to inclusive XS within  60% uncertainty of ± Δ(α3
s )

NC MCFM:
NC NNLOJET:
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 @ N3LO (+ N3LL) QCD2 → 1

Precision Predictions at Hadron Collider

XC, T. Gehrmann, N. Glover, et. al. PRL 128, 252001 (2022)

qcut
T = 4 GeV

➤ Solid horizontal lines: NLO, NNLO at 1 GeV, N3LO at 4 GeV with MC error. 

➤ N3LO shows no plateau in 1905.05171 

➤ Pale dots are values used by DYTurbo in 2103.04974 and 2303.12781 (taken 
from 1905.05171). 

➤ Fiducial power corrections are not included. 

➤ Leads to 30% difference of N3LO coefficients at . 

➤ Solid dots are corrected values with fiducial power correction. 

➤ Central value shifts 2 pb starting from NLO (the dominant error). 

➤  pb uncertainty from MC and  (estimated from [3,5] GeV region). 

➤ Not consistent with DYTurbo update result of   pb uncertainty.

qcut
T = 4 GeV

±2.1 qcut
T

±0.7

DYTurbo result with fiducial power correction

S. Camarda, L. Cieri, G. Ferrera Eur.Phys.J.C 82 (2022) 6

DYTurbo result without fiducial power correction cited in ATLAS  fittingαs

S. Camarda, L. Cieri, G. Ferrera Phys. Rev. D 104, L111503 (2021) 
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W mass in CDFII measurement
➤  two templates with  MeVdσ/dmW

T ΔmW = 100

Slide by Chris Hays ICHEP 2022

 100 MeV ~ 0.5-2% change in ΔmW = dσ/dmW
T  10 MeV ~ 0.1% precision in ΔmW = dσ/dmW

T
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➤CDF II use ResBos to generate theory templates

➤NLO+NNLL accuracy for W/Z production 

➤CSS factorisation and resummation of  in  space: 
 

 
 

➤Non-perturbative effects at  and large : 
 

pT b

αs(Λ) b

 assumes the BLNY functional formSNP

Precision predictions in CDF II

Balazs, Brock, Landry, Nadolsky and Yuan`97 to`03

Collins, Soper and Sterman`85

Collins and Soper `77

Brock, Landry, Nadolsky and Yuan `02

➤Use data driven method: 

mW
T ∼ 0.7 MeV, pl

T ∼ 2.3 MeV, pν
T ∼ 0.9 MeV

Fix g1 g2 g3

Global 
fit `03

CDFII 
fit

Global fit 
`03

CDFII 
fit

Global fit 
`03

pZ
T

αs

pZ
T /pW

T

Global fit by Brock, Landry, Nadolsky and Yuan `03

CDF supplementary materials `22

➤Scale uncertainty of  by DYQT pZ
T /pW

T

mW
T ∼ 3.5 MeV, pl

T ∼ 10.1 MeV, pν
T ∼ 3.9 MeV

Bozzi, Catani, Ferrera, de Florian, Grazzini `09 `11

CDF sm`22Not included in final result
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➤1-loop matrix element (consider solved)
➤Recursively reduce tensorial 1-loop integrand into scalar integrand  

(G. ’t Hooft, G. Passarino, M. J. G. Veltman 1979, F. del Aguila and R. Pittau 2004)
➤Recursively reduce integrand with  external legs to  external legs 

(D.B. Melrose 1965, W. L. van Neerven and J. A. M. Vermaseren 1984, Z. Bern, L. J. Dixon and D. A. Kosower 1993, T. Binoth, 
J. P. Guillet and G. Heinrich 2000, G. Duplancic and B. Nizic 2004, G. Ossola, C. G. Papadopoulos and R. Pittau 2006)    

                     

➤All master integrals available analytically (R. K. Ellis, G. Zanderighi 2007) 

n ≥ 5 n = 1,2,3,4

ID
n =

4

∑
i=1

diID
i + Rn + 𝒪(ϵ) with D = 4 − 2ϵ

➤Tree level matrix element (consider solved)

MHV amplitudes, S. J. Parke and T. R. Taylor (1986)

Recursive relations like CSW, BCFW and CHY methods 
             scale up analytical results to any # of legs

                        R. Britto, F. Cachazo, B. Feng and E. Witten (2005)                                     

ℳ(0)
4 (1−2−3+4+) = i

⟨12⟩4

⟨12⟩⟨23⟩⟨34⟩⟨41⟩
ℳ(0)

n (1+⋯i−⋯j−⋯n+) = i
⟨ij⟩4

⟨12⟩⟨23⟩⋯⟨n1⟩
with sij = (pi + pj)2 = 2pi ⋅ pj = ⟨ij⟩[ ji]

ANATOMY OF HARD SCATTERING ̂σab
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ANATOMY OF HARD SCATTERING ̂σab
➤1-loop automation packages on the market 

➤ BlackHat (Z. Bern, L. Dixon, F. Febres Cordero, S. Höche, H. Ita, D. Kosower, D. Maitre) 

➤ GoSam (G. Heinrich, S. Jones, M. Kerner, V. Magerya, P. Mastrolia, G. Ossola, T. Peraro, J. Schlenk et al.) 

➤ RECOLA (S. Actis, A. Denner, L. Hofer, J.-N. Lang, A. Scharf, S. Uccirati) 

➤ OpenLoops (F. Cascioli, P. Maierhöfer, S. Pozzorini, F. Buccioni, J.-N. Lang, J. M. Lindert, H. Zhang, M. F. Zoller) 

➤ NJet (S. Badger, B. Biedermann, R. Moodie, P. Uwer, V. Yundin) 

➤ MadLoop/aMC@NLO (R. Frederix, S. Frixione, V. Hirschi et al.) 

➤ CutTools (G. Ossola, C. Papadopoulos, R. Pittau)
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ℳ(2)
5 (1+,2+,3+,4+,5+) =

➤2-loop matrix elements
➤ Due to the complexity and emerge of non-planar diagrams, we haven’t find a finite set of master integrals     .   

S. Badger, C. Brønnum-Hansen, H. Bayu Hartanto 
G. Mogull, A. Ochirov, D. O’Connel, T. Peraro,   

H. Frellesvig, Y. Zhang (2013-2016) 

ANATOMY OF HARD SCATTERING ̂σab

➤Calculation is on process-by-process basis

Integrands

Reduction

Integrals

Feynman diagrams, 
Helicity amplitudes, Unitarity cuts, 

Projectors, Off-shell recursion

IBP, Laporta algorithm,
Finite field, Algebraic geometry,

AIR, FiniteFlow, FIRE, KIRA, Reduze

Differential equations, Canonical form,
Auxiliary mass flow, Sector decomposition,
Mellin-Barnes integrals, Expansion in limits

Sorry for no space to include proper reference
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ℳ(2)
5 (1+,2+,3+,4+,5+) =

➤2-loop matrix elements
➤ Due to the complexity and emerge of non-planar diagrams, we haven’t find a finite set of master integrals     .   

ANATOMY OF HARD SCATTERING ̂σab

w
w

w
.x

kc
d.

co
m
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➤2-loop matrix elements (State-of-the-art progress)
➤  processes in general known for massless loop (all master integral known analytically)

 (C. Anastasiou, E.W.N. Glover, C. Oleari, M. Tejeida-Yeomans, Z. Bern, L. Dixon, A. De Freitas)

 (L. Garland, E.W.N. Glover, T. Gehrmann, A. Koukoutsakis, E. Remiddi, L. Tancredi, E. Weihs)

 (E.W.N. Glover, T. Gehrmann, M. Jaquier, A. Koukoutsakis)

 (T. Gehrmann, L. Tancredi)

 (F. Caola, T. Gehrmann, J. Henn, A. Von Manteuffel, K. Melnikov, A&V. Smirnov, L. Tancredi)
d

➤  processes cutting edge calculation with massive loop (numerical + analytical)
 (R. Bonciani, A. Ferroglia et al. 2011, M. Czakon, P. Fiedler and A. Mitov 2012, S. Di Vita, T. Gehrmann, S. Laporta et al. 2019)

 via top-loop (S. Borowka, N. Greiner, G. Heinrich, S.P. Jones et al. 2016; J. Davies, G. Mishima, M. Steinhauser et al. 2018)

 via top-loop (S.P. Jones, M. Kerner, G. Luisoni 2018, J. M. Lindert, K. Kudashkin et al. 2018, XC, A. Huss et al. 2021)

 via bottom-loop (F. Caola, J. M. Lindert, K. Melnikov, P. F. Monni, L. Tancredi, C. Wever 2018)

 via top-loop (F. Maltoni, M. K. Mandal, X. Zhao 2018, L. Chen, G. Heinrich, S. Jahn, S.P. Jones M. Kerner et al. 2019)

 via top-loop (J. Davies, G. Mishima, M. Steinhauser, D. Wellmann 2020)

 via top-loop (L. Chen, G. Heinrich, S.P. Jones, M. Kerner. J. Klappert, J. Schlenk 2020, G. Wang, X. Xu, Y. Zu, L. Yang 2021)

2 → 2
pp → p + p
pp → V + p
pp → H + p
pp → V + γ
pp → V + V (W+W−, ZZ, W±Z)

2 → 2
pp → t + t̄
gg → H + H
pp → H + p
pp → H + p
gg → γ + γ
gg → Z + Z
gg → Z + H

ANATOMY OF HARD SCATTERING ̂σab
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➤2-loop matrix elements (State-of-the-art progress)
➤  processes cutting edge calculation with massless loop (all involves some numerical evaluation)

 planar and some non-planar contribution (Abreu, Agarwal, S. Badger, Brønnum-Hansen, Buccioni, Chawdhry, 
Chicherin, Czakon, Dixon, Dormans, Febres Cordero, Gehrmann, Hartanto, Heinrich, Henn, Herrmann, Ita, Kraus, Kryś, Lo Presti, Mitev, Mitov, 
Mogull, Ochirov, O’Connell, Page, Papadopoulos, Pascual, Peraro, Poncelet, Ruf, Sotnikov,Tancredi, Tommasini, von Manteuffel, Wasser, Wever, 
Zeng, Zhang, Zoia et al … starting from 2014)

 (H. A. Chawdhry, M. Czakon, A. Mitov, R. Poncelet 2020-21, S. Abreu, B. Page, E. Pascual, V. Sotnikov 2020)

 (B. Agarwal, F. Buccioni et al. 2021 H. A. Chawdhry, M. Czakon et al. 2021, S. Badger, C. Brønnum-Hansen et al. 2021)

 planar (H. B. Hartanto, S. Badger, C. Brønnum-Hansen, S. Zoia 2019-21)

 planar (S. Badger, H. B. Hartanto, J. Kryś, S. Zoia 2021)

 planar and some non-planar (S. Abreu, F. Febres Cordero, H. Ita et al. 2021, D. Chicherin, V. Sotnikov, S. Zoia 2021)

2 → 3
pp → p + p + p

pp → γ + γ + γ
pp → γ + γ + p
pp → W + p + p
pp → H + p + p
pp → V + p + p

ANATOMY OF HARD SCATTERING ̂σab
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F. Caola, A. Chakraborty, G. Gambuti, A. Von Manteuffel, L. Tancredi 2021

ANATOMY OF HARD SCATTERING ̂σab
➤3-loop matrix elements 

➤Calculation is on process-by-process basis with similar technology as 2-loop calculations
➤  in general known for massless and some massive loop 

 (P. A. Baikov, K.G. Chetyrkin, A&V Smirnov, M. Steinhauser 2009, T. Gehrmann, E.W.N. Glover, T. Huber et al. 2010, 
R. V. Harlander, M. Prausa, J. Usovitsch 2019, L. Chen, M. Czakon, M. Niggetiedt 2021) 

 via top-loop (J. Davies, R. Grober, A. Maier, T. Rauh, M. Steinhauser 2019, M. Czakon, M. Niggetiedt 2020)

➤  at cutting edge calculation with massless loop 
 all master integrals (V. A. Smirnov 2003, J. M. Henn, V&A. Smirnov 2013, J. M. Henn, B. Mistlberger et al. 2020) 
 planar master integrals (S. Di Vita, P. Mastrolia, U. Schubert, V. Yundin 2014, D. D. Canko, N. Syrrakos et al. 2021) 
 (F. Caola, A. Chakraborty, G. Gambuti, A. Von Manteuffel, L. Tancredi 2021) 
 (F. Caola, A. Chakraborty, G. Gambuti, A. Von Manteuffel, L. Tancredi 2021) 
 (P. Bargieta, F. Caola, A. Von Manteuffel, L. Tancredi 2021) 

2 → 1
gg → H, qq → V

gg → H

2 → 2
pp → p + p
pp → V + p
qq → q + q
gg → g + g
qq̄ → γ + γ
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