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Measurements for Top Pair Production
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Differential Measurements
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Czakon, Mitov ‘12• Fixed-order : NNLO QCD +NLO EW, differential

Zhu, Li, Li, Shao, Yang ‘12Ahrens, Ferroglia, Neubert, Pecjak, Yang ‘10

• RG improved : NLO QCD + NNLL



Top Pair +W/Z Boson
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Grazzini et al. ’22ttbar+W : NNLO QCD + NLO EW
ttbar+Z : NLO (QCD + EW) +NNLL Kulesza et al. ’20



Top Pair + Higgs
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• Top Pair + Higgs

Catani, Grazzini et al. ’22NNLO QCD

NLO+NNLL QCD
Broggio, Ferroglia, Pecjak, Yang ‘10



Why Precision ?

• Direct probe for Yukawa 
Coupling
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• Higgs measurements

• Parton Distribution Functions

• Reduce background in BSM 
searches

• Measurements of top quark mass

• Determination of strong coupling



Challenges towards NNLO and N3LL 
• Two-loop virtual corrections for QQh
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• Subtraction of IR divergences

• Anomalous Dimensions at 3- and 4-loops

• More differential - Large logs ! 

• Soft Higgs/W approximation

• Massification

• Local subtraction - STRIPPER

• qT slicing

• Threshold enhancement

• Small pT

• Jet veto - reduce background

Full two-loop amplitudes 
are still unknown !!!

• Boosted top 

G. Heinrich et al. ‘24
L. Reina et al. ’23

L.L. Yang et al. ’13-’19

Catani et al. ’22

Mitov, Moch. ’06 Becher, Melnikov. ’07

Catani et al. ’07

Czakon ’10
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Resummation
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L = ln(pT /Q)• For           , perturbative convergence is violated by 
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pT ⌧ Q

• A good parameter for expansion is        , not 
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• Resummation can be achieved 
by renormalization-group (RG) 
evolution in SCET
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Soft Anomalous Dimensions
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Gardi, Magnea, 0901.1091
Becher, Neubert, 0901.0722, 0903.1126

Becher, Neubert

0904.1021

Almelid, Duhr, Gardi

1507.00047


+ McLeod, White

1706.10162

Ferroglia, Neubert, Pecjak, Yang, ’09

only up to two loops

ZLL, Schalch

2207.02864

General formula of anomalous dimensions

violation of Casimir scaling 
due to

Boels, Huber, Yang, ’17
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Factorization
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Threshold factorization

TMD factorization
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The soft function in position space is defined as
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Exclusive Soft Function
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If we keep the full dependence on     
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and transform it into momentum space for convenience 
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Regulator for rapidity divergences

Y. Li, S. Mantry, F. Petriello  ’11

Y. Li, H.X. Zhu  ’16

Exclusive soft function !

Threshold :

TMD :



Kinematics
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�tt̄

<latexit sha1_base64="S2gUnD3n5H7zQ610Z5P4adhD600=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPe8XrniVt05yCrxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwWuqmGhPKRnSAHUsljVD72fzUKTmzSp+EsbIlDZmrvycyGmk9iQLbGVEz1MveTPzP66QmvPEzLpPUoGSLRWEqiInJ7G/S5wqZERNLKFPc3krYkCrKjE2nZEPwll9eJc2LqndV9R4uK7XbPI4inMApnIMH11CDe6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gAKnI2k</latexit>v1

<latexit sha1_base64="QpDMvqMuPU75GXzQ0xQDGkNsYnI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGi/YA2lM120i7dbMLuplBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbY1Sax/LJTBL0IzqQPOSMGis9jnvVXqnsVtw5yCrxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwWuymGhPKRnSAHUsljVD72fzUKTm3Sp+EsbIlDZmrvycyGmk9iQLbGVEz1MveTPzP66QmvPEzLpPUoGSLRWEqiInJ7G/S5wqZERNLKFPc3krYkCrKjE2naEPwll9eJc1qxbuqeA+X5dptHkcBTuEMLsCDa6jBPdShAQwG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gAMII2l</latexit>v2• Consider

1. Azimuthal angle of t-tbar

2. Azimuthal angle of gluon-top

3. Difference of rapidity 

4. Velocity of top

5. Velocity of anti-top

<latexit sha1_base64="s6nItzf2AKBZ6y9LNbrKV2GR/bY=">AAACBnicbZDLSgMxFIYzXmu9jboUIVgEoVBmRNRl0Y3LCvYCnaFk0rQNzWRCckYoQ1dufBU3LhRx6zO4821M21lo6w+Bj/+cw8n5IyW4Ac/7dpaWV1bX1gsbxc2t7Z1dd2+/YZJUU1aniUh0KyKGCS5ZHTgI1lKakTgSrBkNbyb15gPThifyHkaKhTHpS97jlIC1Ou6RwmWscAAJBktZEBGNYWxxgMutjlvyKt5UeBH8HEooV63jfgXdhKYxk0AFMabtewrCjGjgVLBxMUgNU4QOSZ+1LUoSMxNm0zPG+MQ6XdxLtH0S8NT9PZGR2JhRHNnOmMDAzNcm5n+1dgq9qzDjUqXAJJ0t6qUCT462meAu14yCGFkgVHP7V0wHRBMKNrmiDcGfP3kRGmcV/6Li352Xqtd5HAV0iI7RKfLRJaqiW1RDdUTRI3pGr+jNeXJenHfnY9a65OQzB+iPnM8fp9uWDw==</latexit>

p+ p ! t+ t̄+ h+X

<latexit sha1_base64="nTZQI3KCVeMbQMaDqq/oCRcl+Wc=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVBIR9VjUg8cK9gOaEDbbTbt0swm7E7GE/BUvHhTx6h/x5r9x2+agrQ8GHu/NMDMvTAXX4Djf1srq2vrGZmWrur2zu7dvH9Q6OskUZW2aiET1QqKZ4JK1gYNgvVQxEoeCdcPxzdTvPjKleSIfYJIyPyZDySNOCRgpsGveLRNA8CTIwQuJwlAEdt1pODPgZeKWpI5KtAL7yxskNIuZBCqI1n3XScHPiQJOBSuqXqZZSuiYDFnfUElipv18dnuBT4wywFGiTEnAM/X3RE5irSdxaDpjAiO96E3F/7x+BtGVn3OZZsAknS+KMoEhwdMg8IArRkFMDCFUcXMrpiOiCAUTV9WE4C6+vEw6Zw33ouHen9eb12UcFXSEjtEpctElaqI71EJtRNETekav6M0qrBfr3fqYt65Y5cwh+gPr8wepypQ0</latexit>

�ytt̄

<latexit sha1_base64="nTZQI3KCVeMbQMaDqq/oCRcl+Wc=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVBIR9VjUg8cK9gOaEDbbTbt0swm7E7GE/BUvHhTx6h/x5r9x2+agrQ8GHu/NMDMvTAXX4Djf1srq2vrGZmWrur2zu7dvH9Q6OskUZW2aiET1QqKZ4JK1gYNgvVQxEoeCdcPxzdTvPjKleSIfYJIyPyZDySNOCRgpsGveLRNA8CTIwQuJwlAEdt1pODPgZeKWpI5KtAL7yxskNIuZBCqI1n3XScHPiQJOBSuqXqZZSuiYDFnfUElipv18dnuBT4wywFGiTEnAM/X3RE5irSdxaDpjAiO96E3F/7x+BtGVn3OZZsAknS+KMoEhwdMg8IArRkFMDCFUcXMrpiOiCAUTV9WE4C6+vEw6Zw33ouHen9eb12UcFXSEjtEpctElaqI71EJtRNETekav6M0qrBfr3fqYt65Y5cwh+gPr8wepypQ0</latexit>

�ytt̄
<latexit sha1_base64="S2gUnD3n5H7zQ610Z5P4adhD600=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPe8XrniVt05yCrxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwWuqmGhPKRnSAHUsljVD72fzUKTmzSp+EsbIlDZmrvycyGmk9iQLbGVEz1MveTPzP66QmvPEzLpPUoGSLRWEqiInJ7G/S5wqZERNLKFPc3krYkCrKjE2nZEPwll9eJc2LqndV9R4uK7XbPI4inMApnIMH11CDe6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gAKnI2k</latexit>v1

<latexit sha1_base64="QpDMvqMuPU75GXzQ0xQDGkNsYnI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGi/YA2lM120i7dbMLuplBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbY1Sax/LJTBL0IzqQPOSMGis9jnvVXqnsVtw5yCrxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwWuymGhPKRnSAHUsljVD72fzUKTm3Sp+EsbIlDZmrvycyGmk9iQLbGVEz1MveTPzP66QmvPEzLpPUoGSLRWEqiInJ7G/S5wqZERNLKFPc3krYkCrKjE2naEPwll9eJc1qxbuqeA+X5dptHkcBTuEMLsCDa6jBPdShAQwG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gAMII2l</latexit>v2

<latexit sha1_base64="NEi1QjbOQMz0sRA6U4L3/fwV/x4=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaWDbbTbt0swm7E6WE/g8vHhTx6n/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFjd4zjhfkQHSoSCUbTSQzcZil6G3YBqgpNeueJW3RnIMvFyUoEc9V75q9uPWRpxhUxSYzqem6CfUY2CST4pdVPDE8pGdMA7lioaceNns6sn5MQqfRLG2pZCMlN/T2Q0MmYcBbYzojg0i95U/M/rpBhe+ZlQSYpcsfmiMJUEYzKNgPSF5gzl2BLKtLC3EjakmjK0QZVsCN7iy8ukeVb1Lqre3Xmldp3HUYQjOIZT8OASanALdWgAAw3P8ApvzpPz4rw7H/PWgpPPHMIfOJ8/oUSSmQ==</latexit>

�tt̄
<latexit sha1_base64="f5NrmU0LCNgBXKtmZNV78UH5SLc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbTbN0dxN2N0IJ/QtePCji1T/kzX/jJs1BWx8MPN6bYWZekHCmjet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqCO2QmMeqH2BNOZO0Y5jhtJ8oikXAaS+Y3uV+74kqzWL5aGYJ9QWeSBYygk0uDZOIjeoNt+kWQKvEK0kDSrRH9a/hOCapoNIQjrUeeG5i/Awrwwin89ow1TTBZIondGCpxIJqPytunaMzq4xRGCtb0qBC/T2RYaH1TAS2U2AT6WUvF//zBqkJb/yMySQ1VJLFojDlyMQofxyNmaLE8JklmChmb0UkwgoTY+Op2RC85ZdXSfei6V01vYfLRuu2jKMKJ3AK5+DBNbTgHtrQAQIRPMMrvDnCeXHenY9Fa8UpZ47hD5zPHxWAjkU=</latexit>

�

<latexit sha1_base64="cmjcKgDrNZGHeCMNrWr5u2X408Y=">AAACMnicbZDLSsNAFIYnXmu9RV26GSyCi1KSIuqyqAvdVbAXaGKYTKft0MmFmZNCCX0mNz6J4EIXirj1IZy2EWzrDwMf/zmHM+f3Y8EVWNarsbS8srq2ntvIb25t7+yae/t1FSWSshqNRCSbPlFM8JDVgINgzVgyEviCNfz+1bjeGDCpeBTewzBmbkC6Ie9wSkBbnnnrpA6NlBP3uFMs/qKXguMTiWGkTexcMwEED2fdgWc/lKdQ1jDyzIJVsibCi2BnUECZqp757LQjmgQsBCqIUi3bisFNiQROBRvlnUSxmNA+6bKWxpAETLnp5OQRPtZOG3ciqV8IeOL+nUhJoNQw8HVnQKCn5mtj879aK4HOhZvyME6AhXS6qJMIDBEe54fbXDIKYqiBUMn1XzHtEUko6JTzOgR7/uRFqJdL9lnJvjstVC6zOHLoEB2hE2Sjc1RBN6iKaoiiR/SC3tGH8WS8GZ/G17R1ychmDtCMjO8fN4uo0w==</latexit>

{cos� , cos�tt̄ ,�ytt̄ , v
2
1 , v

2
2}

The exclusive soft function depends on 5 kinematic variables

But they are not suitable for analytical calculation. 

What are good variables for analytical calculation?
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<latexit sha1_base64="kPkYIb0pFf/d6FAlgBXH9NHmbzo="></latexit>

Yvi(x) = P exp

✓
�igs

Z 1

0
dt vi ·Aa

s(x+ tvi) T
a

◆
The soft Wilson line

is invariant under rescaling <latexit sha1_base64="KFdVUfYTU5V/R/kJJ8JWE9OIMRI=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgQkoioi6LblxWsA9oQriZTtuhk0mYmRRCqL/ixoUibv0Qd/6N0zYLbT0wcOace7n3njDhTGnH+bZKa+sbm1vl7crO7t7+gX141FZxKgltkZjHshuCopwJ2tJMc9pNJIUo5LQTju9mfmdCpWKxeNRZQv0IhoINGAFtpMCuTgKGPR1jD3gyAu/c/AO75tSdOfAqcQtSQwWagf3l9WOSRlRowkGpnusk2s9BakY4nVa8VNEEyBiGtGeogIgqP58vP8WnRunjQSzNExrP1d8dOURKZVFoKiPQI7XszcT/vF6qBzd+zkSSairIYtAg5dgcO0sC95mkRPPMECCSmV0xGYEEok1eFROCu3zyKmlf1N2ruvtwWWvcFnGU0TE6QWfIRdeoge5RE7UQQRl6Rq/ozXqyXqx362NRWrKKnir6A+vzB/UjlFQ=</latexit>vi ! ↵ vi

• 1 : massless dipole:

• 2 :           dipole:

• 3 : massive dipole:

• 4 :                tripole:

• 5 :                tripole:

<latexit sha1_base64="dqmQ+ArjUojIJO7WOT6cr5wr/kI=">AAACJXicbZDLSgMxFIYz9VbrrerSTbAI7abMFFEXLopuXFawF+jUIZNm2tBMZkjOCGXoy7jxVdy4sIjgylcxvQi29UDgz/efQ3J+PxZcg21/WZm19Y3Nrex2bmd3b/8gf3jU0FGiKKvTSESq5RPNBJesDhwEa8WKkdAXrOkPbid+84kpzSP5AMOYdULSkzzglIBBXv7aDRShqcuAPFZwUXqOS7sRYOlVSqO0OOG/wCktXI3v5Qt22Z4WXhXOXBTQvGpefux2I5qETAIVROu2Y8fQSYkCTgUb5dxEs5jQAemxtpGShEx30umWI3xmSBcHkTJHAp7SvxMpCbUehr7pDAn09bI3gf957QSCq07KZZwAk3T2UJAIDBGeRIa7XDEKYmgEoYqbv2LaJyY2MMHmTAjO8sqrolEpOxdl5/68UL2Zx5FFJ+gUFZGDLlEV3aEaqiOKntErekdj68V6sz6sz1lrxprPHKOFsr5/ABRgo8I=</latexit>

⌘2(n1 · n2)

(⌘ · n1)(⌘ · n2)

<latexit sha1_base64="cRptsv3BXMH68k6Dj/Ne3yFKlhQ=">AAACGHicbZC7TsMwFIYdrqXcCowsFhUSU0kqBIwVLIxFohepCZHjOK1V54J9UqmK8hgsvAoLAwixduNtcNMO0PJLlj7/5xzZ5/cSwRWY5rexsrq2vrFZ2ipv7+zu7VcODtsqTiVlLRqLWHY9opjgEWsBB8G6iWQk9ATreMPbab0zYlLxOHqAccKckPQjHnBKQFtu5dwOJKGZzYDY1I8Bj1yeZ7Z6klCYj/V8dtG+5tytVM2aWQgvgzWHKpqr6VYmth/TNGQRUEGU6llmAk5GJHAqWF62U8USQoekz3oaIxIy5WTFYjk+1Y6Pg1jqEwEu3N8TGQmVGoee7gwJDNRibWr+V+ulEFw7GY+SFFhEZw8FqcAQ42lK2OeSURBjDYRKrv+K6YDopEBnWdYhWIsrL0O7XrMua9b9RbVxM4+jhI7RCTpDFrpCDXSHmqiFKHpGr+gdfRgvxpvxaXzNWleM+cwR+iNj8gPz6aGZ</latexit> ⌘ · vip
⌘2
p
v2i

<latexit sha1_base64="xLRygrX0c8BAx4Slq4iyglNErdU=">AAACKHicbVBNS8NAFNzU7/oV9ehlsQj1UhIR9aboxaOCbYUmhs1mU9duNnH3pVBCf44X/4oXEUW8+kvc1B60dWBhmHnD2zdhJrgGx/m0KjOzc/MLi0vV5ZXVtXV7Y7Ol01xR1qSpSNVNSDQTXLImcBDsJlOMJKFg7bB3XvrtPlOap/IaBhnzE9KVPOaUgJEC+8SLFaFFvR9wj0YpYBnc73n6QUHhMSC3+8NhUS/ZpGsCpRnYNafhjICniTsmNTTGZWC/elFK84RJoIJo3XGdDPyCKOBUsGHVyzXLCO2RLusYKknCtF+MDh3iXaNEOE6VeRLwSP2dKEii9SAJzWRC4E5PeqX4n9fJIT72Cy6zHJikP4viXGBIcdkajrhiFMTAEEIVN3/F9I6Y5sB0WzUluJMnT5PWfsM9bLhXB7XTs3Edi2gb7aA6ctEROkUX6BI1EUWP6Bm9oXfryXqxPqzPn9GKNc5soT+wvr4BaGunbw==</latexit>

(vi · nj)
p
⌘2

(⌘ · nj)
p
v2i

<latexit sha1_base64="jFUIcUwlLlp1cUB7lJBvoKiu1jY=">AAACGHicbZC7TsMwFIYdrqXcCowsFhUSU0kqBIwVLIxFohepCZHjOK1V54J9UqmK8hgsvAoLAwixduNtcNMO0PJLlj7/5xzZ5/cSwRWY5rexsrq2vrFZ2ipv7+zu7VcODtsqTiVlLRqLWHY9opjgEWsBB8G6iWQk9ATreMPbab0zYlLxOHqAccKckPQjHnBKQFtu5dwOJKGZzYDY1I8Bj1wrz2z1JKEwH+v57KJ9zblbqZo1sxBeBmsOVTRX061MbD+macgioIIo1bPMBJyMSOBUsLxsp4olhA5Jn/U0RiRkysmKxXJ8qh0fB7HUJwJcuL8nMhIqNQ493RkSGKjF2tT8r9ZLIbh2Mh4lKbCIzh4KUoEhxtOUsM8loyDGGgiVXP8V0wHRSYHOsqxDsBZXXoZ2vWZd1qz7i2rjZh5HCR2jE3SGLHSFGugONVELUfSMXtE7+jBejDfj0/iata4Y85kj9EfG5AdDKaEp</latexit> ⌘ · v1p
⌘2
p
v21

<latexit sha1_base64="ONUgXrlAadV1IcIsi9GLgPDj7kg=">AAACGHicbZC7TsMwFIYdrqXcCowsFhUSU0kqBIwVLIxFohepCZHjOK1V54J9UqmK8hgsvAoLAwixduNtcNMO0PJLlj7/5xzZ5/cSwRWY5rexsrq2vrFZ2ipv7+zu7VcODtsqTiVlLRqLWHY9opjgEWsBB8G6iWQk9ATreMPbab0zYlLxOHqAccKckPQjHnBKQFtu5dwOJKGZzYDY1I8Bj9x6ntnqSUJhPtbz2UX7mnO3UjVrZiG8DNYcqmiupluZ2H5M05BFQAVRqmeZCTgZkcCpYHnZThVLCB2SPutpjEjIlJMVi+X4VDs+DmKpTwS4cH9PZCRUahx6ujMkMFCLtan5X62XQnDtZDxKUmARnT0UpAJDjKcpYZ9LRkGMNRAquf4rpgOikwKdZVmHYC2uvAztes26rFn3F9XGzTyOEjpGJ+gMWegKNdAdaqIWougZvaJ39GG8GG/Gp/E1a10x5jNH6I+MyQ9GUaEr</latexit> ⌘ · v2p
⌘2
p
v22

<latexit sha1_base64="PLvmbaJbrwCs2H3OMeI0fEQrikQ=">AAACFnicbZDLSsNAFIYn9VbrrerSzWAR3FiSIuqy6MZlBXuBpobJZNIOnVycOSmUkKdw46u4caGIW3Hn2zhtI2jrDwMf/zmHM+d3Y8EVmOaXUVhaXlldK66XNja3tnfKu3stFSWSsiaNRCQ7LlFM8JA1gYNgnVgyEriCtd3h1aTeHjGpeBTewjhmvYD0Q+5zSkBbTvnE9iWh6cixbOpFgEdOLUttdS9h4t3Vsh+uac6ccsWsmlPhRbByqKBcDaf8aXsRTQIWAhVEqa5lxtBLiQROBctKdqJYTOiQ9FlXY0gCpnrp9KwMH2nHw34k9QsBT93fEykJlBoHru4MCAzUfG1i/lfrJuBf9FIexgmwkM4W+YnAEOFJRtjjklEQYw2ESq7/iumA6JxAJ1nSIVjzJy9Cq1a1zqrWzWmlfpnHUUQH6BAdIwudozq6Rg3URBQ9oCf0gl6NR+PZeDPeZ60FI5/ZR39kfHwDGmuf9w==</latexit> v1 · v2p
v21
p

v22

<latexit sha1_base64="dqmQ+ArjUojIJO7WOT6cr5wr/kI=">AAACJXicbZDLSgMxFIYz9VbrrerSTbAI7abMFFEXLopuXFawF+jUIZNm2tBMZkjOCGXoy7jxVdy4sIjgylcxvQi29UDgz/efQ3J+PxZcg21/WZm19Y3Nrex2bmd3b/8gf3jU0FGiKKvTSESq5RPNBJesDhwEa8WKkdAXrOkPbid+84kpzSP5AMOYdULSkzzglIBBXv7aDRShqcuAPFZwUXqOS7sRYOlVSqO0OOG/wCktXI3v5Qt22Z4WXhXOXBTQvGpefux2I5qETAIVROu2Y8fQSYkCTgUb5dxEs5jQAemxtpGShEx30umWI3xmSBcHkTJHAp7SvxMpCbUehr7pDAn09bI3gf957QSCq07KZZwAk3T2UJAIDBGeRIa7XDEKYmgEoYqbv2LaJyY2MMHmTAjO8sqrolEpOxdl5/68UL2Zx5FFJ+gUFZGDLlEV3aEaqiOKntErekdj68V6sz6sz1lrxprPHKOFsr5/ABRgo8I=</latexit>

⌘2(n1 · n2)

(⌘ · n1)(⌘ · n2)

<latexit sha1_base64="cRptsv3BXMH68k6Dj/Ne3yFKlhQ=">AAACGHicbZC7TsMwFIYdrqXcCowsFhUSU0kqBIwVLIxFohepCZHjOK1V54J9UqmK8hgsvAoLAwixduNtcNMO0PJLlj7/5xzZ5/cSwRWY5rexsrq2vrFZ2ipv7+zu7VcODtsqTiVlLRqLWHY9opjgEWsBB8G6iWQk9ATreMPbab0zYlLxOHqAccKckPQjHnBKQFtu5dwOJKGZzYDY1I8Bj1yeZ7Z6klCYj/V8dtG+5tytVM2aWQgvgzWHKpqr6VYmth/TNGQRUEGU6llmAk5GJHAqWF62U8USQoekz3oaIxIy5WTFYjk+1Y6Pg1jqEwEu3N8TGQmVGoee7gwJDNRibWr+V+ulEFw7GY+SFFhEZw8FqcAQ42lK2OeSURBjDYRKrv+K6YDopEBnWdYhWIsrL0O7XrMua9b9RbVxM4+jhI7RCTpDFrpCDXSHmqiFKHpGr+gdfRgvxpvxaXzNWleM+cwR+iNj8gPz6aGZ</latexit> ⌘ · vip
⌘2
p
v2i

<latexit sha1_base64="Og/0O9ASXSp8XaPxwF8hkcOGD4E=">AAACKHicbVDLSgMxFM34rPVVdekmWIS6KTNF1J1FNy4r2Ad06pBJM21oJjMmdwpl6Oe48VfciCjSrV9ipu1CWw8EDufcw809fiy4BtueWCura+sbm7mt/PbO7t5+4eCwoaNEUVankYhUyyeaCS5ZHTgI1ooVI6EvWNMf3GZ+c8iU5pF8gFHMOiHpSR5wSsBIXuHaDRShaWnocZd2I8DSc85c/aQgdRmQx8p4nJYytuiaQGZ6haJdtqfAy8SZkyKao+YV3t1uRJOQSaCCaN127Bg6KVHAqWDjvJtoFhM6ID3WNlSSkOlOOj10jE+N0sVBpMyTgKfq70RKQq1HoW8mQwJ9vehl4n9eO4HgqpNyGSfAJJ0tChKBIcJZa7jLFaMgRoYQqrj5K6Z9YpoD023elOAsnrxMGpWyc1F27s+L1Zt5HTl0jE5QCTnoElXRHaqhOqLoGb2iD/RpvVhv1pc1mY2uWPPMEfoD6/sHrqqm/Q==</latexit>

(vi · n1)
p

⌘2

(⌘ · n1)
p

v2i

<latexit sha1_base64="epdLkQXZRptSgCq+0abgVdnvfRA=">AAACKHicbVDLSgMxFM34rPVVdekmWIS6KTNF1J1FNy4r2Ad06pBJM21oJjMmdwpl6Oe48VfciCjSrV9ipu1CWw8EDufcw809fiy4BtueWCura+sbm7mt/PbO7t5+4eCwoaNEUVankYhUyyeaCS5ZHTgI1ooVI6EvWNMf3GZ+c8iU5pF8gFHMOiHpSR5wSsBIXuHaDRShaWnocZd2I8DSq5y5+klB6jIgj5XxOC1lbNE1gcz0CkW7bE+Bl4kzJ0U0R80rvLvdiCYhk0AF0brt2DF0UqKAU8HGeTfRLCZ0QHqsbagkIdOddHroGJ8apYuDSJknAU/V34mUhFqPQt9MhgT6etHLxP+8dgLBVSflMk6ASTpbFCQCQ4Sz1nCXK0ZBjAwhVHHzV0z7xDQHptu8KcFZPHmZNCpl56Ls3J8XqzfzOnLoGJ2gEnLQJaqiO1RDdUTRM3pFH+jTerHerC9rMhtdseaZI/QH1vcPseym/w==</latexit>

(vi · n2)
p

⌘2

(⌘ · n2)
p

v2i

<latexit sha1_base64="xMenlUs0a3xbJAv8SPzyULP/Bh4=">AAACKHicbVDLSgMxFM34rPVVdekmWIS6KTNF1J1FNy4r2Ad06pBJM21oJjMmdwpl6Oe48VfciCjSrV9ipu1CWw8EDufcw809fiy4BtueWCura+sbm7mt/PbO7t5+4eCwoaNEUVankYhUyyeaCS5ZHTgI1ooVI6EvWNMf3GZ+c8iU5pF8gFHMOiHpSR5wSsBIXuHaDRShaWnoOS7tRoClx89c/aQgdRmQx8p4nJYytuiaQGZ6haJdtqfAy8SZkyKao+YV3t1uRJOQSaCCaN127Bg6KVHAqWDjvJtoFhM6ID3WNlSSkOlOOj10jE+N0sVBpMyTgKfq70RKQq1HoW8mQwJ9vehl4n9eO4HgqpNyGSfAJJ0tChKBIcJZa7jLFaMgRoYQqrj5K6Z9YpoD023elOAsnrxMGpWyc1F27s+L1Zt5HTl0jE5QCTnoElXRHaqhOqLoGb2iD/RpvVhv1pc1mY2uWPPMEfoD6/sHruKm/Q==</latexit>

(v1 · ni)
p

⌘2

(⌘ · ni)
p

v21

<latexit sha1_base64="musYYDzKyhO3FQynGanIebRo4y0=">AAACKHicbVDLSgMxFM34rPVVdekmWIS6KTNF1J1FNy4r2Ad06pBJM21oJjMmdwpl6Oe48VfciCjSrV9ipu1CWw8EDufcw809fiy4BtueWCura+sbm7mt/PbO7t5+4eCwoaNEUVankYhUyyeaCS5ZHTgI1ooVI6EvWNMf3GZ+c8iU5pF8gFHMOiHpSR5wSsBIXuHaDRShaWnoVVzajQBLj5+5+klB6jIgj5XxOC1lbNE1gcz0CkW7bE+Bl4kzJ0U0R80rvLvdiCYhk0AF0brt2DF0UqKAU8HGeTfRLCZ0QHqsbagkIdOddHroGJ8apYuDSJknAU/V34mUhFqPQt9MhgT6etHLxP+8dgLBVSflMk6ASTpbFCQCQ4Sz1nCXK0ZBjAwhVHHzV0z7xDQHptu8KcFZPHmZNCpl56Ls3J8XqzfzOnLoGJ2gEnLQJaqiO1RDdUTRM3pFH+jTerHerC9rMhtdseaZI/QH1vcPsiOm/w==</latexit>

(v2 · ni)
p

⌘2

(⌘ · ni)
p

v22

<latexit sha1_base64="jFUIcUwlLlp1cUB7lJBvoKiu1jY=">AAACGHicbZC7TsMwFIYdrqXcCowsFhUSU0kqBIwVLIxFohepCZHjOK1V54J9UqmK8hgsvAoLAwixduNtcNMO0PJLlj7/5xzZ5/cSwRWY5rexsrq2vrFZ2ipv7+zu7VcODtsqTiVlLRqLWHY9opjgEWsBB8G6iWQk9ATreMPbab0zYlLxOHqAccKckPQjHnBKQFtu5dwOJKGZzYDY1I8Bj1wrz2z1JKEwH+v57KJ9zblbqZo1sxBeBmsOVTRX061MbD+macgioIIo1bPMBJyMSOBUsLxsp4olhA5Jn/U0RiRkysmKxXJ8qh0fB7HUJwJcuL8nMhIqNQ493RkSGKjF2tT8r9ZLIbh2Mh4lKbCIzh4KUoEhxtOUsM8loyDGGgiVXP8V0wHRSYHOsqxDsBZXXoZ2vWZd1qz7i2rjZh5HCR2jE3SGLHSFGugONVELUfSMXtE7+jBejDfj0/iata4Y85kj9EfG5AdDKaEp</latexit> ⌘ · v1p
⌘2
p
v21

<latexit sha1_base64="ONUgXrlAadV1IcIsi9GLgPDj7kg=">AAACGHicbZC7TsMwFIYdrqXcCowsFhUSU0kqBIwVLIxFohepCZHjOK1V54J9UqmK8hgsvAoLAwixduNtcNMO0PJLlj7/5xzZ5/cSwRWY5rexsrq2vrFZ2ipv7+zu7VcODtsqTiVlLRqLWHY9opjgEWsBB8G6iWQk9ATreMPbab0zYlLxOHqAccKckPQjHnBKQFtu5dwOJKGZzYDY1I8Bj9x6ntnqSUJhPtbz2UX7mnO3UjVrZiG8DNYcqmiupluZ2H5M05BFQAVRqmeZCTgZkcCpYHnZThVLCB2SPutpjEjIlJMVi+X4VDs+DmKpTwS4cH9PZCRUahx6ujMkMFCLtan5X62XQnDtZDxKUmARnT0UpAJDjKcpYZ9LRkGMNRAquf4rpgOikwKdZVmHYC2uvAztes26rFn3F9XGzTyOEjpGJ+gMWegKNdAdaqIWougZvaJ39GG8GG/Gp/E1a10x5jNH6I+MyQ9GUaEr</latexit> ⌘ · v2p
⌘2
p
v22

<latexit sha1_base64="PLvmbaJbrwCs2H3OMeI0fEQrikQ=">AAACFnicbZDLSsNAFIYn9VbrrerSzWAR3FiSIuqy6MZlBXuBpobJZNIOnVycOSmUkKdw46u4caGIW3Hn2zhtI2jrDwMf/zmHM+d3Y8EVmOaXUVhaXlldK66XNja3tnfKu3stFSWSsiaNRCQ7LlFM8JA1gYNgnVgyEriCtd3h1aTeHjGpeBTewjhmvYD0Q+5zSkBbTvnE9iWh6cixbOpFgEdOLUttdS9h4t3Vsh+uac6ccsWsmlPhRbByqKBcDaf8aXsRTQIWAhVEqa5lxtBLiQROBctKdqJYTOiQ9FlXY0gCpnrp9KwMH2nHw34k9QsBT93fEykJlBoHru4MCAzUfG1i/lfrJuBf9FIexgmwkM4W+YnAEOFJRtjjklEQYw2ESq7/iumA6JxAJ1nSIVjzJy9Cq1a1zqrWzWmlfpnHUUQH6BAdIwudozq6Rg3URBQ9oCf0gl6NR+PZeDPeZ60FI5/ZR39kfHwDGmuf9w==</latexit> v1 · v2p
v21
p

v22

<latexit sha1_base64="50usf8+ZAlJI6MyJJ2cmkte9EFI=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgxpIUUZdFNy4r2Ae0IUymk3boZBJmJoUa+iVuXCji1k9x5984TbPQ1gP3cjjnXubOCRLOlHacb2ttfWNza7u0U97d2z+o2IdHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0E47u535lQqVgsHvU0oV6Eh4KFjGBtJN+uCJ+hCzTx3bzXfbvq1JwcaJW4BalCgaZvf/UHMUkjKjThWK me6yTay7DUjHA6K/dTRRNMxnhIe4YKHFHlZfnhM3RmlAEKY2lKaJSrvzcyHCk1jQIzGWE9UsveXPzP66U6vPEyJpJUU0EWD4UpRzpG8xTQgElKNJ8agolk5lZERlhiok1WZROCu/zlVdKu19yrmvtwWW3cFnGU4ARO4RxcuIYG3EMTWkAghWd4hTfryXqx3q2PxeiaVewcwx9Ynz8KIpFk</latexit>ni � v1 � v2

<latexit sha1_base64="JqqoijNGwQ74kK9KstJQC8oBsVE=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEN5akFHVZdOOygn1AG8JkOmmHTiZhZlKooV/ixoUibv0Ud/6N0zYLbT1wL4dz7mXunCDhTGnH+bYKG5tb2zvF3dLe/sFh2T46bqs4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknGN/N/c6ESsVi8ainCfUiPBQsZARrI/l2WfguukTCr5k+8ZlvV5yqswBaJ25OKpCj6dtf/UFM0ogKTT hWquc6ifYyLDUjnM5K/VTRBJMxHtKeoQJHVHnZ4vAZOjfKAIWxNCU0Wqi/NzIcKTWNAjMZYT1Sq95c/M/rpTq88TImklRTQZYPhSlHOkbzFNCASUo0nxqCiWTmVkRGWGKiTVYlE4K7+uV10q5V3auq+1CvNG7zOIpwCmdwAS5cQwPuoQktIJDCM7zCm/VkvVjv1sdytGDlOyfwB9bnD/sZkVw=</latexit>n1 � n2 � vi

<latexit sha1_base64="lkqsa9b08i9NX6uGEtPQjbTtnFo=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSQi6rHoxWMF+wFtCJvtpl272YTdSaGU/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmCTTjNdZIhPdCqnhUiheR4GSt1LNaRxK3gwHd1O/OeTaiEQ94ijlfkx7SkSCUbRSUwVP58NABKWyW3FnIMvEy0kZctSC0lenm7As5gqZpMa0PTdFf0w1Cib5pNjJDE8pG9Aeb1uqaMyNP56dOyGnVumSKNG2FJKZ+ntiTGNjRnFoO2OKfbPoTcX/vHaG0Y0/FirNkCs2XxRlkmBCpr+TrtCcoRxZQpkW9lbC+lRThjahog3BW3x5mTQuKt5VxXu4LFdv8zgKcAwncAYeXEMV7qEGdWAwgGd4hTcndV6cd+dj3rri5DNH8AfO5w8Vg49o</latexit>nj � vi

cross ratios are preferred !!!
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• Two contributions: Double real and real virtual 


• IBP reduction with reverse unitary 


• Differential equations (DEs)


• Canonical form : leading singularities and Magnus series expansion


• Rationalization


• Master integrals (MIs) are expressed by GPLs 

Example: DE for MIs at NLO



Challenge at NNLO
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• Canonical form for DEs for all the cases are obtained!


• Mutilple square roots in DEs for tripole correlations , can NOT 

be rationalized !

<latexit sha1_base64="QDfTHjnXT1tt0TAVNbsB9TPFkIc="></latexit>np
x2 � 1,

p
y2 � 1,

p
z2 � 1,

p
u2z2 � u2 + 2uwx� 2uwyz � 2uxz + 2uy + w2y2 � w2 � 2wxy + 2wz + x2 � 1

o

Square roots appear in                 tripole <latexit sha1_base64="50usf8+ZAlJI6MyJJ2cmkte9EFI=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgxpIUUZdFNy4r2Ae0IUymk3boZBJmJoUa+iVuXCji1k9x5984TbPQ1gP3cjjnXubOCRLOlHacb2ttfWNza7u0U97d2z+o2IdHbRWnktAWiXksuwFWlDNBW5ppTruJpDgKOO0E47u535lQqVgsHvU0oV6Eh4KFjGBtJN+uCJ+hCzTx3bzXfbvq1JwcaJW4BalCgaZvf/UHMUkjKjThWKme6yTay7DUjHA6K/dTRRNMxnhIe4YKHFHlZfnhM3RmlAEKY2lKaJSrvzcyHCk1jQIzGWE9UsveXPzP66U6vPEyJpJUU0EWD4UpRzpG8xTQgElKNJ8agolk5lZERlhiok1WZROCu/zlVdKu19yrmvtwWW3cFnGU4ARO4RxcuIYG3EMTWkAghWd4hTfryXqx3q2PxeiaVewcwx9Ynz8KIpFk</latexit>ni � v1 � v2

First, we have to verify how many letters are involved in the 

amplitudes up to          at NNLO
<latexit sha1_base64="lGxlipJuWz0hfAYaEe2xWhaizzs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5KIqMuiG3dWsA9oYplMb9qhk0mYmQg1FH/FjQtF3Pof7vwbp20W2nrgwuGce7n3niDhTGnH+bYWFpeWV1YLa8X1jc2tbXtnt6HiVFKo05jHshUQBZwJqGumObQSCSQKODSDwdXYbz6AVCwWd3qYgB+RnmAho0QbqWPvZx4lHN+Myh4kivFY3DvHHbvkVJwJ8Dxxc1JCOWod+8vrxjSNQGjKiVJt10m0nxGpGeUwKnqpgoTQAelB21BBIlB+Nrl+hI+M0sVhLE0JjSfq74mMREoNo8B0RkT31aw3Fv/z2qkOL/yMiSTVIOh0UZhyrGM8jgJ3mQSq+dAQQiUzt2LaJ5JQbQIrmhDc2ZfnSeOk4p5V3NvTUvUyj6OADtAhKiMXnaMqukY1VEcUPaJn9IrerCfrxXq3PqatC1Y+s4f+wPr8AYiKlKE=</latexit>

O(✏0)
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Z.L. Liu, P. Monni, to appearThe renormalized soft function

The non-logarithmic term at NLO 

The NNLO expression is very long, but already available!!!

There are 23 letters in GPLs for NNLO. 18 of them are the roots of  

<latexit sha1_base64="3pB1gyxDC9JX5xMuGt03zu/dTEc="></latexit>

S̃(L) = 1 +
↵s

4⇡

�
��S

0L+ cS1
�
+
⇣↵s

4⇡

⌘2
"✓

�0�
S
0 +

1

2

�
�S
0

�2
◆
L2 �

⇥
cS1

�
�S
0 + 2�0

�
+ �S

1

⇤
L+ cS2

#

<latexit sha1_base64="laXBaCcnDUCNJ61SDuzJ4reTxUc="></latexit>

�4 + �3(4yz � 4) + 4�2
�
y2 � 3yz + z2 + 1

�
� 8�(y � z)2 + 4(y � z)2 = 0 ,

�4 + �3(4yz � 4) + 4�2
�
z2 � 3yz + 2

�
� 8�

�
z2 � 2yz + 1

�
+ 4

�
z2 � 2yz + 1

�
= 0 ,

�4 + �3(4yz � 4) + 4�2
�
y2 � 3yz + 2

�
� 8�

�
y2 � 2yz + 1

�
+ 4

�
y2 � 2yz + 1

�
= 0 ,

�4 + 4�3(y � 1)� 12�2(y � 1) + 16�(y � 1)� 8(y � 1) = 0 ,

�2 + 2�(y � 1)� 2(y � 1) = 0
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Summary

• Factorization and Resummation are required to match the precise 

experimental measurements 


• Exclusive soft function fits to various observables


• Azimuthal angle dependence of the soft function is obtained for 

the first time


• more differential and more efficient



Thanks for your attention!


