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Introduction

—— : Amplitude will include: Vertex function and Topology structure
Data/Event/D 1STri but|0n Topology structure: the unitary, crossing symmetry, analytical.

(tree, one-loop, ... , refer to coupled channel.)
\ertex function: the Lorentz covariant.

All Lorentz structures, Data-driven, Model independent.

PWA

Multi-particle vertex can be derived recursively from the
three-particle vertex.

Amplitude/T-matrix \ > B <

& Yanermxs

F|_l //_\v/\v/q\\ L T
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Introduction

Multi-particle vertex can be derived recursively from the

Data/Event/Distribution |  three-particle vertex.

- A1 e G saran-- b bl a a A A
Covarianttenser 72 &= Ty = D, "(g) Dy, *(9) D™, (g) D™, (9) -~ T,

order-2 COVT X;; i@ [j] = [k1] & [k2] B - - -
X . . geG = )
PWA Xij= O T + Cy T2 4 - with &, &5 Gy, = D, " (g) Oy,

P ] e 5 km
le Tli.:?. (X é;rn T ékn
INVTEN cannot be further decomposed

|nval’l ant tenser (I NVT) Téﬁ;z _ -Tbﬂilbﬂ;l‘.“ INVTENS are also called irreducible tensors (IRTENs)

Order—0 INVT: scalar
Order—-1 INVT: O vector Di(g)T = TDi(g)

Amplltude/T-matrlx Order-2 INVT: identity p,(g)T =7 Do)
Order—-3 INVT: CGC
Order—n>3 INVT: just constructed by Order—3 INVT.

Th ree-parti cle vertex! Order-3 IRTs  (cz,.,)z ., =2 DR (a7 D™ (9) DEZ"™(9) (O = (Coraa) s




j Generation
Three-particle vertex!

1-2+3
A5 (P1. P2.P3: 51.52,53) = Lo (P1,P2:P3) U, (P1:51) Ugs (P2: 52) Uns (Pa:s3)

From (ky, p,°, Ps ) to (Py, Py, P3) Y Lorentz invariant, where for massive particle, k,=0, for massless particle k,=(0,0,|k])

Standard momentum

Weinberg, The Quantum theory of fields. Vol. 1:
Foundations, Cambridge University Press (2005)

AZ27% (P1, P2, Pa: 51, 52, 83) = A727%(k1, p5. p3)

In the (ky, p,”, p3~ ) frame, we can define L and S.

K 158 *k ok 3 B8 —
Agfﬂg (kl s P2 p.‘?;) — Fg? 3 (kl s P2 p3) DQQ 2 (hp;}) Dag 3 (hpg) ugll (kli .5'1) ugi (kg: .5'2) uig (kg: .5'3).

A . b 7
W W

pure-orbitial part pure-spin part

A7 (k1. p3, pia: L. S) = T527% (ki p3. p3: L. S) tig] (ks s1) ugs (ki s2) ugy (ks s3)
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Three-particle vertex!
1->2+3

AT (p1.p2.P3: L.S) =

Lorentz Transformation

GGeneration

D:;: (ky:s1) u% (ko s2) -a:ff;:(k;;:.a-;m | 293 (k. p3, p3: L, S) |

(for massive particles)

D3 (g) (g € Lp) is a Lorentz transformation matrix;

hp (€ Lp) is a pure-boost transformation;

F|_l //—\v/\vf\\ L T

(for massless particles)

p B P Standard A+ Little group L, Generators of L, =
D, (hp) = D,* (Ry) ”.5‘ (Bp)) D5 (R;I) (=[m,0,0,0) 503 Ti. o, ]g

D, (Rp) = Ulr Ugls DPP" (6) DM (82) DEwr”(6) DSP7 0y | Ot | sonsy | A %K”
D« (Biy) = U" e, DJ_E-"*}'T (—ity) DER (i) (0,0,0,0) SO(1.3) Ji. Jo. Ja. K. K. Ks
Rii = hpt - hy! - hy, Ry = Ry! - Rii- Ry, Lp/SO(3) 5 hp = By - By - R,

L,/1SO(2) 2 hy = Ry - By,

ug(pis) = Do (hp)uf(kis),  dg(pis) = Dy (hy') uy(k;s)
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Three-particle vertex!

1243

A2 (p1, P2, P3; L, S) =

Ly, = SU2), @ SU(2)p

[SL, SR] =

(sz.SR)
(s, Sr) © (sg,sp) for sp # sgp

for s;, = sp

D,/? (Ri2)D,’

Representation

Physical correspondence

(0,0)

(3.0)2 (03)
(

[y
S—"’

A
o <&
«lp, —_

Nl =

Ol
—
~—

Scalar
Dirac spinor (spin 1/2)
Lorentz four-vector
Maxwell electromagnetic fields
Weinberg spinor (spin 3/2)
Lorentz order-2 traceless symmetric tensor
Rarita-Schwinger spinor (spin 3/2)
Einstein gravitational fields

[a] = (s, sr) = (52,0) @ (0, sr) = [[] @ [r].

1<a<(2sp+1)(2sp+1)

F|_l //_\v/\vf\\ L T

a— (I4+s1)(2sp+1)+r+sp+1

GGeneration

Lorentz index, the index

In the standard momentum
frame, there is a subgroup of

L, to make k unchanged.

SO(3)
massive
L, > 1SO(2) > S0(2)
massless

S0(1,2)

R € SO(3) C L,

D, P(R)uf(k;s) = uf (k:s) D7 (R),

D, (R)ug(k;s) = ul,(k; s) D)7 (R)
A specific form of the spin wave
function by calculating the IRT
of the little group SO(3)

6 YA 7Ry
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of specific irreps of L,

Spin index

P32% (ky, pj, p3: L, S)

X1

u® (k:s) = u? (k: (sp,sp),s) = UV uf (k: (sp,sR). s)
u® (k:s) = ul (k: (sp,sp),s) = U 4 (k:(sp.5R).5)

Ir N l 2 1)+r 1
[l — Oo:[( +s1,)(2sp+1)+r+sp+ }‘_

(’Il? - 5a[(H—SL)(2.9R+1}+-1'—|—SR—|—1]'

I
s

DU (RY DER (R uf, i (ks (sp. 7). 5)
DEEN(RY DSRT(R) ' (k: (sy. sg). 5)

) o] (ki (52.5R).8) = (CF 0,7

iy (k: (sp,5R). 5) = (C3E°R)7

a

7k (sp.sk).s) DS (R).
I (k: (sp.sR), ) Dgs)"' (R).

I
=)

o
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| Generation
Three-particle vertex! Lorentz index, the index

1->2+3 of specific irreps of L, Spin index

T3 . — 39 o Oy % *,
"4'71 (pl?pz’pS’L’S) T j (R]_E) Fi.t] i(klvpﬂﬂ pETL-JS)
Massive bosons : [o] = (sz.sr) = (3,3) (1 <a<(2s,+1)(2sp+1)) ug (k; S) — Ug (k; (SLs SR)! S) _ Ug ug; (k; (SLa SR)a 8)
— e N — 7l o Uhr — 5 [(+s0)2sp+1)+r+sp+1] U =38%, .
(k ") = Uy (kl (“’Ls“’R)“") U{}: U‘lr k ("L! "R) ) o @ lr [(I+sL)(2sp+1)+r+sp+1] — Y k -« k UQ —Ir k
a3 (kis) =1 ”(k-(- in),s) = Us @ (K; (51, 58),5) " g ug (kis) = g (k: (51, 5R).5) = o (Ki(sp.sR),s)
3) = Ue ViSL1 SR), ) = Yir Yo W5 \OLs 3 uf, (ki (sz.5r),8) = (C4 5 )0 U, (ki(si.sr), s) = (C4°F) 7
Ir _ ¢ [(l4sp)2sp+1)+r+sp+1]
. Ua =0 & ?
Massive fermions : [o] = (s;.sp) @ (sp.sp) = (22, 22 ) @ (275 20) (1<a <225, +1)(2sp+ 1))
a Lo
(UL)('J ’tﬂf;n( : (_nggR)?s) with v = (SL SR) (UL)f: = 6Q_[(1+sL.)(231f+l)+r+sh'+l] UZ]’" - (l) [(E+3L)(28R+1)+T+SR—|—]_] .
(k; ) (ki x, s)
(Un)qy uf(k; (s, 51),8) with x = (sg, sz) (Un)y = 8,[Bortttl@ontlirtonl] (sl / (5)
L ' D" (R) DERT(R) afsyo (s (s1, k). s) = uf) (k: (sz,sr),8) Dy 7 (R),
(Ur)ir @y (k; (sRssL),8) with x = (s, sR) Up)2 = §° )
g (k;s) = g (kix, s) = iy [(Bsr+i+1)@spt1)+r+sptl) DYYYR) DERT (Rl (: (s sr).s) = Gl (k: (sp.sg).s) D7 (R).
(UL)jy g (k; (5L, 5R),5) with x = (g, sL) Ul = 0%(usp)@snsbrssns]
. . e o (1. (S
Massless particles (helicity o = +s) : [a] = [¢*] = (s,0) P (0, s) _ Uy, (k (SL, SR), S) = (CSLSR)
— oo 2(23+1 -
ufs (ki (5,0),8) = bés 8%, uls ( ,8),8) = 07 _Ir srsmlr
. . u, (ki (sp,sr),s) = (CL°R
ﬂ.g (k: (510)*75’) _ 5% 5;3 'U.g (k:( ;.‘1’) ._.‘a’) — (SC 23+1) g a ( ! ( L R) ) ( S )J
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GGeneration

Lorentz index, the index
of specific irreps of L,

Three-particle vertex!
1->2+3

A2 (p1, P2, P3; L, S) =

Spin index

3 i3
Dagu (Rl'ﬁ] Da;f'

[@2as
1

(ki,p3,p3: L, S)
Coupling Structure

a2x3
]'_‘E}:I

(ki,p5. 05 L, S) = P2 % (ki3 81, L, S) P23 (ky: S, 82,83) {7 (k1,3 — p3)
spin+orbit orbit

8L

spin

L * *
ELL)(th*z —P3) =

al

(ki: L) (p5 —p3)s, -+ (P05 — P3)a,

PO (ks L) = PAY (ky L1, L - 1) PE (ke L 1)

M

1 i
0 5 "7 0
.- 1 o —-L
‘P-:‘::'ck]zﬂr_;j (k]?_j],jg:_‘f?,} = Z CXlX?XS ngm(kliXlajIQXzejz?X:}?jS) (U_l)a! = _\fi 0 0 _f
J2t)=h X1,X2:X3 V2 . V2
: V518 9 —{x — — _—_F
P2 (ps X, X1, 813 X2, 82) = (CF2) 217 wf(ps x, 8) Uy (P: T, $1) Ugs (P X3, 82) 0 7 vz !

o

TCt‘j_C}iQ

P is the project operator, which can be generate by the wave functions (IRT). 7

= > ud(kix,s) dg 2 (ki x*, )
Project various angular momenta to one specific angular momentum.

a1 ® [az] = 8]
—~ 7 N ~

/ 4 V

) YRR TRRT
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Comparison

* The pure-orbital (L) and pure-spin (S) component

* C-scheme AR2%(ki,p3,p3) = Faza*(klvpz,l%) ><u 1 (81) ug, (P2 52) UZZQ(P}S?’Z

"

W
pure-orbital part pure-spin part

* H-scheme Agfa3(k1,P§,P3) F6‘53(k1,P2aP3) g2a2(A2*) D@fxB(AT) X 31311(31) ug: (82) ’Uvgi(33)j

—

~

pure-orbital part pure-spin part

HAZY (k1. p3.p5:i L. S) = Hy*® (ki p5. p5i L. S)
= D52 (Rf»;;) D (Rﬁﬁ) AZ27 (ki,p5. Py L. S) Helicity amplitude
Is equivalent with

A7 (k1. p3.p3: L. S) = Do (Ryy ) D77 (R ) D™ (Rp)) A7 (ki p3.pi: L.S)  the covariant
amplitude just

2
A2\ kK, W 1o ) (s3)A 1. n. A203 D -
H33™ (k1. p3.p3: L. S) = Do, (Rpg) D5 (Rp; Rp;,) Az (k1. Py, p3: L, 5) with several
i0(Ros R / rotation matrix.
= e ( 25 ps) DYV (Rw) F2 23 (ki, [p3l, [p3l: L, S)

&) Tairs XY > SwT A

versity of Chinese Academy of Sciences
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+helicit
—Eov_rYew
J/b = yX X->nn'
JPC =t
X M =20GeV
I'=0.2GeV
J/W-nY, Yoy
]PC — 1+—
Y: M =18GeV
I'=0.2GeV
14
J/Y - ynm

F|_l //_\v/\v/q\\ L T

Events/(10 MeV/c?)

Events/(20 MeV/c?)

Comparison

Helicity amplitude
IS equivalent with
the covariant
amplitude just
with several
rotation matrix.

Events/(20 MeV/c?)

(Mi)(GeV/c?)

Events

| 1 n — — | . L

T 15 2 25 1 05 0 0.5 1
M(wm')(GeV/cE) coso(y)

P ransaas
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Application
1(81 = 1) — 2(82 = 1) -+ 3(%3 = 0)
AP (p1.p2.p3: L. S) =T02°3(ky. p5. p5: L, S) D,/ (R12) D, (Ruz) gt (ki; s1) uZ? (Ka: s2) uff (ka; s3)

D923 (ky p3,phi L, 1) = P (kys 1, L, 1) P23 (ky: 1,1,0) 25 (ky, p3 — p)

[y

Py (e 1 Lo 1) = (OF) 7 g (s ] 1) g, (ks (0] L) 62 (s [1] 1)

(L * kN B3 * * * *
for (k1,95 = P3) = P (ki L) (95 = )y~ (0 — 13y,
arl = |t = ad (kg et 1) = U (Cp2 :
o1 I 1

_ o L=0 : Poo(ky;0) =u’ g(kl [ } 0),
(] = |pl] = Ug? (kz; pt 1 Ug'z (Cil) : p 510

: 32 )4 L=1 P-“l(kl-l):P“ (k1:1.1,0) Pyo(k:0),
o] = [ 19] 293 (o= [1,0] _ 7700 (0 \71 ol
oa] =[] = g (less 1] 1) = UL (o) - L=2:  PAP(ki:2) = P (ki:2,1.1) P2 (ki)

@ ey

versity of Chinese Academy of Scie



Application
1(81 = 1) — 2(82 = 1) -+ 3(%3 = 0)
AP (p1.pa2. p3: L. S) =T02*3 (k1. p5. p3: L.S) D, J” (Ri2) D,y (Rus) gt (ks s1) uf? (kas sa) uf?(ks;s3)

(ki p3.p3: L, 1) =U, ™ (U_I)QQ a2 (k1. p3.p3: L, 1),

Z * * Z kl ku
rit(klfp}p.ﬂ;o*l) — _g,u.} + Juz ) -
mi It IS exact the same as
k1

that in this reference.

B.S. Zou and D.V. Bugg,
EPJA 16 (2003) 537

) ol (1 1o,
ri:(kl- pE* p;; 1'! 1) =1 (},u,u <—) (/rpf ¥ tfyl) (k]_.. pj} — p§> E'u vev

O, p3p3i2. 1) = U, (07Y) " 1o i) ey p3 — i),

A2 (1,02 B3 L. 1) = &, (91) T (P1. D2, i L. 1) D) (BTl ) €2(p2)

versity of Chinese Academy of Scie ) T W ﬁ




Application

* Currently commonly used PWA package (PKG) on BESIII
OFDC-PWA : HEARBEREF & T ARG B LT HF
(EZEARTA FEMNAR A @IHEP) [https://wwwl.ihep.ac.cn/wjx/pwa] (2000)
O GPUPWA : #% L-S 7 £ F 4 ke A shieit A
FEIFEENTYEZETAEHHZTETA  [https://sourceforge.net/projects/gpupwa/] (2011)
O TF-PWA : #2348 & 5 £ F 2 K% N8 89 @ St K
(FZ. AFH BRI, 3RARK HEEHF@UCAS)

(%) 3L L AP R R @IHEP)

TF-PWA

A general and user-friendly partial wave

analysis framework

Hao Cai', Chen Chen®, Shuangshi Fang®, Haojie Jing?, Yi Jiang?, Pei-Rong Li?, Beijiang Liu®, Yin-Rui Liu?, Xiao-Rui Lyu?,
Runqiu Ma*, Rong-Gang Ping*, Wenbin Qian?, Rongsheng Shi®, Mengzhen Wang?, Shi Wang®, Zi-Yi Wang?,

[https://tf-pwa.readthedocs.io] (2020)

* Automatic calculation of PWF under the covariant L-S scheme

* PKG for calculating PWF under C/H-scheme based on C++
(= EZARAE5ZHHHEI@UCASS4E)  [hitps:/github.com/Wu-ShuMing/PWFs] (2024)

Crosscheck our PKG with the TF-PWA
(5 #F Z@UCAS, 5 iEaMK@IHEP f= £ 6 @L.ZU &)

F|_l //_\v/\v/q\\ L T

3.
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» Fast

» General

+ Easy to use -

« Automatic differentiation

Jiajun Wu?, Shuming Wu?, Liming Zhang®,Yang-Heng Zheng?

"WHU, 2UCAS, 3LZU, 4IHEP, 5THU

« GPU based x \
« Vectorized calculation *
Tensor

https://gitlab.com/jiangyilS/tf-pwa

+ Custom model available

Open access and well

+ Simple configuration file supported
» Automatics process

+ All necessary functions implemented




Summary

« Show a new PWA formalism for 3 particle vertex.
e Covariant ! L-S scheme!

* Benefit
 Use such vertex can include loop contribution easily!
 Also extend to coupled channel In future!

s . -3 =5 )
[ [P0 | (é] q) *_\x— m
e’ University of Chinese Academy of Sciences ™
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Thanks for attention !




