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Background and Motivations.

+ + - +. J.M. Link et al. [FOCUS Collaboration], Phys. Lett. B 601, 10-19 (2004).
« D > 7 K"

Decay channel  Fit fraction (%) Phase ¢; (degrees) Amplitude coefficient
p(7TT0) K™ 38.83 +£5.31 £ 2.61 0 (fixed) 1 (fixed)
K*(892)xt  21.64+£321+£1.14 161.7£86+£22  0.747 £ 0.080 £ 0.031
I'(Df = Krnro™) NR 1588 +4.92+1.53  43.1+104+44  0.640 +0.118 + 0.026
— - = (0.127 £ 0.007 £ 0.014 . R i 00
T — T K*(1410)7+t  1882+4.03+1.22 —348+121+43 0.696 + 0.097 £ 0.025
' (D K+ K ) (
K;(1430)7t  7.65+£50+1.70  59.3+19.5+13.2  0.444 + 0.141 £ 0.060
p(1450) K+ 10.62+3.51+1.04 —151.74+11.1+4.4 0.523 £ 0.091 £ 0.020
C.L. =5.5% x* =385 d.o.f. = 43 (#bins) - 17 (#{ree parameters)
Medina Ablikim et al. [BESIII Collaboration], JHEP 08, 196 (2022).  Intermediate process BF(10~) PDG(10~7)
Df — KtpY 1.99 + 0.20 £ 0.22 25 + 0.4
grfplit;df i Phase (c; (;Ld) FF(%) Statistical significance(o) — pi — K+p(1450)°  0.78 £ 0.20 + 0.17  0.69 + 0.64
o Kty 0.0 (fixe 32.5 + 3.1 + 3.6 =10 T . 0+ - ,
Df — K*p(1450)° 272 +£0.14 £ 024 12.7 £3.2 £ 2.7 ~10 Di - K* (892) g N 1.85 £ 013 = 0.1 1.41 = 0.24
DF — K*f,(500) 098 £ 0.17 £ 0.19 7.0 &+ 2.2 + 4.0 6.8 Df — K*(1410)°" 029 £ 0.13 £ 0.13 1.23 = 0.28
Di — K*f,(980)  5.024+0.15+0.15 44413+ 11 6.9 DF — K§(1430)°7"  1.15 £+ 0.16 & 0.15  0.50 & 0.35
Dy — K*fo(1370)  6.03 £ 0.14 £ 0.26 19.9 + 3.1 + 2.9 >10 Df — K™ fy(500) 0.43 + 0.14 + 0.24 -
- * 0+ ~
Dl MLl Mislnsln 0 DLKTAON) 0 somson
5 — n . T 5 . . . . . 5 + + _
DF — K§(1430)%7*F  1.89 + 0.19 +£ 0.18 18.9 4+ 2.5 + 2.4 8.6 Dy = K™ fo(1370) 1.22 £ 019 £ 0.18

D: — (K+7T+7T_)NR - 1.03 + 0.34
B(Df - KTrntr™) = (6.1140.185tat. 0.115ys ) x 1073 4
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Background and Motivations.
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* The processes of three-body decay:

ngnman * quark level

diagrams
« hadron level

e propagators, two-body scattering
amplitudes(Bethe-Salpeter equation)
* relativistic amplitude(Breit-Wigner)
resonances
dlffgreﬁt|al .Wldth o fitting experimental data
distribution
branching
fractions
6




Propagators.

* The diagonal matrix G is two intermediate meson propagators:
4
TRy - !

27)* > —mi+i€ (py + py—q)’ —m3 +ie

* The integral is logarithmically divergent, there are two methods to solve this problem:

v the three-momentum cut off: v" the dimensional regularization method:
Ymax 2 2 2 2 2
Gils) = [ e G = ot i T s
o (27 g0, [s—(wl +w2)2+z‘s] i H s i
+q"’"f) [In (s = (m3 = m) + 2n () Vs) + In(s + (3 = m07) + 20 (5) V)
)

— 2 2 = ?
a)i - (q + mi ) S= ( pl T p2) —1In (—5 - (m% - m%) + 2QCm (S) ‘\/;) —1In (_S + (m% - m%) + 2qu (Y) W)]}

* The value of the subtraction constant :

v a relationship between two regularization v a calculation which adopted by other references
method )
n
4y = 167°(G (thr, Gmas) — G (00 1), app(u) = =2log (1 Tt e ) oo

G. Montara et al., Phys. Rev. D 107, 054014 (2023). J.A. Oller et al., Phys. Lett. B 500, 263-272 (2001). 7



Propagators.

* The value of the parameter for pseudoscalar-pseudoscalar interaction:

> 1=06GeV

7K

a, =-157,a,,=-157, a_,=-1.66
7 K nK

a._ =-1.30, a, =-1.29, a .. =-1.63, 00 =-1.63, a,, =-1.68

VA

> 1=06GeV

a. =-1.66, a 00 =-1.66, a_,=-1.71
/4 nK

7 K

a,_ = -1.41, a,, = -1.41, a ., =-1.66, 00 =-1.66, a,, =-1.71
Gloria Montaf®, Angels Ramos, Laura Tolos, Juan M. Torres-Rincon, Arxiv: 2211.01896 (2022).

M. Y. Duan, J. Y. Wang, G. Y. Wang, E. Wang, and D. M. Li, Eur. Phys. J. C 80, 1041 (2020).

Wang, Zhong-Yu, Yi, Jing-Yu, Sun, Zhi-Feng and Xiao, C. W, Phys Rev D.105.016025 (2021). g



Two-body scattering amplitudes.

T I1s the two-body scattering amplitudes, it can be evaluated by the coupled channel
Bethe-Salpeter equation of ChUA:

T =[1-VG]'V,
The interaction potentials of each coupled channel for PP—PP processes:

.o+ - 0_0 _ —0 ) _
> | =077, =~ r, K'K™, K°K, 1 » 1=1/2. Kz~ K°%2° K%
1 1 _ 1 -1 (3 3 52
V” = _2_}(‘2? V]-z = _\/ifz (S_f?f%). VB - —4_}(2? V]] = 6f2 (—S - E (m2 —mK) )
1 1 . | (mz C )2
Vig=——5s, Vis=- mz, Vy=-—-——=mz, Vi, = 1 3.0, o Tk
af 3\/5.1“21 2f | S, 7= bR 2s ’
1
Vis=———=5, Voyy=-— S, Vos=— ')HT}?:* 1 3 7 5 1 5 1 3 ,
4v2f? 42 6f° Vis = S 2t e T 37k * 5= (= i) (mi—mi))s
1 1 '
Viz=——5s5, Vyy=-—-——=s5, 2
TR Vo s, (m-m)
1 1 Vi = 4f2 - + m. + mg — T
Vi =— Os —6m2—2m?2), Vy=——>5s5, ‘
35 12\@)”2( m, ) 44 212
| Vi = : E —zmz—lmz—lmq+i(m2—m2)(m2—m2)
Vs =— : (9s —6m2—2m?2) T aNEp 6" 277 37F 2 RN
45 5 (9 p 2)s
12Vv2f 1 (3 2, 30 2y
1 ; ) Vi3 = ——3— —mﬂ+m +3mK _(m,}—mK)
V55:__18f2(16’”R_7’”})~ 4f 3 25

J. A. Oller and E. Oset, Nucl. Phys. A 620, 438-456 (1997).



Two-body scattering amplitudes.

* The Interaction potentials for VV—VV processes(Tree-level transition amplitudes of the
four-vector-contact diagrams and of the t(u)-channel vector-exchange diagrams ).

> 1=0: K'K', po, 0w, @¢ , p

> =1 K'K", pp, po, pp

K*K* pp ww wao 0% —
- K*K™  pp puw pY
K*K* 69> 234> —2¢* 4q° —44* — . N 5
K"K” 2 0 —2v2 4
op 842 0 0 0 g g
ww 0 0 0 pp 0 0 0
b 0 po 0
7 K* K* e ww web b0 K*K* pp pw po
o o | 0% ‘wo+(2‘“.11"1;332@.)‘ZIM)(LUK* —3s) V3g (2*‘;3;;“% ) ¢ (W»;‘fi ) oo (Mot 1{}:2\ ) a7l —2Mjc. +35) R o> (MZM2— (M2 —2M2) M2 ) (AM%.. —35) 0 9P (Mp+MZ+2MF . —3s) 92 (MZ+ M2 +2M7,, —35)
L K K K AMIMIMZ VEMZ, M.,
pp 2g° (4 - VE) 0 0 0 P . . :
ww 0 0 0 e
o . . pw 0 0
b 0 Joler 0

L. S. Geng and E. Oset, Phys. Rev. D 79, 074009 (2009).

10
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* The Interaction potentials of each coupled channel for VV—PP processes(The t(u)-
channel pseudoscalar-exchange diagrams ):

4 > > P 4 > P Evpp = —?:g (V)u [P,@”P])
P Py g=My/(2f:) My =0.84566GeV
1% > ' > P 1% > P fr =0.093
(a) The t-channel (b) The u- channel
Vst koo 00 =— — 4 926 kS ea kil
Kt K=~ 5 KOK t—m2? st » The form factor for each VPP vertex
3 1 , of the exchanged pseudoscalar
VK*OK*O%KOKO = —2 (t — m% + F_ mgr) gZEIMkéLEka4, meson:
1 v 1 14
Vg oo = —4g° (melu’i@f eaky + mﬁmkff €2u’f3> ) r_ A —m2,
1 1 A2 — g2
qu;%KOf(o = 2\/592 (mﬁlﬂkébEQ,,k’Z + mﬁleZEQng) ,
K 1K Z.L.Wang and B. S. Zou, Eur. Phys. J. C 82, 509 (2022).

1
Voposioio = —2V2 (t — m%g%mké”(—:gykz + wg%mkg‘eg,,kg) M. Bando et al., Phys. Rept. 164, 217-314 (1988)
11



D > 7z'7n K"

e The external and internal W-emission mechanism:

u u ] d §
d 5
w+ W+
> d c > > 3 c in c \ u

Dy D7 Dt Dt

(a) (b) (a) (b)

FIG. 1. W-external emission mechanism for the DI — K¥x 7" decay. FIG. 2: W-internal emission mechanism for the DI — Ktnt7™ decay.

* The total contributions for the decay D] > K "z 7z~

1 1 _
H = V@aVua(1+ B) {VP(W+W_K+ — —1 K’ + —nrt K + KTK'K")

V2 V6

2 _ 1
+ V(- K"K'K™ —mK* + %?}ﬂ+KU —~ KKK’ + ﬁmr”h’*)}
1

1 . 2 _
=Cy(rtr K- —=n"n°K° + —nrnt K + Kt K°K®) — Co(KTK"K™ + K™ — —nn"K° + KT K°K").

V2 NG V6
* Tree-level production and final state interactions via rescattering mechanism:

K+

m

/ ™ xt
»- T P

~+ 0 t =
K+ KT K K 7, K" K~ n T

. - . : 4o~ 0.0 -0
(a) Tree-level production. (b) Rescattering of Ktx—, K"z" and K"7. (c) Rescattering of 7+r—, 7%, ny and KK~

Df

A

12
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* The amplitudes for the decay D] - K"z 7z~ In the S-wave:

t (512: 523) :Ol [1 + Gﬂ'_K+ (923) TTF_K+—>TF_K+ (823) + Gﬂ'"‘ﬂ'— (512 Tw+ﬂ_—>?r+1r—](312)

1 1
- EGWOKO (823 Tro g0 _ym— K+ (323) + %Gnm (523)[TnK0—m—K+ (523)

+ GKDR’O (812) TKogoﬁﬂJrﬂ-— 812)] — 02 I:GK‘FK* (512) TK+K*—m+7r* (812)

2
+ G???? (812)lTnn—>7r+1r— (512) - %Gn}(@ (923) TnK0—>7r—K+](523)

+ Ggogo ($12)|Togosmt x| (512) ]

2

* The contribution of other intermediate states:

u . 9
TOX - * g I
u o D+ (s92)€"* 5= (592) 2 oy pr — ™M
1K *(892) (512:523) = 5 T (mK — Tn,.r) — 5 — 513 + S121 ,
d S93 — NIK*(SQZ) + UMK =(892)L K+*(892) Tn’K*(SQQJ
W+
c > > )

. .
D g+ (1430)€"E* (1430)
. 30)€ . 2 2 2 2
. Mg+ (1430) (8125 523) = — - T [(323 —my — mn) (813 + $12 — Mm% — mﬂ)} ,
Dy 523 = Micw(1430) T 10K+ (1430) L K+ (1430)
S -
D, e*%r
. ) — p€ .
M, (812, 823) = - 2 im T (823 — s13) ,
d i s12 — mg +1m,l,

D, (1370)€"*f0(1370)
ﬂ'iffn(1370) (812, 823) = : 5 Jol )‘, T |:(812 — 27”3-) . (313 + Sa3 — 27“721.)] N
) ) $12 = Mg (1370) T 1Mo (1370) L fo(1370)

D7 2 2 2 2
S12 + 8523 + 8513 = uny + Mg + m_ + m;, 13
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* The double differential width distribution of three-body decay:
)

* The limits of integral variable for the invariant masses are higher than 1.2 GeV, we need
to smoothly extrapolate G(s)T(s) above the energy cut v/s = /Sy = 1.1 GeV :

G(5)T(s) = G(su) T (scu)e™ ™V V3) - for /s > \/Seu

d2r 1 1 (
ds,,ds,; (27[)3 32mp,

t(812 ’ 323)+ M K”* +M K* +M fo(1370) + Mp +M p(1450)

(892) (1430)

* The parameters need to be fitted:

S-wave: (Cq,C,, a

Dp’ ap, Dg+(892), k*(892), Dk*(1430), Ak*(1430), Df0(137o),

other resonances:
af,(1370), Dp(1450), Xp(1450),

V. R. Debastiani, W. H. Liang, J. J. Xie, and E. Oset, Phys. Lett. B 766, 59 (2017). w
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b 2 1dof = 183 37/128 = 1.43 Medina Ablikim et al. [BESIII Collaboration], JHEP 08, 196 (2022)
mm "/ dof = ' - BESIII Experiment:

Our Results:
100 - &
| — Total =
| | an un PO % ¢ data
80 —.- k*(892)° i > —— fit result
- S-wave ] Q3 ——— background
sol = Ko (1430) l G N O e i 41 0 I R e K*p’
+ 0
P | —= £p(1370) 2 K™p(1450)
D 40k > K*f (980)
- - S 4 (1370)
e K(892)'m
201 e K (1410)'0
| = e K (1430)T0*
ol e e ] &
0.5 1.0 1.5
Mp+n-[GeV]
M. (GeV/cz)

Parameters Co o D, «ap Dpge(892) ®x+(892) Drc*(1430) Cr+(1430) D fo(1370) @ fo(1370) Dp(1450) Xp(1450) x?/dof.
Fit 263.74 -63.08 12.34 80.77 0.18 62.99 3.04 -62.50 1.21 -60.24 3.07 -456.70 0.93 1.43 15




D > 7z'7 K"

. Ktmgt )(Z/dof — 183.37/128 = 1.43 Medina Ablikim et al. [BESIII Collaboration], JHEP 08, 196 (2022)

Our Results: BESIII Experiment:
e 80— }
| —— Total | a L
80 o0 | IS dat
' . |~ 60— ¢ ata
(== K (892)° é) - (a) * —— fit result
S-wave B
60 ) 1 »n F * ——— background
| —-= K, (1430) N 40— K"'po
ﬂ [| == f{][1370) ~ I~ K+p(1450)
c [ —.- p(1450) a2 [ +
S47 4 Data 1 5.0 g}' §§§3§
> L
Sal L S— K*f (1370)
20 . oo Sl L J (892) a
B A0 S NS : A i S K (1410) T
_____ : — 3
et T e R T o s, j 1 5 —ddin ] TN RETEN| l!}l }!I *}l [ K (1430)
. , , . v S UL B TR U AT L I L
10 15 _3 l | | | | l l | | | l l |
My+n-[GeV] 1
M.,._. (GeV/cz)

Parameters (1 C a D, ap Dg=(892) K=(892) Dr=(1430) Qi=(1430) Dfo(1370) Xfo(1370) Dp(1450) Qp(1450) x2/dof.
Fit 263.74 -63.08 12.34 80.77 0.18 62.99 3.54 -62.50 1.21 -60.24 3.07 -456.70 0.93 1.43 16




D > 77 K"

Medina Ablikim et al. [BESIII Collaboration], JHEP 08, 196 (2022).

« Ktm~ y?/dof =183.37/128 =1.43

Our Results: BESIII Experiment:
,'-l | | —_— Toltal g : ::
” ..... p(i | %100 (b) . } data
|| =" : (892)° 1 S —— fitresult
_ '] -wave ——— background
1007 —- k0] & T (b K+p0g
g f T RASTO 5 K*p(1450)"
5 i , —-= p(1450) ) K* 500
it ! $ Data 5 f( )
50 i > K”’f (980)
| - R— f (1370)
— (892)1t
i e K (1410)'m
ol : : I SN [ uhll} oy | K (1430)m*
' ' AT R ||H| T
1.0 1.5 -3 | | | | | | | | | | |
Mg+n-[GeV] 1

M. (GeV/cz)

Parameters (7 C a Dy ap Dg=(892) @x=(892) Dr=(1430) Qi=(1430) Dfo(1370) Xfo(1370) Dp(1450) Xp(1450) x? /dof.
Fit 263.74 -63.08 12.34 80.77 0.18 62.99 3.54 -62.50 1.21 -60.24 3.07 -456.70 0.93 1.43 17




Branching fractions

* The ratios of the branching fractions between different resonances :
B[D§ — K* fy(500) — K*rtn~] B[Dg — K*fp(980) = K*n¥n~]
B [D;L < (892)0 o+t K+7T+7T_] B [D; — K* (892)0 Tt — K+7T+7T_}
B|Df — Ktp— Ktota™]
B[D¥ — K*(892)° nt — Ktmtr—]

B|Dg — fo(1370) K* — Ktata—|
B |Df — K* (892)° 1t — K+ntm—|

B|D§ — Ktp(1450) — Ktatn] B
B[D¥ — K*(892)° it — Ktmtr—]
* The branching ratios for intermediate :

Decay process Ours (1073) BESIII (1073)  PDG (1073)
Df — KT fp(500)  0.38 £0.037003  0.43 £0.14 £ 0.24
Df — K*£(980)  0.114£0.01700] 0.27 £0.08 £0.07
B(DS - K (892)r™, K*(892% - K*m™) Df = K*+p" 29442027709 1994£020£022 25+04
=(1.85+ 0134 0.11) x 10 D} — K*£,(1370)  1.07£0.107035; 1.22+0.19 £0.18
DF — K;(1430)°7F  1.06 +0.10700; 1.15+0.16+0.15 0.50 £+ 0.35
D — K*p(1450)°  2.38 £0.227005 0.78 £0.20 £ 0.17  0.69 + 0.64 18
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e The external and internal W-emission mechanism:

) g g ‘ ’ " ’ W+ w+
Dy ( DY Dy ( D
5 (:) 5 ) (:) é S (;) 8 5 (;) 8
FIG. 1: W-external emission mechanism for the D} — K¢K§n™ decay. FIG. 2: W-external emission mechanism for the D} — KJK%rt decay.
* The total contributions for the decay D; — KK/)z*
[H) = [HY) + [HEY) + [HE0) + |H)
=C1nt KT K™ HCorTKYKO |- %C{;?T-l_n?? + Oy K*TK* + Csn P KK + Cont o9 + %Cvf’w@ + \%CSW"LP%,
* Tree-level production and final state interactions via rescattering mechanism:
KY " ”
/ K K
\ N K-, K%n RO K, K™, ¢/w/p R0
(a) (b) (c) 19
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* The amplitudes for the decay D; - K’K?z* In the S-wave:

1 1 1
t(JWlZ”KgKgﬁ = _§OlGK+K— (A/le)TKJrK*—)KOR'“(A/le) - 502 - EOQGKOKD(A’flz)TKOF(O—)KORO(M,lz)

K) = 55 (IK% - |K?))

1 1

- gCBGnn(A’{lQ)ﬂm—)KOKO(A/112) - §C4GK*+K*— (A’112)TK*+K**—>KUI_(O(A’112) 2
1 1

- §C5GK*DR*D(AJlQ)TK*OK*OéKDRD (A’flg) - §CGG¢¢(A412)T¢¢_>KORD (A’[lg)

1 1 .
2\/§O?Gw¢(Ml2)Tw¢s_>K0K0(Mlz) - Q—ﬁCSGp0¢(A412)TpO¢_>KOKO(Mlz): L. R. Dai et al. Eur. Phys. J. C 82, 225 (2022).

* The contribution of the vector resonance generated in the P-wave:

K

K |
De' K= (892)+ (mQ - m2 0)(m2 0 — m2+)
Dt trc=(s92)+ (M2, Ma3) = . D: K K T M?+ M?
K*(892)° o Mgy — M sgaye + iMicr(son+ Lo (somy+ M. somy+ Eet

Tt

* The double differential width distribution of three-body decay:

2T 1 MypMas 1
dMpdMys — (27) 8m?, 2 | M M = 1(Muz)kygr + ticrsony (Miz, Mas) + (1 3 2),
: ?

* The parameters need to be fitted:
S-wave: u, Cq, Cy, C3, Cy, Cs, Cq, Cy, Cg P-wave: Dg*(g92), @k*(892) 20



4 O/ 0 _+
DS _) KS KS 72- ‘ =

* Fitting results: (Combined fit)

Parameters [ Ch Cy C5 Cy Cs Cg Cr C8 D age(gez)+ x2/dof.
Fit 0.648 GeV  8640.90  2980.71 -1902.86 56906.35 -13433.15 -58284.22 102835.76 202807.71 54.80  0.0024 2.55

—— Total fit

L T
00— Total fit d 100 F |
-—- K'(892)* ] [ -—- K'(892)F
[ S-wave i - S-wave ]
80T 4 BESIIdata 80T { ¢ BESIIdata .
g 2
o -
[\T] [+F]
g ¥

10 12 14 L6 o 06 0.8 10 12 14
Mzxe [Gev] Micn+ [GeV]
This work Ref. [64] Ref. [96] Ref. [43] Ref. [62] Ref. [44]
Parameters po= 0.648 p=10.716 Gmar = 0.931 po=1.0 Onar = 1.0 9max = 1.0
ap(980)  1.0598 + 0.024¢ 1.0419 + 0.0345¢ 1.0029 + 0.0567i » e ‘e
fo(980)  0.9912 + 0.0034 ‘s 0.9912 + 0.01354 -
ap(1710)  1.7981 4+ 0.0018: 1.7936 + 0.0094: . 1.780 — 0.0662 1.72 — 0.010¢ 1.76 = 0.03¢

Jo(1710)  1.7676 + 0.0093i ‘e e 1.726 — 0.014: e e 21
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*  Fitting results: (Fit only for KQK§ spectrum)

100 | — Total fit ] 100 | * —— Total fit
--- K'(892)* --- K'(892)*
L S-wave ok 0 . . S-wave ]
¢ BESIIl data i + ¢ BESIIl data -

60 [ 60 |

Events
Events

40 - 40 -

20+ 20+

0 0

1.0 1:2 1.4 1.6 1.8 0.6 0.8 1.0 1.2 1.4
MKgn' [GeV] MKgn' [GeV]

* The ratios of the branching fractions between different resonances :

B(DF — S(980)7+, S(980) — K9K?)
B(D+ — KVK*(892)F, K*(892)* — Kurt)

B(DF — S(1710)7+, S(1710) — K%KY)
B(Dy — KVK*(892)+, K*(892)* — Kor+)

_ +0.032 _ +0.460
= 0.1227 423, = 0.9527 597,

* The branching ratios for intermediate : B(DS — K* (892)K — K{KJIn™)
‘ = (3.0+0.3+0.1) x 1073;
B(DJ — S(980)7", S(980) — KgKg) = (0.36 +0.04% ) x 1077, B(DF - S(1710)n* —» KIKOm*)
B(D} — S(1710)7", S(1710) — KoK§) = (1.66 4+ 0.1775:33) x 1073, =(314£0.3£01)x107%.
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» We adopt the Chiral Unitary approach and final state interaction formalism to investigate the

Dy three-body weak decays

» D » mtn~K™: Related branching fractions of the dominant decay channels are calculated,
the results are almost in good agreement with the experimental measurements and PDG within

the uncertainties .

> DI - KPK2nt: The enhancement around 1.7 GeV in K2K? mass spectrum is overlapped with
two visible peaks, indicating the mixing signal originated from the resonances ay(1/10) and

f0(1710) due to their different poles (masses).
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Thank you!




