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Plan

A perturbative story:  bootstrapping a two-loop form factors

A non-perturbative story:  FF/WL duality and OPE

q

3

Constraints Parameters left

Starting ansatz 590⇥ 2

Symmetries 168

IR (Symbol) 109

Collinear limit (Symbol) 43

IR (Function) 39

Collinear limit (Function) 21

Keeping up to ✏0 order or via unitarity 0

TABLE I: Solving for parameters via master bootstrap.

where f (2)(✏) = �2⇣2�2⇣3✏�2⇣4✏2. The finite remainder
function R has the nice collinear behavior

R
LL,(2)
4

pi k pi+1
�������! R

LL,(2)
3 = �6⇣4 , (10)

where as mentioned in the introduction, the remainder of
the three-point lightlike FF is a transcendental number.

We first apply the IR and collinear constraints at the
symbol level as in (7), and we are able to reduce the
number of free parameters to 43. Then we consider the
master integrals at the function level. It is su�cient to
compute the integrals numerically with high precision,
using [57], as well as the packages Di↵Exp [68] or AM-
Flow [69]. We find the IR and collinear constraints at
the function level can fix further 22 parameters.

Remarkably, it turns out that the remaining 21 degrees
of freedom all contribute to O(✏) order. These terms can
be safely ignored if one is only interested in up to the
finite order of the two-loop FF. In other words, the two-
loop finite remainder is uniquely fixed by the IR and
collinear constraints.

As important cross-checks, we have also applied a
spanning set of D-dimensional unitarity cuts [46–48] and
find full consistency with the bootstrap result. This not
only verifies the ansatz form (5) but also fixes the co-
e�cients of the remaining 21 degrees of freedom. We
summarize the parameters after each constraint in Ta-
ble I.

IV. TWO-LOOP REMAINDER

The two-loop finite remainder R
LL,(2)
4 presents several

nice properties.
First, all the terms which are proportional to the B fac-

tor (4) cancel in the two-loop finite remainder function,
namely,

G
(2)
2 = G

(1)
1 (✏)G(1)

2 (✏) +O(✏) . (11)

This is consistent with the dual Wilson line picture,
which has no parity-odd contribution. See a similar can-
cellation for the six-gluon amplitude in [70].

x1

x2
x3

x̄1

x̄2
x̄3

x4 x4 x̄4

q
p1

p2 p3

p4
q ¯̄x1

¯̄x2

FIG. 2: Dual periodic Wilson line.

Second, the remainder function only depends on three
ratio variables

u1 =
s12
s34

, u2 =
s23
s14

, u3 =
s123s134
s234s124

, (12)

which are directional dual conformal invariant in the dual
momentum space (xi+1 � xi = pi) [71] as shown in Fig-
ure 2. This is precicely a consequence of the DDCS men-
tioned in the introduction, defined as the special confor-
mal transformation along the lightlike q direction in the
dual x space:

�qx
µ
i =

1

2
x2
i q

µ
� (xi · q)x

µ
i , (13)

see also [35–37]. Thus our result provides an explicit
check of the DDCS for the integrated lightlike FF. A nu-
merical check is also given in Appendix C.
Third, the symbol of the two-loop remainder has a

very simple structure. As a function of transcendentality-
degree four, its symbol can be expressed as

S(RLL,(2)
4 ) =

1283X

i=1

c̃i wi1 ⌦ wi2 ⌦ wi3 ⌦ wi4 , (14)

where wi are symbol letters, and c̃i are pure numbers.
Nicely, the set of wi has only nine elements:

wi 2 {ua , 1� ua , x1234 , x234q , x123q}, (15)

where a = 1, 2, 3 and

xijkl =
hi|j|k|l|i]

[i|j|k|l|ii
. (16)

It is easy to check that they are closed under the action
of the dihedral group D4. Note that the x variables are
also functions of ui in (12) (see Appendix B).
If we expand ui in sij , there are 13 symbol letters ap-

pearing in the remainder, in contrast to 31 letters in the
masters as reviewed in Appendix B. The variables asso-
ciated to each entry are as follows: i) the first entry
contains only si,i+1 and si,i+1,i+2 for i = 1, .., 4; ii) the
second entry contains all symbol letters; iii) the third en-
try is free from the letters s12� s34 and s23� s14; iv) the
last entry is free from s12�s34, s23�s14, x123q and x234q.
The DDCS certainly imposes constraints on the possible
letters; for example, the two letters x124q and x134q break
the symmetry and are thus not allowed.
The full two-loop symbol is provided in the ancillary

file.

We consider N=4 SYM theory (maximally SUSY 4D gauge theory)

We consider the light-like limit: q2 → 0
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In analogy with Higgs-4 Gluons amplitudes:
H

Htr(FμνFμν)



A bootstrap computation

q



Ansatz 
in master integrals Physical constraints Solution of 

coefficients

ℱ(l),ansatz = ∑
i

Ci I(l)
i

ℱ(l) = ∑
i

Ci I(l)
i

Based on the fact:  
any amplitude or form factor can be expanded in a set of integral basis

Consider one-loop amplitudes:

What we really want

Bootstrap strategy

Guo, Wang, GY (2021)Master-integral bootstrap



Two-loop ansatz

q

Abreu, Chicherin, Dixon, Gehrmann, Henn, Herrmann, Lo Presti, Mitev, Page, 
Papadopoulos, Tommasini, Sotnikov, Wasser, Wever, Zeng, Zhang, Zoia

F(2)
4 = F(0)

4

590

∑
i=1

Ci I(2)
i

I(2)
i

Known uniformly-
transcendental 
master integrals

Ci Coefficients to be solved

Ci = xi + yiB

xi , yi are integers



Constraints

Symmetry F(2)
4 (1,2,3,4)

q

IR divergences

Collinear limit

Simple unitarity cuts

F(2)
4 |divergence

F(2)
4 |pi//pi+1

→ F(2)
3

∼ (F(1)
4 )2 + 2-loop cusp/ 

collinear ADs

(+ splitting functions)

cyclicly permuting and flipping external momenta



determine the two-loop results (up to finite order) !

Bootstrapping the two-loop FF

Only change           terms𝒪(ϵ)

IR divergence

Collinear }
q



Number of independent variables

Independent Mandelstam variables: q

s12, s23, s34, s4q, s1q

One would expect 4 dimensionless variables

It turns out that there only 3 independent ones.
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xi − xi+1 = pi

which satisfies one dual conformal symmetry

δqF(2)
4 ≃ 0

This is a non-trivial two-loop check to the FF / WL duality.

q2 = 0



FF/WL duality and OPE
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FIG. 3: OPE decomposition for FLL
4 , A6, and F3.

V. LIGHTLIKE FFOPE

The simplicity of the symbol alphabet makes it promising
to explore high-loop remainders using the symbol boot-
strap method. The knowledge of the OPE will be es-
sential to provide new constraints, such a picture can be
consider for the lightlike FFs also.

An OPE was proposed for the FF with general q2 6= 0
in [1–3]. In principle, one may apply this program first
for general q and then take the lightlike limit to obtain
the lightlike FFs. It is however much better if there is
a straightforward picture for lightlike FFs. Indeed, we
find a new OPE construction that takes into account the
on-shell property of q from the beginning.

Since the three-point lightlike FF is “trivial” in the
sense that its finite remainder has no kinematic depen-
dence, it should be used as a building block in the OPE
construction, similar to the two-point FF for the gen-
eral q case. Indeed, one can decompose an n-sided null-
wrapped polygon into a three-sided null-wrapped poly-
gon and n� 3 pentagons:

W
LL
n =

X

 1,.., n�2

e
P

j(�Ej⌧j+ipj�j+imj�j)

⇥ P(0| 1) . . .P( n�4| n�3)FLL
3 ( n�3) , (17)

where P( i| j) is the pentagon transition [5] and FLL
3 ( )

is the new lightlike form factor transition.
Here it is instructive to make an analogy with the six-

point amplitude [5] and three-point FF with q2 6= 0 [1]
(see Figure 3):

W
LL
4 =

X

 

e�E⌧+ip�+im� P(0| )FLL
3 ( ) ,

W
A
6 =

X

 

e�E⌧+ip�+im� P(0| )P( |0) , (18)

W
F
3 =

X

 

e�E⌧+ip� P(0| )F2( ) ,

which makes it clear that FLL
3 ( ) is a new type of transi-

tion. The similarity of the OPE decompositions in (18)
implies that there may be certain connections between
F

LL
4 and A6, F3. Since the decomposition with pentagon

transition parts is the same as in [1], below we only need
to focus on the four-point case which is su�cient to cap-
ture all new properties.
The UV divergences of the Wilson line can be reg-

ularized by introducing the following finite conformally

W
LL
4 ⌘

FIG. 4: Regularization of the null-wrapped polygon.

invariant ratio:

W
LL
4 =

F
LL
4 ⇥Wsq

FLL
3 ⇥Wpent

, (19)

which is shown explicitly in Figure 4. The generalization
to higher points is straightforward. The one-loop finite
ratio can be obtained as [72]

W
LL,(1)
4 = �

1

2
log

✓
(1� u1)(1� u2)

1� u3

◆
(20)

⇥ log

✓
(1� u1)(1� u2)u3

(1� u3)u1

◆
,

which indeed depends only on the three ratios in (12).
With the one-loop result W

LL,(1), the duality picture
of FFs and Wilson loops gives (see also [1, 15])

W
LL
n = exp


�cusp

4
W

LL,(1)
n +R

LL
n

�
, (21)

where �cusp = 4g2 + .. is the cusp anomalous dimension

[73–75]. In particular, from the previous RLL,(2)
4 we also

have the two-loop Wilson-line result WLL,(2)
4 .

To take OPE limit, one parametrizes three symmetries
of the null square by three parameters {⌧,�,�} [4]. They
are related to the ratios ui in (12) in a nice form as shown
in Figure 5. The detailed parametrizations are given in
Appendix D. We point out that the D4 symmetry (8)
implies that the remainder function satisfies

R
LL
4 (⌧,�,�) = R

LL
4 (�, ⌧,�) = R

LL
4 (⌧,��,�) . (22)

The OPE limit is obtained by taking ⌧ ! 1, corre-
sponding to p2 k p3. The OPE expansions of WLL

4 at one
and two loops can be given as

W
LL,(1)
4 =� e�2⌧ [1 + cos(2�)] +O(e�3⌧ ) , (23)

W
LL,(2)
4 =2e�⌧ cos(�)h(2)(�) +O(e�2⌧ ) ,
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FIG. 5: Parametrization of {⌧,�,�} to the last OPE
channel. For an n-point FF, they are denoted as

{⌧n�3,�n�3,�n�3}.



Amplitudes/Wilson loop duality

Weak coupling Strong coupling

Alday, Maldacena, 2007

Drummond, Korchemsky, Sokatchev, 2007

Brandhuber, Heslop, Travaglini, 2007



Form factor/Wilson loop duality

Form factor Periodic Wilson line
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FIG. 5. Periodic Wilson line in the dual momentum space.

s12 = s23 = s13 = 0, which means that the integrand
is trivially zero, since every numerator in the integrand
contains at least two sij factors (this applies also to the
lower-loop cases). In the lightlike limit, on the other
hand, form factors are simplified yet still have non-trivial
dependence on q. Note that there are in general some
diagrams with numerators proportional to q2 and they
no longer contribute in the limit. As an example, at two-
loop level, two trivalent topologies survive in the q2 ! 0
limit as shown in Figure 6, where the second one is a
cross-box two-loop integral.

To set up the discussion of the dual conformal sym-
metry, we use the dual coordinates in momentum space
which are given by the periodic Wilson line configuration
[46–48]. For the three-point form factor, the (periodic)
dual coordinates are defined as in Figure 5

xi � xi+1 = pi , xi � xi = xi � x̄i = q , (7)

where q is the period of the periodic Wilson lines. Note
that the previously used zone variable x4 in Figure 3
corresponds to x̄1 with x14 = x11̄ = q [55]. One can
perform a special conformal transformation on the dual
coordinates as

�bx
µ
i =

1

2
x2
i b

µ
� (xi · b)x

µ
i , (8)

where bµ is a conformal boost vector.
The aforementioned symmetry can be now stated as

follows: the four-dimensional planar form factor inte-
grand, denoted as I(`) ⌘ I

(`)
|leading-Nc & q2=0&D=4, satis-

fies the directional dual conformal invariance (DDCI) by
taking bµ / qµ, namely

�qI(`) = 0 . (9)

Similar DDCI symmetry was also considered for the non-
planar four- and five-point amplitudes in [56, 57]. It
is worthwhile pointing out that for form factors, the
bµ / qµ direction together with the q2 = 0 condition
is special: it preserves precisely the periodic Wilson line
configuration, and this also suggests that �q is an exact
symmetry for the form factor integrand.

To give a few more details, the integrand I(`) con-
tains the integration measure and a rational function R
of proper distances x2

ij as

I(`) = (
Y

a

d4xa)⇥R(x2
ij) , (10)

p1

p2

p3 xa xb

x1

x3

x2

x̄1

`1

`2
x̄b

p1

p2p3

xa xb

x1

x3

x2x̄1

FIG. 6. Two-loop topologies contributing to the q2 ! 0 limit.

FIG. 7. Examples of di↵erent planar projections for the same
topology.

where the measure and the proper distance transform as

�q
�
d4xa

�
= �4 (q · xa) d

4xa , (11)

�qx
2
ij = �q · (xi + xj)x

2
ij . (12)

Note that the proper distance can include x̄i or xi. In
principle, it is straightforward to verify (9) using (11)–
(12) and Leibniz rules. Two important remarks, however,
are in order here.
First, the appearance of q-interior topologies requires a

proper definition of the dual coordinates. To do this, one
can practically pull the q-leg to infinity, which introduces
a cut in the plane. This cut will divide several faces (or
zones) into two pieces, and the periodic dual variables x
and x̄ should be defined respectively on the two sides of
the cut. For example, in the second diagram in Figure 6,
we can define x1, x̄1 on the two sides of the dot line and
all momenta and propagators can be represented by the
dual coordinates {x1, x2, x3, x̄1, xa, xb}, such as

`1 = xa�xb , `2 = xa� x̄b = xa�xb+(x1� x̄1) . (13)

We also comment that the special conformal transforma-
tion �q is independent of the way how the q-leg is pulled
to the infinity.
Second, some topologies are special in the sense that

they have di↵erent planar projections. This means that
for any one of these special topologies, there can be
more than one ways of drawing this topology on a two-
dimensional plane. Two examples are shown in Fig-
ure 7 [58]. Di↵erent planar projections have distinct
parametrizations and will give di↵erent results after ap-
plying the special conformal transformation �q. As a re-
sult, to check the DDCI, it is important to distinguish
contributions from di↵erent planar projections and to in-
clude them all—usually one finds all planar projections
and distributes the integrand equally among them.
We have explicitly checked that the DDCI symmetry

is valid for three-point form factors up to four loops, and
we stress that the symmetry will not be a↵ected by the
free parameters in CK-dual integrands.
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FIG. 5. Periodic Wilson line in the dual momentum space.

s12 = s23 = s13 = 0, which means that the integrand
is trivially zero, since every numerator in the integrand
contains at least two sij factors (this applies also to the
lower-loop cases). In the lightlike limit, on the other
hand, form factors are simplified yet still have non-trivial
dependence on q. Note that there are in general some
diagrams with numerators proportional to q2 and they
no longer contribute in the limit. As an example, at two-
loop level, two trivalent topologies survive in the q2 ! 0
limit as shown in Figure 6, where the second one is a
cross-box two-loop integral.

To set up the discussion of the dual conformal sym-
metry, we use the dual coordinates in momentum space
which are given by the periodic Wilson line configuration
[46–48]. For the three-point form factor, the (periodic)
dual coordinates are defined as in Figure 5

xi � xi+1 = pi , xi � xi = xi � x̄i = q , (7)

where q is the period of the periodic Wilson lines. Note
that the previously used zone variable x4 in Figure 3
corresponds to x̄1 with x14 = x11̄ = q [55]. One can
perform a special conformal transformation on the dual
coordinates as

�bx
µ
i =

1

2
x2
i b

µ
� (xi · b)x

µ
i , (8)

where bµ is a conformal boost vector.
The aforementioned symmetry can be now stated as

follows: the four-dimensional planar form factor inte-
grand, denoted as I(`) ⌘ I

(`)
|leading-Nc & q2=0&D=4, satis-

fies the directional dual conformal invariance (DDCI) by
taking bµ / qµ, namely

�qI(`) = 0 . (9)

Similar DDCI symmetry was also considered for the non-
planar four- and five-point amplitudes in [56, 57]. It
is worthwhile pointing out that for form factors, the
bµ / qµ direction together with the q2 = 0 condition
is special: it preserves precisely the periodic Wilson line
configuration, and this also suggests that �q is an exact
symmetry for the form factor integrand.

To give a few more details, the integrand I(`) con-
tains the integration measure and a rational function R
of proper distances x2

ij as

I(`) = (
Y

a

d4xa)⇥R(x2
ij) , (10)

p1

p2

p3 xa xb

x1

x3

x2

x̄1

`1

`2
x̄b

p1

p2p3

xa xb

x1

x3

x2x̄1

FIG. 6. Two-loop topologies contributing to the q2 ! 0 limit.

FIG. 7. Examples of di↵erent planar projections for the same
topology.

where the measure and the proper distance transform as

�q
�
d4xa

�
= �4 (q · xa) d

4xa , (11)

�qx
2
ij = �q · (xi + xj)x

2
ij . (12)

Note that the proper distance can include x̄i or xi. In
principle, it is straightforward to verify (9) using (11)–
(12) and Leibniz rules. Two important remarks, however,
are in order here.
First, the appearance of q-interior topologies requires a

proper definition of the dual coordinates. To do this, one
can practically pull the q-leg to infinity, which introduces
a cut in the plane. This cut will divide several faces (or
zones) into two pieces, and the periodic dual variables x
and x̄ should be defined respectively on the two sides of
the cut. For example, in the second diagram in Figure 6,
we can define x1, x̄1 on the two sides of the dot line and
all momenta and propagators can be represented by the
dual coordinates {x1, x2, x3, x̄1, xa, xb}, such as

`1 = xa�xb , `2 = xa� x̄b = xa�xb+(x1� x̄1) . (13)

We also comment that the special conformal transforma-
tion �q is independent of the way how the q-leg is pulled
to the infinity.
Second, some topologies are special in the sense that

they have di↵erent planar projections. This means that
for any one of these special topologies, there can be
more than one ways of drawing this topology on a two-
dimensional plane. Two examples are shown in Fig-
ure 7 [58]. Di↵erent planar projections have distinct
parametrizations and will give di↵erent results after ap-
plying the special conformal transformation �q. As a re-
sult, to check the DDCI, it is important to distinguish
contributions from di↵erent planar projections and to in-
clude them all—usually one finds all planar projections
and distributes the integrand equally among them.
We have explicitly checked that the DDCI symmetry

is valid for three-point form factors up to four loops, and
we stress that the symmetry will not be a↵ected by the
free parameters in CK-dual integrands.

Full Wilson loop prescription is 
only known at one loop..
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OPE of null-polygon Wilson loops

A new non-perturbative framework:

“An Operator Product Expansion for Polygonal null Wilson Loops”

OPE limit Collinear limit 
but with all sub-leading terms

⟨𝒪1𝒪2𝒪3…𝒪n⟩ = ∑
i

e−tEi C12i Ci3…n

In analogy with OPE for local operators:

1
2

3
4

n

GKP states Basso 2010
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Pentagon decomposition

Basso, Sever, Vieira (2013)

Form factor (            )

Form factor (           )

q2 ≠ 0

q2 = 0

A system framework to perform OPE is “pentagon decomposition”:
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FIG. 3: OPE decomposition for FLL
4 , A6, and F3.

V. LIGHTLIKE FFOPE

The simplicity of the symbol alphabet makes it promising
to explore high-loop remainders using the symbol boot-
strap method. The knowledge of the OPE will be es-
sential to provide new constraints, such a picture can be
consider for the lightlike FFs also.

An OPE was proposed for the FF with general q2 6= 0
in [1–3]. In principle, one may apply this program first
for general q and then take the lightlike limit to obtain
the lightlike FFs. It is however much better if there is
a straightforward picture for lightlike FFs. Indeed, we
find a new OPE construction that takes into account the
on-shell property of q from the beginning.

Since the three-point lightlike FF is “trivial” in the
sense that its finite remainder has no kinematic depen-
dence, it should be used as a building block in the OPE
construction, similar to the two-point FF for the gen-
eral q case. Indeed, one can decompose an n-sided null-
wrapped polygon into a three-sided null-wrapped poly-
gon and n� 3 pentagons:

W
LL
n =

X

 1,.., n�2

e
P

j(�Ej⌧j+ipj�j+imj�j)

⇥ P(0| 1) . . .P( n�4| n�3)FLL
3 ( n�3) , (17)

where P( i| j) is the pentagon transition [5] and FLL
3 ( )

is the new lightlike form factor transition.
Here it is instructive to make an analogy with the six-

point amplitude [5] and three-point FF with q2 6= 0 [1]
(see Figure 3):

W
LL
4 =

X

 

e�E⌧+ip�+im� P(0| )FLL
3 ( ) ,

W
A
6 =

X

 

e�E⌧+ip�+im� P(0| )P( |0) , (18)

W
F
3 =

X

 

e�E⌧+ip� P(0| )F2( ) ,

which makes it clear that FLL
3 ( ) is a new type of transi-

tion. The similarity of the OPE decompositions in (18)
implies that there may be certain connections between
F

LL
4 and A6, F3. Since the decomposition with pentagon

transition parts is the same as in [1], below we only need
to focus on the four-point case which is su�cient to cap-
ture all new properties.
The UV divergences of the Wilson line can be reg-

ularized by introducing the following finite conformally

W
LL
4 ⌘

FIG. 4: Regularization of the null-wrapped polygon.

invariant ratio:

W
LL
4 =

F
LL
4 ⇥Wsq

FLL
3 ⇥Wpent

, (19)

which is shown explicitly in Figure 4. The generalization
to higher points is straightforward. The one-loop finite
ratio can be obtained as [72]

W
LL,(1)
4 = �

1

2
log

✓
(1� u1)(1� u2)

1� u3

◆
(20)

⇥ log

✓
(1� u1)(1� u2)u3

(1� u3)u1

◆
,

which indeed depends only on the three ratios in (12).
With the one-loop result W

LL,(1), the duality picture
of FFs and Wilson loops gives (see also [1, 15])

W
LL
n = exp


�cusp

4
W

LL,(1)
n +R

LL
n

�
, (21)

where �cusp = 4g2 + .. is the cusp anomalous dimension

[73–75]. In particular, from the previous RLL,(2)
4 we also

have the two-loop Wilson-line result WLL,(2)
4 .

To take OPE limit, one parametrizes three symmetries
of the null square by three parameters {⌧,�,�} [4]. They
are related to the ratios ui in (12) in a nice form as shown
in Figure 5. The detailed parametrizations are given in
Appendix D. We point out that the D4 symmetry (8)
implies that the remainder function satisfies

R
LL
4 (⌧,�,�) = R

LL
4 (�, ⌧,�) = R

LL
4 (⌧,��,�) . (22)

The OPE limit is obtained by taking ⌧ ! 1, corre-
sponding to p2 k p3. The OPE expansions of WLL

4 at one
and two loops can be given as

W
LL,(1)
4 =� e�2⌧ [1 + cos(2�)] +O(e�3⌧ ) , (23)

W
LL,(2)
4 =2e�⌧ cos(�)h(2)(�) +O(e�2⌧ ) ,
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FIG. 5: Parametrization of {⌧,�,�} to the last OPE
channel. For an n-point FF, they are denoted as

{⌧n�3,�n�3,�n�3}.
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1-loop GKP energy:

Now we can make predictions to all loop order!

OPE expansion

We extract the FF transition from the perturbative results:

Leading single-gluon 
excitation:

5

where

h(2)(�) =4e�
⇥
Li2(1� e�2�)� �Li2(e

�2�)� Li3(e
�2�)

� ⇣2
⇤
+ (� ! ��) . (24)

Similar to the six-gluon amplitude [4], the OPE anal-
ysis shows that the leading contribution of order e�⌧

should come from the lightest state: the gluonic exci-
tation states F ⌘ Fz� and F̄ ⌘ Fz̄� . Interestingly, we
can observe that the one-loop OPE expansion starts at
e�2⌧ ⌧0, and the two-loop starts at e�⌧ ⌧0. These sug-
gest that the transition FLL

3 ( ) for the two single gluonic
excitation states start at order g2. An inverse Fourier
transformation of h(2)(�) gives the transition as

FLL
3,F (u) = FLL

3,F̄ (u) =
2⇡g2

(u2 + 1
4 ) cosh(⇡u)

+O(g4) . (25)

Based on the above analysis of the transition, we can
make following predictions for any `-th order:

W
LL,(`)
4 |⌧`�1e�⌧ = 0 , (26)

W
LL,(`)
4 |⌧`�2e�⌧ = 2 cos(�)

Z

R

du

2⇡
e2iu�

⇥

�
� E(1)

3/2(u)
�`�2

(`� 2)!

⇥
g�4µF (u)FLL

3,F (u)
⇤
g=0

, (27)

where

E(1)
s (u) = 2

�
 (s+ iu) +  (s� iu)� 2 (1)

�
(28)

is the one-loop anomalous dimension [76] and  (x) =
@x log�(x) is Euler’s digamma function. We provide
more details in Appendix F.

VI. OUTLOOK

We mention several future directions based on this work.
I) One immediate problem is to determine the lightlike

FF transition F
LL
3 ( ) non-perturbatively via integrabil-

ity [1, 5]. This will help to ultimately determine the
high-loop four-point FF remainder via symbol bootstrap
like the three-point case [15, 16]. A preliminary study
of the symbol bootstrap up to three loops is presented
in Table II: based on the simple symbol alphabet (15),
the collinear limit and simple entry conditions, and com-
bined with the OPE prediction at e�⌧ order, we find the
three-loop symbol can be fixed up to 126 parameters. See
Appendix G for more detail.

II) Similar to the three-point case [17, 31], the D4 sym-
metry, as well as the connection of the alphabet (see [77]),
suggest possible connections between the four-point FF
and the eight-point amplitude. The antipodal symme-
try of the latter was studied recently in [78]. With the
known two-loop remainder of eight-point MHV ampli-
tude [79, 80], our four-point FF result provides timely
concrete data to study such connections.

Constraints Parameters left

Starting ansatz 4374 354294

D4 symmetry 561 44409

Integrability 72 1056

Collinear limit 56 992

Branch cut condition 21 295

Lth discontinuity condition 8 206

FFOPE (leading e�⌧⌧L�1) 5 193

FFOPE (e�⌧⌧ `, ` < L� 1) 1 126

FFOPE (leading e�2⌧⌧L�1) 0

FFOPE (e�2⌧⌧ `, ` < L� 1) 0

Loops 2-loop 3-loop

TABLE II: Symbol bootstrap at 2 and 3 loops.

III) As mentioned in the introduction, the four-point
FF we consider is an analogy of Higgs-plus-four-gluon
scattering. It is interesting to check the maximally tran-
scendental principle [17, 81–84] in this case, where the
master bootstrap method can be used as in [42].
IV) It would be interesting to consider the lightlike FFs

at strong coupling using Y-system [33, 85–87] and also in
the OPE limit.
V) It would be nice to extend our study to non-MHV

cases or super-Wilson lines [88–90], as well as local opera-
tors other than the stress-tensor supermultiplet [91–100].
VI) Finally, although the focus of this paper is the

lightlike FF with q2 = 0, the master bootstrap method
can be used to compute the four-point FF with gen-
eral q2 6= 0. Although the master integrals are not
fully known analytically, one can still apply the master-
bootstrap method numerically with high precision, using
e.g. AMFlow package [69]. In particular, the q2 = 0
result provides essential input to bootstrap the general
q2 6= 0 cases.

Acknowledgments. It is a pleasure to thank Qingjun
Jin, Guanda Lin, Junbao Wu, Siyuan Zhang, Hua-Xing
Zhu, and in particular Song He for discussion and cor-
respondence. This work is supported in part by the
National Natural Science Foundation of China (Grants
No. 12175291, 11935013, 12047503, 12047502, 11947301).
We also thank the support of the HPC Cluster of ITP-
CAS.

Appendix A: One-loop result

The one-loop result can be given as the cycling sum-
mation of the following density functions

I
LL,(1)
4 =

4X

i=1

h
I
(1)
4,0(i, i+1, i+2, i+3)+I

(1)
4,µ(i, i+1, i+2, i+3)

i
,

(A1)
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where

h(2)(�) =4e�
⇥
Li2(1� e�2�)� �Li2(e

�2�)� Li3(e
�2�)

� ⇣2
⇤
+ (� ! ��) . (24)

Similar to the six-gluon amplitude [4], the OPE anal-
ysis shows that the leading contribution of order e�⌧

should come from the lightest state: the gluonic exci-
tation states F ⌘ Fz� and F̄ ⌘ Fz̄� . Interestingly, we
can observe that the one-loop OPE expansion starts at
e�2⌧ ⌧0, and the two-loop starts at e�⌧ ⌧0. These sug-
gest that the transition FLL

3 ( ) for the two single gluonic
excitation states start at order g2. An inverse Fourier
transformation of h(2)(�) gives the transition as

FLL
3,F (u) = FLL

3,F̄ (u) =
2⇡g2

(u2 + 1
4 ) cosh(⇡u)

+O(g4) . (25)

Based on the above analysis of the transition, we can
make following predictions for any `-th order:

W
LL,(`)
4 |⌧`�1e�⌧ = 0 , (26)

W
LL,(`)
4 |⌧`�2e�⌧ = 2 cos(�)

Z

R

du

2⇡
e2iu�

⇥

�
� E(1)

3/2(u)
�`�2

(`� 2)!

⇥
g�4µF (u)FLL

3,F (u)
⇤
g=0

, (27)

where

E(1)
s (u) = 2

�
 (s+ iu) +  (s� iu)� 2 (1)

�
(28)

is the one-loop anomalous dimension [76] and  (x) =
@x log�(x) is Euler’s digamma function. We provide
more details in Appendix F.

VI. OUTLOOK

We mention several future directions based on this work.
I) One immediate problem is to determine the lightlike

FF transition F
LL
3 ( ) non-perturbatively via integrabil-

ity [1, 5]. This will help to ultimately determine the
high-loop four-point FF remainder via symbol bootstrap
like the three-point case [15, 16]. A preliminary study
of the symbol bootstrap up to three loops is presented
in Table II: based on the simple symbol alphabet (15),
the collinear limit and simple entry conditions, and com-
bined with the OPE prediction at e�⌧ order, we find the
three-loop symbol can be fixed up to 126 parameters. See
Appendix G for more detail.

II) Similar to the three-point case [17, 31], the D4 sym-
metry, as well as the connection of the alphabet (see [77]),
suggest possible connections between the four-point FF
and the eight-point amplitude. The antipodal symme-
try of the latter was studied recently in [78]. With the
known two-loop remainder of eight-point MHV ampli-
tude [79, 80], our four-point FF result provides timely
concrete data to study such connections.

Constraints Parameters left

Starting ansatz 4374 354294

D4 symmetry 561 44409

Integrability 72 1056

Collinear limit 56 992

Branch cut condition 21 295

Lth discontinuity condition 8 206

FFOPE (leading e�⌧⌧L�1) 5 193

FFOPE (e�⌧⌧ `, ` < L� 1) 1 126

FFOPE (leading e�2⌧⌧L�1) 0

FFOPE (e�2⌧⌧ `, ` < L� 1) 0

Loops 2-loop 3-loop

TABLE II: Symbol bootstrap at 2 and 3 loops.

III) As mentioned in the introduction, the four-point
FF we consider is an analogy of Higgs-plus-four-gluon
scattering. It is interesting to check the maximally tran-
scendental principle [17, 81–84] in this case, where the
master bootstrap method can be used as in [42].
IV) It would be interesting to consider the lightlike FFs

at strong coupling using Y-system [33, 85–87] and also in
the OPE limit.
V) It would be nice to extend our study to non-MHV

cases or super-Wilson lines [88–90], as well as local opera-
tors other than the stress-tensor supermultiplet [91–100].
VI) Finally, although the focus of this paper is the

lightlike FF with q2 = 0, the master bootstrap method
can be used to compute the four-point FF with gen-
eral q2 6= 0. Although the master integrals are not
fully known analytically, one can still apply the master-
bootstrap method numerically with high precision, using
e.g. AMFlow package [69]. In particular, the q2 = 0
result provides essential input to bootstrap the general
q2 6= 0 cases.
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Appendix A: One-loop result

The one-loop result can be given as the cycling sum-
mation of the following density functions

I
LL,(1)
4 =

4X

i=1

h
I
(1)
4,0(i, i+1, i+2, i+3)+I

(1)
4,µ(i, i+1, i+2, i+3)
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,

(A1)

Compare with OPE prediction:
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Some details of OPE

First excitation:

5

where

h(2)(�) =4e�
⇥
Li2(1� e�2�)� �Li2(e

�2�)� Li3(e
�2�)

� ⇣2
⇤
+ (� ! ��) . (24)

Similar to the six-gluon amplitude [4], the OPE anal-
ysis shows that the leading contribution of order e�⌧

should come from the lightest state: the gluonic exci-
tation states F ⌘ Fz� and F̄ ⌘ Fz̄� . Interestingly, we
can observe that the one-loop OPE expansion starts at
e�2⌧ ⌧0, and the two-loop starts at e�⌧ ⌧0. These sug-
gest that the transition FLL

3 ( ) for the two single gluonic
excitation states start at order g2. An inverse Fourier
transformation of h(2)(�) gives the transition as

FLL
3,F (u) = FLL

3,F̄ (u) =
2⇡g2

(u2 + 1
4 ) cosh(⇡u)

+O(g4) . (25)

Based on the above analysis of the transition, we can
make following predictions for any `-th order:

W
LL,(`)
4 |⌧`�1e�⌧ = 0 , (26)

W
LL,(`)
4 |⌧`�2e�⌧ = 2 cos(�)

Z
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, (27)

where

E(1)
s (u) = 2
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 (s+ iu) +  (s� iu)� 2 (1)

�
(28)

is the one-loop anomalous dimension [76] and  (x) =
@x log�(x) is Euler’s digamma function. We provide
more details in Appendix F.

VI. OUTLOOK

We mention several future directions based on this work.
I) One immediate problem is to determine the lightlike

FF transition F
LL
3 ( ) non-perturbatively via integrabil-

ity [1, 5]. This will help to ultimately determine the
high-loop four-point FF remainder via symbol bootstrap
like the three-point case [15, 16]. A preliminary study
of the symbol bootstrap up to three loops is presented
in Table II: based on the simple symbol alphabet (15),
the collinear limit and simple entry conditions, and com-
bined with the OPE prediction at e�⌧ order, we find the
three-loop symbol can be fixed up to 126 parameters. See
Appendix G for more detail.

II) Similar to the three-point case [17, 31], the D4 sym-
metry, as well as the connection of the alphabet (see [77]),
suggest possible connections between the four-point FF
and the eight-point amplitude. The antipodal symme-
try of the latter was studied recently in [78]. With the
known two-loop remainder of eight-point MHV ampli-
tude [79, 80], our four-point FF result provides timely
concrete data to study such connections.

Constraints Parameters left

Starting ansatz 4374 354294

D4 symmetry 561 44409

Integrability 72 1056

Collinear limit 56 992

Branch cut condition 21 295

Lth discontinuity condition 8 206

FFOPE (leading e�⌧⌧L�1) 5 193

FFOPE (e�⌧⌧ `, ` < L� 1) 1 126

FFOPE (leading e�2⌧⌧L�1) 0

FFOPE (e�2⌧⌧ `, ` < L� 1) 0

Loops 2-loop 3-loop

TABLE II: Symbol bootstrap at 2 and 3 loops.

III) As mentioned in the introduction, the four-point
FF we consider is an analogy of Higgs-plus-four-gluon
scattering. It is interesting to check the maximally tran-
scendental principle [17, 81–84] in this case, where the
master bootstrap method can be used as in [42].
IV) It would be interesting to consider the lightlike FFs

at strong coupling using Y-system [33, 85–87] and also in
the OPE limit.
V) It would be nice to extend our study to non-MHV

cases or super-Wilson lines [88–90], as well as local opera-
tors other than the stress-tensor supermultiplet [91–100].
VI) Finally, although the focus of this paper is the

lightlike FF with q2 = 0, the master bootstrap method
can be used to compute the four-point FF with gen-
eral q2 6= 0. Although the master integrals are not
fully known analytically, one can still apply the master-
bootstrap method numerically with high precision, using
e.g. AMFlow package [69]. In particular, the q2 = 0
result provides essential input to bootstrap the general
q2 6= 0 cases.
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Appendix A: One-loop result
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⇤
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FLL
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+O(g4) . (25)
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W
LL,(`)
4 |⌧`�2e�⌧ = 2 cos(�)
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g�4µF (u)FLL

3,F (u)
⇤
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, (27)

where

E(1)
s (u) = 2

�
 (s+ iu) +  (s� iu)� 2 (1)

�
(28)

is the one-loop anomalous dimension [76] and  (x) =
@x log�(x) is Euler’s digamma function. We provide
more details in Appendix F.

VI. OUTLOOK
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3 ( ) non-perturbatively via integrabil-
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tude [79, 80], our four-point FF result provides timely
concrete data to study such connections.

Constraints Parameters left

Starting ansatz 4374 354294
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Integrability 72 1056

Collinear limit 56 992

Branch cut condition 21 295

Lth discontinuity condition 8 206

FFOPE (leading e�⌧⌧L�1) 5 193

FFOPE (e�⌧⌧ `, ` < L� 1) 1 126

FFOPE (leading e�2⌧⌧L�1) 0

FFOPE (e�2⌧⌧ `, ` < L� 1) 0

Loops 2-loop 3-loop

TABLE II: Symbol bootstrap at 2 and 3 loops.
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The one-loop result can be given as the cycling sum-
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One-loop energy contribution:



OPE regularization

The dual conformal symmetry is manifest at one loop.

High loops:



Form factor / Wilson loop duality

q xi − xi+1 = pi

4

x1

x2

x3

x1

x2

x3

x̄2

x̄3

p3

p1

p2
p3
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FIG. 5. Periodic Wilson line in the dual momentum space.

s12 = s23 = s13 = 0, which means that the integrand
is trivially zero, since every numerator in the integrand
contains at least two sij factors (this applies also to the
lower-loop cases). In the lightlike limit, on the other
hand, form factors are simplified yet still have non-trivial
dependence on q. Note that there are in general some
diagrams with numerators proportional to q2 and they
no longer contribute in the limit. As an example, at two-
loop level, two trivalent topologies survive in the q2 ! 0
limit as shown in Figure 6, where the second one is a
cross-box two-loop integral.

To set up the discussion of the dual conformal sym-
metry, we use the dual coordinates in momentum space
which are given by the periodic Wilson line configuration
[46–48]. For the three-point form factor, the (periodic)
dual coordinates are defined as in Figure 5

xi � xi+1 = pi , xi � xi = xi � x̄i = q , (7)

where q is the period of the periodic Wilson lines. Note
that the previously used zone variable x4 in Figure 3
corresponds to x̄1 with x14 = x11̄ = q [55]. One can
perform a special conformal transformation on the dual
coordinates as

�bx
µ
i =

1

2
x2
i b

µ
� (xi · b)x

µ
i , (8)

where bµ is a conformal boost vector.
The aforementioned symmetry can be now stated as

follows: the four-dimensional planar form factor inte-
grand, denoted as I(`) ⌘ I

(`)
|leading-Nc & q2=0&D=4, satis-

fies the directional dual conformal invariance (DDCI) by
taking bµ / qµ, namely

�qI(`) = 0 . (9)

Similar DDCI symmetry was also considered for the non-
planar four- and five-point amplitudes in [56, 57]. It
is worthwhile pointing out that for form factors, the
bµ / qµ direction together with the q2 = 0 condition
is special: it preserves precisely the periodic Wilson line
configuration, and this also suggests that �q is an exact
symmetry for the form factor integrand.

To give a few more details, the integrand I(`) con-
tains the integration measure and a rational function R
of proper distances x2

ij as

I(`) = (
Y

a

d4xa)⇥R(x2
ij) , (10)

p1

p2

p3 xa xb

x1

x3

x2

x̄1

`1

`2
x̄b

p1

p2p3

xa xb

x1

x3

x2x̄1

FIG. 6. Two-loop topologies contributing to the q2 ! 0 limit.

FIG. 7. Examples of di↵erent planar projections for the same
topology.

where the measure and the proper distance transform as

�q
�
d4xa

�
= �4 (q · xa) d

4xa , (11)

�qx
2
ij = �q · (xi + xj)x

2
ij . (12)

Note that the proper distance can include x̄i or xi. In
principle, it is straightforward to verify (9) using (11)–
(12) and Leibniz rules. Two important remarks, however,
are in order here.
First, the appearance of q-interior topologies requires a

proper definition of the dual coordinates. To do this, one
can practically pull the q-leg to infinity, which introduces
a cut in the plane. This cut will divide several faces (or
zones) into two pieces, and the periodic dual variables x
and x̄ should be defined respectively on the two sides of
the cut. For example, in the second diagram in Figure 6,
we can define x1, x̄1 on the two sides of the dot line and
all momenta and propagators can be represented by the
dual coordinates {x1, x2, x3, x̄1, xa, xb}, such as

`1 = xa�xb , `2 = xa� x̄b = xa�xb+(x1� x̄1) . (13)

We also comment that the special conformal transforma-
tion �q is independent of the way how the q-leg is pulled
to the infinity.
Second, some topologies are special in the sense that

they have di↵erent planar projections. This means that
for any one of these special topologies, there can be
more than one ways of drawing this topology on a two-
dimensional plane. Two examples are shown in Fig-
ure 7 [58]. Di↵erent planar projections have distinct
parametrizations and will give di↵erent results after ap-
plying the special conformal transformation �q. As a re-
sult, to check the DDCI, it is important to distinguish
contributions from di↵erent planar projections and to in-
clude them all—usually one finds all planar projections
and distributes the integrand equally among them.
We have explicitly checked that the DDCI symmetry

is valid for three-point form factors up to four loops, and
we stress that the symmetry will not be a↵ected by the
free parameters in CK-dual integrands.

Dual periodic WL picture

No exact dual conformal symmetry for general q.



Bootstrapping the two-loop FF

q

Based on the one-loop results:

We propose the ansatz at two loops:

UT master integrals:  Abreu, Chicherin, Dixon, Gehrmann, Henn, 
Herrmann, Lo Presti, Mitev, Page, Papadopoulos, Tommasini, Sotnikov, 
Wasser, Wever, Zeng, Zhang, Zoia

Pure functions



Other 4-point form factors

Ansatz Physical constraints Solution

ℱ(l),ansatz = ∑
i

Ci I(l)
i

ℱ(l),ansatz = ∑
i

Ci I(l)
i

IR, collinear limits, 
unitarity-cut, etc

The same strategy has been used to compute four-point 
form factors of length-3 operators:

F(2)
tr(ϕ3)(1

ϕ,2ϕ,3ϕ,4g) F(2)
tr(F3)(1

g,2g,3g,4g)

Guo, Wang, GY 2021 Guo, Jin, Wang, GY 2022



G4 ∼ ∑
Oi

F(Δi) C12i C34i

OPE of null-polygon Wilson loops

In analogy with four-point function:

Basso, Sever, Vieira (2013) Alday, Gaiotto, Maldacena, Sever, Vieira 2010


