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A bootstrap computation




Bootstrap strategy

Based on the fact:
any amplitude or form factor can be expanded in a set of integral basis

Consider one-loop amplitudes:

WO =z T 56 P+ b 50K
oo

What we really want

: Ans_atz — Physical constraints Jasssd SOIUJ.“Q” 2!
In master integrals coefficients

g (D,ansatz _ Z C Ii(l) g — Z C, Ii(l)
i i

Master-integral bootstrap Guo. Wang. 6Y (2021)



Two-loop ansatz
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Known uniformly-
transcendental - 4 F -
master integrals

Abreu, Chicherin, Dixon, Gehrmann, Henn, Herrmann, Lo Presti, Mitev, Page,
Papadopoulos, Tommasini, Sotnikov, Wasser, Wever, Zeng, Zhang, Zoia

i Coefficients to be solved

$12834 + S23514 — S13524
4ie(1234)

Ci=x;+yB B

Xi»Y; areintegers



Constraints

Symmetry Fiz)(1,2,3,4) cyclicly permuting and flipping external momenta

2-loop cusp/

. (2) ~ (1))2
IR divergences F4 ‘divergence (F4 ) T collinear ADs

Collinear limit Fi2)| —> F3(2) (+ splitting functions)

pillpis

Simple unitarity cuts «/\I—‘—O<— e
A BLAL N




Bootstrapping the two-loop Fr

Constraints Parameters left
Starting ansatz 590 x 2
Symmetries of external legs 168

IR (Symbol) 109

Collinear limit (Symbol) 43

IR (Function) 39

Collinear limit (Function) 21 — 1

Only change 0(e) terms

IR divergence
} determine the two-loop results (up to finite order) !

Collinear




Number of independent variables

Independent Mandelstam variables:

512552359345 5445 514 , ) -

One would expect 4 dimensionless variables

It turns out that there only 3 independent ones.



Dual conformal symmetry

The finite remainder depends only on three ratios:

2 2 2 2

o S12 . 'T13 o 5923 . .’,C24 o 51235134 B 5514.733?
Ulz——T, UQ:——T, Uz = — 5 5
S34 .7331 S14 33'42 52345124 .7321.’,1343

which satisfies one dual conformal symmetry

2) ~
5,F® =0

This is a non-trivial two-loop check to the FF / WL duality.
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Amplitudes/Wilson loop duality

Gluon scattering 3>~ Open string

amplitude in — > < on D3 in
N=4 S AdS5
Dual conformal ﬂ T-duality
Wilson loop Minima_l
i N=4 \ surface in
AdS5
Weak coupling Strong coupling

Alday, Maldacena, 2007

Drummond, Korchemsky, Sokatchev, 2007
Brandhuber, Heslop, Travaglini, 2007



Form factor/Wilson loop duality

Form factor Periodic Wilson line

Strong coupling as string minimal surfaces  Alday. Maldacena 2007




Form factor/Wilson loop duality

Form factor Periodic Wilson line

q X = Xip1 = Pi
EEE 4+—>
Weak coupling . ke s

Full Wilson loop prescription is
only known at one loop..

Brandhuber, Spence, Travaglini, GY 2010



OPE of null-polygon Wilson loops

A new non-perturbative framework:
Alday, Gaiotto, Maldacena, Sever, Vieira 2010

“An Operator Product Expansion for Polygonal null Wilson Loops”™

OPE limit > Collinear limit
but with all sub-leading terms

-00-00

S GKP states Basso 2010

In analogy with OPE for local operators:
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Pentagon decomposition

A system framework to perform OPE is “pentagon decomposition™:

Basso, Sever, Vieira (2013)

UL
Wag =) e BerHipestimed P(0fy) P(1]0) QDD

(

Sever, Tumanov, Willhelm (2021) Nl box 2-point function
Form factor ( g2 #0) t ¥i{Epm} = (0:0:) ¢ A,
=) e BRI P(0]¢h) (1))
W) Nulf pertagm \
P(olw)
FF transibion
Guo, Wang, GY (2022)

3 -point fumction
e
) \/\/ F{]’«) <()I ()l 01:> : C/zt‘
Form factor (g“=0) Lgkslde FF tronsltim

WiL — Z €—E¢T+ipwa+imw¢ P(O‘w) F-- (¢) \//\/ ﬂ:u(\l’) j
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Lightlike Form factor OPE

Momentum cross ratios
(Form factors)

Geometric parameters
(Wilson loops)

2 2
L3 _x __ _—20 _ Toy 2T
%2 Ul =5t =e T, Uz = 3 =e
x4 31 42
O
2 2
T Un — T14%35 __ cosh(o—7)+cos(¢)
3 x2_12_ cosh(o+7)+cos(o)
Collinear limit — T — 00

One-loop and two-loop large-T expansion:

Wi = —e727[1 + cos(2¢)] + O(e~*")
WER R = 2677 cos(¢) P (o) + O(e™?7)

h(()Q)(a) =4e? | — Lig(e™*7) 4+ Liz(1 — e7*7) — oLiy(e ) — (]| + (0 — —0).



OPE expansion

Compare with OPE prediction:

—2

,(£ du iuo _E(l) u E
Wi e s = 2c08(0) /R%QZ ( (5/_2(2>)') 9 e (WFs ()] g

We extract the FF transition from the perturbative results:

27

Leading single-gluon
u? + 1) cosh(ru)

excitation:

Now we can make predictions to all loop order!

LL,(Z
W4 | )|T"—1(f—7 =0,

(1) 1, \\E—2
d’U, Qiuo ( o E3/2(/U,)) —27T2

WO, = 2cos(¢)

e _
R 27 (£ —2)! (u? + )2 cosh? (mu)

1-loop GKP energy: E{V(u) = 2(¢(s + iu) + ¢(s — iu) — 2¢(1))



Super non-MHV cases

Generalize to super non-MHV form factors in N=4 SYM

Y. Guo, J. Shen, GY to appear

Five-point form factors

6 independent ratio variables

lj'? {7-'23 02, ()2}

Higher-twist excitations ~ e

Wil) MHV _0 Wégl) NMHV =0,

wih MEV YO NMEV




Summary and outlook

A non-perturbative framework for amplitudes/FFs in N=4 SYM

4D scattering 2D flux tube

Haro Possibility to solve

non-perturbatively !



Summary and outlook

Bootstrapping higher loop results?

Exact solution of FF transition?
FFs of more general operators?

OPE of null-polygon Wilson loops for other theories?

Other meaning of a light-like periodic Wilson loop?

Null-wrapped vertex



Thank you for your attention!

%
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Some details of OPE

WAI]:L _ Z / du e—Ea(u)T+iPa(u)0+ima¢ Pa(olu) FEL (l_l) : du — H duz la, (uz) .

First excitation:
Wit =1+ 2cos(¢p)ho(T,0) + ...,

du —FE(u)T4ip(u)o
ho(7,0) :/%MF(U)G BTH()7 P(Ofu) Fy (u).

One-loop energy contribution:

(1) £—2
LL,(£) _ du 2iuo ( - B (u)) — LL
Wi Ol ecneer = 2e08(0) [ Grerer Rm0) ey, ],

pr(u) = T2t ;gcosh(m/,)(l +0(g%)) - Eél)(u) = 2(¢(s +iu) + P(s — iu) — 21(1))




OPE regularization

WZIIL . X qu
FLL )4 WI)LII \//\/ //\

i) _ _% log ((1 —uyp)(1 — u2)> log. ((1 —up)(1 — u2)u3)

1 — us (1 —ug)ug

The dual conformal symmetry is manitest at one loop.

I

High loops: WEL = exp [—CZSP Wik 4 R;;L]



Form factor / Wilson loop duality

Dual periodic WL picture

No exact dual conformal symmetry for general q.

special conformal A

—\ 1\ 1\ 1\ o . / \‘l‘y
// \ —\ —\ —/\ —/\ transformation \ m \/—1/T
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Bootstrapping the two-loop Fr

Based on the one-loop results:

512834 + S23S14 — S13524

(1 (0 1 1 —
FrO = FRO (g + BLY) b= 4ie(1234)

1 — 2e¢
\ = O,
€ n

Pure functions

1 ..
I8 (i, 4, k) = (sij8;k — piq°) X

., i
1Y (4,5, k, 1) = 4i(1234) x p x :}} i
| A& k

We propose the ansatz at two loops:

LL,(2 LL,(0 2 2 L I |
Fi 7():}'4 ,()<g§)+Bgé)) | /
590 B 1 O B
G2 =N "¢ 12
a “a,t " UT master integrals: Abreu, Chicherin, Dixon, Gehrmann, Henn,
i=1 Herrmann, Lo Presti, Mitev, Page, Papadopoulos, Tommasini, Sotnikov,

Wasser, Wever, Zeng, Zhang, Zoia



Other 4-point form factors

Ansaitz e Physical constraints Emmmmd Solution

IR, collinear limits, l
F (D-ansatz. Z C JO unitarity-cut, etc F(D-ansatz. _ Z G Il.()
l
] I

The same strategy has been used to compute four-point
form factors of length-3 operators:

@ (142030 2)
Fyoop(17:27.37.4%) Foop (19,25,35,45)

Guo, Wang, GY 2021 Guo, Jin, Wang, GY 2022



OPE of null-polygon Wilson loops

Basso, Sever, Vieira (2013) Alday, Gaiotto, Maldacena, Sever, Vieira 2010
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