Mulu-Loop and Multi-l.eg

Feynman integrals

On the analytic computation
of 2loop bpoint and 3loop Spoint Feynman integrals

Heavy Flavor Physics and QCD Conference
2025.04.19 Yang Zhang

University of Science and Technology of China



2loop Gpoint 3loop Spoint

Group Group



Based on package development

“Neatl BP 1.0, a package generating small-size integration-by-parts relations for Feynman integrals”

Wu, Boehm, Ma, Xu, YZ, Comput. Phys. Commun. 295 (2024), 108999

“Performing integration-by-parts reductions using NeatlBP 1.1+ Kira”
Wu, Boehm, Ma., Usovitsch, Xu, YZ. arXiv:2502.20778

Refer to Zihao Wu's talk



Based on perturbative QCD computations

“Two-loop amplitudes for O(a?) corrections to Wyy production at the LHC”
Badger, Hartanto, Wu, Y7, Zoia, JHEP12(2024)221

“Kull-colour double-virtual amplitudes for associated production

of a Higgs boson with a bottom-quark pair at the LHC”
Badger, Hartanto, Poncelet, Wu, Y7, Zoia, JI/EP 03 (2025) 066



The first analytic computation of 2loop 8-scale Feynman imtegrals in DimReg)

analytic computation of all 2loop Gpoint massless planar integrals 1s done




Outline

Why Feynman mtegrals? Why analytic?
Case 1:  2loop b6point Feynman integrals

Case 2:  3loop Spoint Feynman integrals

Summary and Outlook



Why Feynman mtegrals?
Formal
theory
Precision physics
FFeynman N=8 supergravity UV finiteness

o — olO L oNLO | [NNLO

integrals

Gravitational wave
template computations



Why analytic Feynman integrals?

® Auxihary Mass Flow or Secdec methods slow or not available yet
for some multi-loop multi-leg Feynman integrals
Sloop opomt Feynman integrals
® ['heoretical aspects of quantum field theory
for examples: 2loop N=4 SYM theory spacelike splitting amplitude
Henn, Ma, Xu, Yan, Y7, Zhu, arXiv 2406.14604
® (Quantum field theory computation of gravitational wave

analytic continuation/ Fourier transform 1s sometimes needed



Current status of Feynman mtegral computation

4-point J-point 6-point 7-point 3-point
One-loop known known known known known
most some
Two-loop P P P
known results
some
Three-loop P P P P
results
some
Four-loop P P P P
results

with dimensional regulation



Goal of analyticity

Feynman integral
arguments related to

Letters, algebraic function of kinematics

I = Z eianG(Wal,...,WQZLH;Z)

1=—21. 0"
Goncharov polylogarithm function
G0 2) = —(log 2)*, G ) / T e, apt)
. . L. ' Z) = — Z)", A1,...,052) = R
Dimensional regularization © 1S : " o t—a; "

arameter : : :
P well studied function with Hopf algebra structure

For more complicated cases, iterative integral of elliptic functions, Calabi-Yau functions can appear



Canonical Differential Equation

Uniformly transcendental (U'l') basis determimation 0

I(x,e) =€eA;(x)I(z,¢) Henn 2013

Canonical differential equation 0x;

Solving differential equation

with boundary value

/ dlog(Wi Vo .. odlog(W;)

— polylogarithm functions or one-fold integration

analytic result



Canonical Differential Equation, new insights

Better Integration-by-parts (1BP) reduction

Alphabet searching

Solving differential equation

NeatlBP, Wu, Boehm, Ma, Xu, Y7 2023
Comput.Phys.Commun. 295 (2024) 108999

Blade, Guan, L.iu, Ma, Wu 2024
Comput.Phys.Commun. 510 (2025) 109558

Effortless, Matijasic, Miczajka to appear
https://github.com/antonela-matijasic/Effortless

Baikovl.etter, Jiang, L.iu, Xu, Yang, 2401.07632

PLD, Fevola, Mizera, lelen
Comput. Phys. Commun. 303 (2024) 109273

SOFIA Correia, Giroux, Mizera
2503.16601

Novel representation of one-fold integration

Liu, Matijasic, Miczajka, Xu, Xu, YZ, 2411.18697



2loop Opoint Feynman integrals

Henn, Matijasic, |

ka, Peraro, Xu, YZ, arXiv:2501.01847

Henn, Matijasic, Micza,

Micza

|ka, Peraro, Xu, YZ, JHEP 08(2024) 027

Henn, Peraro, Xu, YZ, JHEP 03 (2022) 056



T'he status of art for analytic computations

2loop Feynman integral:

Sdl Brum, 7410 m

. = Muztagh Towsr, 72786 m

Chongtar Kangrl, 7315 m Blale 6772 m
‘nvwﬂ&n

M A



2loop Feynman integral: Scale frontier

2loop dpoint massless

2loop Spoint one-mass

2loop Spoint two-mass

2loop 6point massless

Gehrmann, Henn, .o Presti 2015

Chicherin, Gehrmann, Henn, Wasser, Y7, Zoia 2019 0 scales

Papadopoulos, Tommasini, Wever 2019 6 senlos

Abreu, Ita, Moriello, Page, 1’schernow, Zeng 2020

Abreu, Chicherin, lta, Page, Sotnikoy, Tschernow, Zoia 2023

Cordero, F'igueiredo, Kraus, Page and Reina 2023 / scales
for leading-Color pp—ttH amplitudes with a light-quark loop

Henn, Matyasic, Miczajka, Peraro, Xu, Y7, 2024 3 scales!

Jor NNLO 4 jets production, 2 jets+ 2photons

512,523,534, 545, S56, 516 5123y 5345



All planar 2loop bpoint integrals

J. Henn, A. Matijasic, J. Miczajka,’l. Peraro, Y. Xu, YZ, 2501.01347

267/
UT integrals

202
UT integrals




Feynman integrals, Scheme dependence

external momenta d="1
G; pr P2 P3 P4 D5 > — () 9-1 =8 Mandelstam varables
P1 P2 P3 Pa Ps

external momenta d

9 Mandelstam variables
512551355145 S155,S23, 524, 525,534, S35

number of master
integrals
also depend on the scheme



M()mentum TW ist()r external momenta d="1

7. )\i,a 1 6 5\ _ <7Jv L+ 1>:ui—1 + <Z + 1,1 — 1>:uz T <Z — 1, Z>:u7l—|—1
7. — . ] 1 — g o o o (A . . 1 - 1 . ?
:uzﬁ <27Z_|_ ><Z_ 7Z>
9
r1 = S12
A particular parameterization o Te(123)
? 2512534
Tr, (1345)
1 1, 1 T, 11 T . - =
1 0 — | | | | | 2545513
X1 o1 X1 o1 o3 X1 Lo o231 L2341 X1
0O 1 1 1 1 1 ~ Tr,(1456)
7 = 4=
- 0 O 0 oL Te 1 2856514
b= ) s Iy = Sﬁ
O O 1 1 L7 R > 515
_ Try(1532) + Try (1542)
o 2515812
L : : _ Tre(1542) + Ty (1543)
Momentum parametrization rationalizes all pseudo scalars t7 2515923

Ty = 5123
4 W v _p o 2 L 512
Cijkl = 4Z€/LVpO'pi pjpkpl 9 Eijkl — G’ijkl



Uniformly transcendental (UT) basis determination

\ / / B d4—2el1 d4—26[2 Nz - .
Ps 4= | Tix2=¢ im2—< DD3D3DigD11DiaD1s’
P2 P4 Z0 (20 1o V31011124713
\ 3 ® 10 0/
N = —5125455156 ;
2 13 11 Ny = —s12545(11 + ps + pg)?
N, = 515 G( l1 P1 P2 D5+ D >
1 * 12 €5126 P1 P2 Ds D6 ’
p/ \Ps N, = 512 G( lo —ps D5 Pa D1+ Ds >
/ Pe \. €1543 D1 P5 P4 P3 ’
o 1 €1245 li1 p1 P2 P55 De )
Ny = —— G |
° 4G(1,2,5,6) ( lo p1 P2 D5 D6
N — 1G< [ p1 D2 > - D2D11(s123 + S126)
- 6O — S 1 ,
Chiral numerator 8 lo—ps DPa D5 8
(Arkani-Hamed, Bourjaily; Cachazo, Trnka 2011 No — 1 Ag G < li p1 P2 Ps Ds )
/ Gram determinant 2¢ G(1,2,4,5)Dq3 la p1 P2 psa D5
correspondence

Ag = (12)[23](34)[45](56)[61] — (23)[34](45)[56](61)[12] .

J. Henn, A. Matijasic, J. Miczajka,'l. Peraro, Y. Xu, YZ, JHEP0S2024)027

19



Chiral numerator to UT integral numerators

\ i} /

P2 P4

\\- 3 * 10 ‘//

P+ Pe Ps

/

lhnear combination
parity even

Noa = 545((15)[52] + (16)[62]) 11 - (Ao) 1 .
~ Ng+Np = —=512845(l1 + ps +P6)” + =5125455156 + - - -
NB = s45([15](52) + [16](62))11 - (A1 A2) . 2 2

parity odd

—8345G< li p1 P2 p5+p6>

Ps DP1 D2 Pe6
NA_NB: 9

€5126

20



Chiral numerator to Ul integral numerators

quadratic combination ,\ ' /.
(15) SN/ A S P2 fs P4
824@ (L - A2An) (15 - AaAs) N 3 . 10 /
. 13 11

/ 1 ! 12 \ One-loop

2 Pe Ps hexagon leading singularity
parity even parity odd
SO0 ) P Ag = (12)[23](34)[45)(56)[61] — (23)[34](45)[56] (61)[12].

additional term added
from the canonical DE construction

1 Ag . li p1 D2 Dps D5
2¢ G(1,2,4,5)Dq3 lo p1 P2 Ps D5

21



2loop 6point top sector, UT integrals

J. Henn, A. Matijasic, J. Miczajka,’l. Peraro, Y. Xu, YZ, 2501.01847

UT integrals list

[1DP-a _ / d4—2€l1 d4—26l2 NlDP—a . NEP—a

: : —_—
jr2—€ Gr2—¢ D, ... Dy evanescent
4—2 4—2 DP- DP-
]DP—a _ d Ell d 612 N2 & _ N3 &
: gre—€  qul—¢ D1 c o Dg

> Mls (this sector)
267 Mls (whole family)

d4—2€l d4—2€l
ISDP—a:FS/ 1 2 fh12

: : ——evanescent
im2—€ im2=€ Dq...Dy

d®=2cly d°4¢l5 1 : :
JPF-a — B 2 / ——— >  evanescent. 6D weight-6 integral
4 1€ ITS—€ g3 D1 - Dg v ’ W g g

IDP—a _ / d4—2€l1 d4_2612 NlDP—a e NEP—a 1 F5,u12
: gre—€ qul—¢ D1 . Dg

245 letters 1n total

except the 6D ones 0

(44 99 * *
evanescent : vanishing up to €

N7, No, N3 and N4 are chiral numerators Arkani-Hamed, Bourjaily, Cachazo, Trnka 2010



111\2\

thZI
ut5:]

| = —2Q04q + O(e),
: = 20)eyen O(E)

chiral-numerator integrals are finite and
calculated to weight-4, Dixon, Drummond, Henn 2011




rlete canonical differential equation for 216p planar integrals

Use momentum twistor 267 x 267 for double pentagon
Variables 202 x 202 for hexagon box

0
85&@

I(x,e) = €A;(x)](x,€)

Brute-force IBP reduction doesn’t work

the DE



Even letter, Odd letter and the more complicated ...

Even letter F(s) a polynomial 1n Mar.ldelste.tm variables
or homogeneously linear in square roots

Conjecture: a Feynman integrals’ even letters are all from L.andau singularity?

P(s) —+/Q(s) .
Odd letter log(W) — —log(W) under the sien change of the square root
P(s) + /Q(s) ° ° 1
“square roots”:  €ijn, Qe VvV A(512, 534, 556)
Kallin function
pseudo ¢ . . |
[ar | rom massive trlang e
>t leading diagrams
More singularity
complicated Ps) = V@i(5)vQa(s) hexagon
P P(s) + v/Q1(5)/Qa(5)

letter



Even letter, Odd letter and the more complicated ...
249 letters

some letters not found by PLDl

S12, S123

156 Even letters Gy 5101 Fevola, Mizera, Telen
or
—S512545 + 51235345 BaikovlL.etter

Jiang, Liu, Xu, Yang,

VA(512, 834, 856),  €ijkl

S12 + 834 — S —\/)\(812,84,8 )
79 Odd letters RNy, T rw oWy but after our paper,
the recent package
512523 — 523534 + 523556 + 5345123 — S234(S12 + S123) — 612347 S OFIA Claims 1o ﬁnd all letters

S12523 — S23S34 + S23S56 + S345123 — S234(S12 + S123) + €1234

X Correia, Giroux, Mizera
— 5125455234 + S345615123 + S345(—S23S56 + S1235234) — Qg
— 5128455234 + S345615123 + S345(—S23S56 + S1235234) + Qg

10 More
complicated P — e1a557/N(512. 591, 55) Then the anonical DE 1s .derived ana.lytically
letters P + 10311/ N (512, 593, 556 ) after ~200 times of numeric IBP running



A new algorithm to search for odd letters

P(s) = /Q(s)
Odd letter
P(s) + 1/Q(s)
PQ—Q:(:HWZ-@"?, ceQ, e eN
()
ven letter
An observation (and conjecture) from Heller, von Manteuffel, Schabinger 2020
Matjasic, J. Miczajka, to appear
Algorlthm to SOIVG fOI’ ei Effort]ess

https://github.com/antonela-matijasic/Effortless



Boundary Values

Numeric boundary values

It 1s fine to use the package AMFlow to get ~100 digits as the boundary value Liu, Wang, Ma, 2018
for double-box, pentagon-triangle, hexagon-bubble diagrams Lau, Ma 2022

Analytic boundary values

It is still possible to get fully analytic boundary values

Xo: {812,523, 534, 545, 556, 516, S123, 5234, S345} — 1—1,—1,—-1,-1,-1,—-1,-1, -1, -1}

- analytic
Solve the canonical DE on a curve starting with Xy and require the finite solution '\ boundary

Some known integrals” boundary values y value

boundary value for a pont in the physical region also obtained



Boundary Values

Analytic boundary values

Boundary values at the initial point, are combination of poly-logarithm of roots of unity

2 33 4974 32 ,
€4Idb,1(XO) = 14 6 e 3 (€’ + ( 216 | 2 Im [L12(P)12> a

T 34 7174 ,
e Iqp,2(Xo) = 1 ; e’ 3 C3e” + ( sgg T 20 m [L12(,0)]2> a2

Lib 3(Xo) = Lab.4(Xo) = Lan.5(X0o) = 0,
) B Tt 4 | >\ 4 from the ordinary differential equation
€ Idb 6(X()) = — | Im [ng(p)] € , . . .
’ 540 3 spurious pole asymptotic analysis
E4Idb77(X0) — O
1 3
=37 \QFZ



Solution of canonical DE

dl = e(dA)I

1

=5 (1‘(0) eI 4 21 4 316 L AT ) 1™ =1+ L (dA)I"—D

weight-1, weight-2
All'in logarithm and classical poly-logarithm

—log (—v1) log (—v2)—log (—v1) log (—v3)1+10g (—v1) log (—v4)—log (—v1) log (—v5)—
log (—v1) log (—vg) + 4log (—v1) log (—vg) + 5 log? (—v1) +log (—v2) log (—v3) —

\pz P3 P4/ log (—w2) log (—v4) —Lia (1 — Zigi) +log (—v2) log (—ve)+log (—v2) log (—v7) —
3 * 10 2L (1 — :—z) —log (—v2) log (—vg)—log® (—vs)—log (—vs3) log (—v4)+log (—v3) log (—vs)—
Lis (1 — U3v6> — 2Liy (1 - E) — log (—vs3) log (—vg) + log (—v3) log (—vg) —
2 13 11 2y B s
](2) _ llog (—v3) — log (—v4)log (—vs) — log (—v4) log (—vg) + 4log (—v4) log (—vs) +
db, 1 5 log® (—v4)+log (—vs) log (—vg)+log (—vs) log (—v7)—2Lis (1 — Z—Z) —log (—vs) log (—vg)—
1 ° 12 (L
p/ \p log? (—uvs5)—2Li, (1 — g) —log (—v) log (—uvg)+log (—vg) log (—vg)—log? (—uvg)—
1 5
J he N\ log (—v7) log (—vs)—% log® (—v7)—log (—vs) log (—vg)+3log” (—vs)—% log® (—vg)+

6



Solution of canonical DE

S

dl = e(dA)I

1

64

! ([(0) eI 4 272 L 310G) L AT@ ) 7(n) — ég)) 4 /(dﬁ)l(n—l)
R

weight-3, weight-4

1 ~ 1 ¢ O
. . dA - 1 dA dA -
74 — @)z / di——718) (7 / dt / dt (2) (+
(Zo) + LT (Zo) + Cdi o dtz g dt2f (t2)

1 = - one-fold mtegration
= W (&) + / dt (%ﬂ@(fo) I (A(n — A(t)) 44 72) (t)) .
; dt dt

It takes minutes on a laptop to get 20 digits from our analytic solution

J. Henn, A. Matijasic, J. Miczajka,'l. Peraro, Y. Xu, YZ, JHEPO82024)027



All planar 2loop 6point massless integrals calculated, up to €°

A counting of functions, with the dihedral symmetry

Weight 1| 2 3 4

+# Symbols 9162 | 319 | 945
# One-loop squared symbols 9 | 59 | 221 | 428
# Two-loop five-point symbols 91 59 | 263 | 594
# (Genuinely two-loop six-point symbols | 0 | 0 3 45

Surprisingly,
the number of genuinely two-loop six-point functions are very small ...
It 1s a good news for bootstrap

Henn, Matijasic, Miczajka, Peraro, Xu, YZ, 2501.01347



3loop Spoint Feynman integrals

from the request of John Ells ...



3loop Spoint planar family

/{/ Liu, Matijasic, Miczajka, Xu, Xu, YZ, arXiv: 2411.18697
— N

§ l . : U'T" basis found! Baikov analysis
V— R Gram determinant
1 .
Canonical
D scales 512, 523, 934, 545, 515 differential We use NeatlBP to
equation find the differential equation

316 Master Integrals complicated ?

hard to integrate A novel one-fold

to weight-6? representation



Using NeatlBP

“NeatlBP 1.0, a package generating small-size integration-by-parts relations for Feynman imtegrals”

Wu, Boehm, Ma, Xu, YZ, Comput. Phys. Commun. 295 (2024), 1058999

Using algebraic geometry (module intersection) to find short IBP system,

2 or 3 orders of magnitudes shorter than that tfrom lLaporta algorithm.

Example: NNLO QCD correction to W + 2 photon production,

Badger, Hartanto, Wu, Y7, Zoia, JHEP12(2024)221

3.
1{1, ! ].f[,, 3’7
" o
S ) . , Planar diagram:
A(Q),U W | Aéz
15

: NeatlBP+ Fiitetlow 8 times faster than Fimteflow itself, with 1/5
RAM usage

non-Planar diagram:
Neatl BP+ Finiteflow works

Finitetlow itself does not provide the result

35



A novel representation of iterative integrals

L dA(t)

+ [ A - A A0 ro g

T+ (20)de

Weight — +2

I(n—|—3) I(”‘|‘3> Cl?() / —I(n+2> QZ‘()

+/O (A(l) (t)) %Im“)(%)dt
dB = (dA)A, +/01 (A(t) —}i(l)) Alt )%I“”’)( t)dt

~o

- . ri , _ . dA
B exists due to Poincare lemma N ( B(1) — ) EI(n)( \dt.
0



What we achieved

3 UT basis found!
“ !
\o_--- 1+ S > 2 Canonical differential
' * equation
s

S, found with NeatlBP
\K1 31 letters ...

S ccales 12, 893, S34, S45, S15 All boundary values up to weight-6 are

obtained by spurious pole analysis

316 Master Integral
aster Integrals as GPL. values

First Sloop Spoint integral family evaluated
weight-1,2.3 classical polylogarithm, weight-4,5,6 one-fold integration

Liu, Matyjasic, Miczajka, Xu, Xu, YZ, arXiv: 2411. 15697



Summary and Outlook



Analytic computation of all 2Zloop 6Gpoint planar massless integrals 1s done
The first computation on 3loop oSpoint family 1s done;

very interesting to see the 2 to 3 NNNLO infrared subtraction

NeatlBP, Effortless and novel representation for iterative integrals
make multi-leg multi-scale Feynman integrals analytic computation easier

Al for finding U'T integrals?

Better algorithm to find boundary values?
Elliptic, hyperelliptic, Calabi-Yau

39
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Side plot: 2loop N=4 spacelike sphtting amplitude

Space-like collinear: generalized factorization (factorization violation)

Collinear particles one imcoming one outgoing Da - Py < 0
Tree MO (pa, b, - .oy n)) ~SPO (Do, pp; P) IMO(P,... py))
One loop ‘M(l) (paapba R 7pn)> NSP(l)(paapb; P;plv R 7]5;7 . s ']5;?7 .. pn) |M(O) (P7 R 7pn)>

_I_SP(O)(paapbap) ‘M(l)(Pﬁapn)> y

. . 2 .
SP™Y (Do, Db Py D1y - -+ s Das« + - Dy« - - Pr) D - > Ty Tjf(e, 20— is;p07)
j#ab

Two-loop Sp(2) was not completely known at that time ...
Catani, de Florian, Rodrigo, 2012



Side plot: 2loop N=4 spacelike sphtting amplitude

Sotnikoy, Chicherin 2020

Solve canonical DE for 2loop Spoint master integrals /
P Xo:  {si12,523,834, 545,515} =13, —1,1,1, -1}
g 4 —4)\2 2 -2)\2
l {512, 523, 534, 845, S15} = {)\2+1’ )\2+1717 2+ 1 ,—1}

X1 : {12,523, 834, Su5, S15} = {4, —46%,1,2, -1}

x |

P:  {s12,593, 834, S45, 515+ = {sz, —46°, (1 — 2)xs, s, x5 + cO }

29040 master integrals solved in terms of s, 2z, x, 9,y in terms of GPL func-
X, tions up to weight 4.

With the integrand given in Carrasco and Johansson 2012,
the 2loop N=4 (planar + nonplanar) 5-pomt SYM amplitude

is obtained 1n spacelike collinear region as

| GPl.— HPIL. — L1 functions.
Henn, Ma, Xu, Yan, Y7, Zhu, arXiv 24006. 14604



Side plot: 2loop N=4 spacelike sphtting amplitude

Henn, Ma, Xu, Yan, Y7, Zhu, arXiv 24006. 14604

i 2 12¢ ¢ : . .
Sp?) — /(‘ - ) VANZ 7P (2 + i0) in memorial of Stefano Catani (1958-2024)

Sep(1—2)| | ©

dipole  + N, T, - Ti, (2i) _c ()= +2(e) [~ 212+ glnzln( ) —2Lis(1 — 1) —In(z)In? (— )>
P coe T e T € € z—1 i 2 z—1
tripole  + Z T, Tin, T, - Tp] (27i) Co | (In|z7|* +im) + = (ln — + 47 ) In — + 2(3
. 2¢2 2 6 ZT Zr
I coutgoing - _
1 1.7
. 2 (0)
+ > {T. T, T, T;}(2r%) = 24“2_ [ Sp.

I coutgoing

The e-pole terms were given in Catani, de Florian, Rodrigo 2012.

We computed the finite part, from the fully analytic computation of 2loop Spoint Feynman imtegrals.




Side plot: 2loop N=4 spacelike sphtting amplitude

Time-like collinear: strict factorization

Collinear particles are both outgoing Pa - Py > 0, with A signature
Tree MO (papys -, pn)) ~SP W (pa, py; P) [MO(P, ... pn))
Oﬂe 1()()p ‘M(1>(pa7pb7°°°7pn)> NSP(l)(pa’pb,P) ‘M(O)(P7apn)>

—I—SP(O)(pa,pb;P) ‘./\/l(l)(P,,pn» '

Two loop M (pa,po, .., pn)) ~SPP (pa, pp; P) IMO(P,.. py))
+SPW (pa, py; P) IMW(P,... pn))
- SP(O) (paapb§ P) M(Z) (Pa I 7pn)> '

Catani, Grazzini, 1999
Catant, de Florian, Rodrigo, 2012



