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Conformal group on the light-cone

e light-cone coordinate

_ 2 2
ot =zt + zon” + o, n"=n" =0

e ultra-relativistic particles [V. Braun, G. Korchemsky, D. Miiller, (2003)]

o(z) = | p(zn) = o(z) —>  full conformal group »—>‘ SL(2,R) x Ex H ‘

¢ collinear subgroup SL(2,R)

® action
= b
z»—)z:az+ , a,b,c,d e R, ad —bc=1,
cz+d
5 1 b 1
w(z) = T ¢(2) = czt )P %) (Z:—td) , 7= §(l +s), conformal spin
® generators
8L =-08;, SL=20;+2z, Sj=z0;+7,
[S8,S%] = +8% , [S%,S%] =2S%, SL(2,R) algebra

n — particle: S+ o= Z Si,o, C= So(So — 1) + S4+S— <« Casimir operator
i
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Wilson-Fisher point

e stay in non-integer dimensions d = 4 — 2¢ [V. Braun, A. Manashov, (2013)]

de for Va., s.t. Wilson-Fisher fix point

scale invariance is restored! technically, B(a.) — —e

e consider leading-twist (renormalized) light-ray operator
O¢(z1, 22) = G(z1n)hq(z2n) admits conformal OPE
satisfying RGE

(1O + B(a)0a + H(a)) Oy (21,22) =0
Blax) =0 = (ua# + ﬁ(a*)) Op(z1,22) =0

H ~ simple pole in Laurent ¢ expansion

e H is c-independent in MS-like schemes by construction

H(a, 8) = aHM) + a?H® + ... H(ax,€) = axH® + a2H® + ... @
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QCD at critical point

e at the critical point with coupling a.

[St.0(ax), H(a.)] = 0

with S5 o(ax) obeying SL(2, R) algebra

[S+(ax), S—(ax)] = 2So(ax)
[So(ax), S+ (ax)] = £S+(ax)

e S (ax) < Py = |S_(ax) =S_ | i.e., no quantum corrections!

e however, Si(ax) ~K_ and Sp(a+) ~ D receive quantum corrections!

1
So(ax) = So —e+ EH(a*)

1
S.;,_(a,;() = S_(f) = (Zl -+ Zz)( = Ear 5H(a*)) -+ Z12A((l*) 212 = 21 — 22

rre

e A(a.) conformal anomaly: nontrivial information require diagrammatic calculations
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What’s the advantage?

an example

e Oy is SL(2) invariant classically [Bukhvostov, Frolov, Kuraev, Lipatov (1985)]
SL(2) invariance = [So,+, HV] =0 = HS) = h(C)

@ =8:5_ 4 50(So —1) quadratic Casimir operator

o 2{% is the eigenfunction of H(a) to all orders (translational inv. + local OPE)

H(l)zlj\; = ’yf\Dzlj\;, forward lim. — splitting function

¥

H® = 20p [0(T+ 1) + (T = 1) — 295 - g]

~ ~

C=JJ-1 ~C¥?

DGLAP+ERBL+GPD evolution

rre
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Background Light-ray operators

What’s the advantage?

Coefficient functions HQET/SCET operators

e recipe for obtaining nonforward H®

e compute A(~1) diagrammatically (for H(), A(®) = 0, trivial)

e find anomalous dimension v,

splitting functions)

e from the nontrivial

(e

identities

Summary

) from forward kinematics (available upto high orders, e.g,

[S4(a-), H(as)] = 0

obtain a series of commutation relations to the desired order in a, e.g.,

(s, BV =0

(5, H®] = 1D, as{],

o write H®) = ]HI(Z) -HHI(Z) wi

ninv

with [S(O) H(Z)} =0, solve H'Y)

inv ninv

from comm.

finally obtain Hmv by matching (e.g., moments of splitting function)

Hu)zn = "/1(\?212

relations,

e Evolution kernel for genuine higher-twist operators also obtainable form CFT

Yao Ji (CUHKSZ)

[V. Braun, A. Manashov (2010); YJ, A. Belitsky (2014)]
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Conformal techniques for computing coefficient functions

conformal techniques are also applicable for computing Wilson coefficient
functions in exclusive processes: LP, (kinematic) NLP, NNLP ...

o A®needed for ¢-loop coefficient function, but universal
e forward limit helps to fix boundary condition

Example: T, (z1,22) = T{ju(z1)jv(z2)}, Jju(z) = q(z)vuq(z)

[V. Braun, A. Manashov, S. Moch, J. Schoenleber (2020, 2021), V. Braun, YJ, A. Manashov (2021,2023,2025)]

T{ju(z1)jv(z2)} = ZC&""‘” TN (2,0) OfY ... +genuine higher-twist contributions
N ——

i

e A + forward limit fix local coefficient — resum = “standard CF” in factorization

theorem for exclusive processes C' x O ¢. e ® Oyt
° /d4:c1d4z2 e—Haz1—q -=2) (P'| §*¥ (z1)5* (x2) |p) constructible by “A + DIS”

_ g 5 +0(9) @

o at tree level C1Y(x,0) =
Lo (z1 — x2) %
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Leading-twist distribution amplitude in HQET

Definition [A. Grozin, M. Neubert (1997)]
(0[a(zn) #lzn, 0]v5ho (0)] | B(v)) = iFp (1) @+ (2, 1)

e v, is the heavy quark velocity
e ny is the light-like vector, n? =0, such that n-v =1

e The twist-2 LCDA @ (z — ¢0, p) is an analytic function of z in the lower half-plane

Fourier transform

oo o0
dz -
bro) = [ R0, Bl = [doeT 0w,
oo 0

e w > 0is the (2x) light quark energy in the b—quark rest frame
e hy(0) = [0, 00v], so g(zn)t[zn, 0]vs5hy(0) = g(zn)it[zn, 0]vs[0, cov], Lm—o is applicable
e operator is not conformal invariant

rre

Yao Ji (CUHKSZ) Conformal symmetry in QCD April 20, 2025 8 /16



Background Light-ray operators Coefficient functions HQET/SCET operators Summary

One-loop evolution of leading twist DA

e RGE (a 0

B + B0 go +H(@) @4 () =0
e One-loop Lange-Neubert (LN) kernel
1 _
HO®, () = 4r {Ini7s) + 1/20+ () + [ du [0 Geop) = @0
0

where 1 = 77 Migs and @ = 1 — . [B. Lange, M. Neubert (2003); V. Braun, D. lvanov, G. Korchemsky (2004)]

e Solution to one-loop RGE [G. Bell, T. Feldmann, Y.-M. Wang, M. W. Y. Yip (2013); V. Braun, A. Manashov (2014)]

1 oo is/z
¢)+(Z7IJ'):_Z72 b dsse / T]J,-(S,/J,),
20F 1, as(u)
N+ (8, 1) = R(s, g, ko)n+ (8, o) , R(s, p, po) oc s Po s (o)
a direct consequence of
S, HO =0, [So,HV]=T8y, = HD =Teupln(ifie?S;)+T4
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One-loop evolution of higher-twist DAs

—2iF (1) ®3(21, 22, 1) = (0] 7(21)gG v (22)n" 0" 15k (0) | B(v))

e H is sum of integral operators; becomes integrable at large N..

[Q1,Q2] = [QI’H((I;)] = [Qm?{gg] =0 Two conserved charges

explicitly [v. Braun, A. Manashov, N. Offen (2015)]

94 . — 0 g0 - o0 0 0
Qo = Sist i (sf57 +959) — 53 (s9sf — 535})

e Two DOF in @S; = 7—[5;3) and {Q1,Q2} share the same eigenfunction.
e Integrability of RGE < Integrable spin chains [v. &raun, vJ, A Manashov (2018)]
e 23 — 0o recovers evolution properties for off-diagonal DY soft function at NLP@

[M. Beneke, YJ, E. Siinderhauf, X. Wang (2025)]
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One-loop evolution of higher-twist DAs

e Solving for eigenfunction of {Q1,Q2} leads to (complete orthonormal basis)

o) = [~ 5 W () )+ [ dsdo(aviss) o (s,
ss. = [ s e YOI + 5 [ dem(aw Vis,zlw)],

where Y;O)(s|g) =Ys(s,z =1/2|w) and

1
1 —1
Y3(s,z|w) = 7/du Vauswy Ji (2v/uswy) we J2(2v/Tsws) 2 F1 ( z 1?5,2 24_LT| — g)
0

u

Solving RGE for ¢3(w, i) up to 1/N2 gives

n3(s, z, 1) = L3P0 R(s; p, o) m3 (s, x, po)
13 (s, 1) = LNe/PoR(s; p, pio)ns” (s, 110)

where L = am and v3(x) = N[1h(3/2 + iz) + (3/2 — iz) + 2v&].
e 1/N2 ~ O(107") taken perturbatively @
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One-loop evolution of higher-twist DAs

e RGEs for twist-4 DAs are also integrable [v. graun, vJ, A. Manashov (2017)]
Light fields mixing: kernels of 2 X 2 matrices. [V. Braun, A. Manashov, J. Rohrwild (2009); YJ, A. Belitsky (2014)]

Three conserved charges {Q1, Q2, Q3}

1 o0
t@=y [ d [ donfDsmwyPe k),
0 — 00

2

(Vg 4 U4)(w) = / ds/ da:r/<+)(s z, 1) Y4(2)(s z|w),

@i-F0@ =2 [~ (52 ) {606+ 7 dam(s,0.) Vil o) |

—/ ds/ da:%iﬂ(s,a:,u) Zi;)(s,r@),
0 —o00 ’

O(lLNS)

L’W’4(II?)/[30 R(57 H, /J’O) 774(1+) (87 Z, MO)

O(1/N?)

257 (5,2, 1) L4(®)/80 R(s; i, o) 25 (s, , po)

e Redundant operators are traded for others using EOMs and Lorentz symmetry,@
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Conformal symmetry of heavy kernels

what about higher-loops??

H = Teusp(a) In(iiS+) + T4 (a) | to all orders  why?

Exact conformal symmetry in d = 4 — 2¢ at the critical point S(a+) =0

(1) [ gfull ’H(a*)] -0

Conformal generators receive quantum corrections:

S(O) _ 2282 422 s Sfu”(a ) = S(O) + z[—e+ Aax)] ,
S = 28, +1 - S(a.) = S — e + H(ax)

Conformal anomaly:  A(ax) = axAM +a2A®@)

from (1) and SL(2) algebra —> ‘ 2) | ZBZ,Sf””( )] = Sfull( )‘

In puz enters H only linearly with coefficient T'cusp (6. Korchemsky, A. Radyushkin (1992)]

(3) [20:,H(ax)] = Teusp(ax)

(1) = H(aw) = £(5™(au)) 2 2f/(2) = Teusp(aw) => H = Tousp In(iESy) + T
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Conformal generators at one-loop

e Two-loop evolution of twist-2 DA |v. Braun, YJ, A Manashov (2019)]

Hy? () = T (ax) In(iESY () + TP (a)
Sgrl)(a*) = Sf) +2(—e(ax) + a*A(l))

fi=Re"E = ppse

e(as) = —foax + O(a?)

One-loop conformal anomaly four one-loop diagrams obtainable from Al(l)

ADO) = Cr {30(2) 42 /01 do (%O‘ +ln a) 0(z) - O(az)]}

e The scheme-dependent constant Ff) (a) is reconstructable from other AMs
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Two-loop kernel in position space

e Integral representation for # is usually preferred

Ansatz

L &
H(a)O(2z) = Teusp(a) [ln(iﬁz)@(z) 4 /(; do - (14 h(a, @) (O(z) — O(o’zz))} + v+ (a)O(2)

e AW and ¢(a.) = —Boax + O(a?) dictate h(a,a)  going to Mellin space

h(a, o) = aln&{ﬁo —2Cp (§ +lng + lnfa)}—f—O(aQ)
2 a a

e 4 requires additional calculation, obtainable from other known ~’s scheme-dependent

T 2 21 n? 83 2n? 35 2
= —aC Crpq4Cr | =+ — -6 Ca| - -6 ===
74 (a) aCF +a F{ F|:8+3 (3| +Ca 5 = ¢s | + Bo 5 G 4

e Three-loop obtained ng)(a), to appear soon [vJ, X. Wang]

e Conformal symmetry allows relating #{;, to kernel governing soft function for h — vy
at NLP to all orders [M. Beneke, YJ, X. Wang (2024)] @
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Conclusion and Outlook

Conclusion

e conformal symmetry is extremely powerful for loop calculations in nonforward
kinematics (DVCS, meson production/decays):
one-loop less for kernel, less diagram for CF; universal A

e applicable to calculating kernel and solving RGE in HQET

e allows to relate different evolution kernels from symmetry analysis
Outlook for future work

e Two-loop CFs for heavy meson decays from conformal symmetry

e one-loop (kinematic) higher-power/twist corrections

®

Sirrs,
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