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• Parton images in terms of distribution functions/amplitudes. 

• Sketching the parton image of  ,  and  mesons. 

• Beyond sketching, demonstrated with pion twist-2 and -3 PDFs. 

• Summary and Outlook.
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Light-Front Wave Functions

-Light-Front Wave Functionqq̄

+ϕ3 |qq̄g⟩ + . . .

• LFWFs are essentially transition amplitudes in the language of relativistic QFT. 

• LFWFs encode complete parton information of hadrons. 

• The convergence of Fock-state expansion can be slow, especially for light hadrons.  

• The  -LFWFs provide dominant contribution in exclusive meson production/decay 

• The  -LFWFs are useful in sketching  parton images of mesons. 

• LFWFs can be obtained by diagonalizing light front Hamiltonian, with complexities from 
higher Fock-states.

qq̄

qq̄

|M⟩ = ϕ2 |qq̄⟩ + ϕ3 |qq̄g⟩ + ϕ4 |qq̄gg⟩ + . . .
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• LFWFs and BS WFs are both transition amplitudes, hence the connection can be built. 

•  LFWFs from various kinds of hadrons/particles can be extracted. 

•  LFWFs with all possible quark spin configurations can be extracted. 

•  LFWFs can be extracted from many Fock-states embedded.

qq̄

qq̄

qq̄

spin configurations
LFWF

Setting light front time
<latexit sha1_base64="tn4d+OwUTaRCtZ3/wyWj7nJewsw="></latexit>

⇠+ = 0
set 

<latexit sha1_base64="cGoGMWX/DpqUD3wPjWGS1ldYCd0="></latexit>

k+ = xP+

<latexit sha1_base64="foflE9wt1YbVBqKdoStCJ1/m+u8="></latexit>

�i(x,~kT ) ⇠
Z

dk�dk+�(xP+ � k+)Tr[�i�(k, P )]

Bethe-Salpeter wave function

(C.S., Y. Xie, M Li, X.  Chen, et al, PRD(L) 2021)

|h⟩ = ϕ2 |qq̄⟩ + ϕ3 |qq̄g⟩ + ϕ4 |qq̄gg⟩ . . .

A new formula  to obtain -LFWFsqq̄
k

P-k
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• The Bethe-Salpter wave function is solved by aligning quark gap equation and meson BS 
equation, incorporating nonperturbative quark-gluon dynamics.

P
Γ

p−

p+

=
P

Γ

q−

q+

p−

p+

K
=

−1 −1

+ Γµ

S(p) S0(p)

Dµν(p− q)

S(q)

γν

Quark DSE: Meson BSE:

Bethe-Salpeter Wave Function From DSE

• DCSB has consequences in BS wave functions. Truncate the DSEs wisely!

SUV(3) ⊗ SUA(3)

( P. Maris, C.D. Roberts and P. C. Tandy, PLB1998 ) fπEπ(k; 0) = B(k2)

Beauty Reality

• QCD's dynamical chiral symmetry breaking.

• A broken symmetry  Absence of a symmetry.≠
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Light and Heavy  Mesons0−
3

that is

hxmi0(k2
T ) =

p
3 i

|P+ |

π
dk
+
dk

�

2�

✓
k
+

P+

◆m

TrD[�+�5 � (k+,k�;kT , P)],
(8)

hxmi1(k2
T ) = �

p
3 i

|P+ |k2
T

π
dk
+
dk

�

2�

✓
k
+

P+

◆m

TrD[i�+i kiT � (k+,k�;kT , P)]. (9)

Since we have an analytical form for � (k, P) obtained
by parametrizing the numerical DSE solution, the two-
dimensional momentum integrations can be completed
with the help of Feynman parametrization. In practice, we
transform the integration variables to rewrite the integral
in the form

hxmilz (k
2
T ) =

π 1

0
d� �

m
π

d�d� flz (�,k2
T , �,� ). (10)

Comparison with Eq. (7) then reveals that the LFWFs
are identified as �lz (x,k2

T ) =
Ø
d�d� flz (x,k2

T , �,� ).
We present plots of the leading Fock state LFWFs for

the pion and kaon in Fig. 1. For concreteness, we focus our
discussion to the case of �� and K

�, so the d and s are the
valence quarks and ū is valence anti-quark. In general we
find that all the LFWFs are smooth functions decaying as
k2
T increases or x approaches the end-points. As expected

for light mesons, the x-dependence of the LFWFs is broad
at low k2

T and get narrower as k2
T increases, approaching

an asymptotic form for large k2
T proportional to x(1 � x).

Fig. 2 provides an example of how the x-dependence
of �0(x,k2

T ) changes with k2
T . The strong support of

the LFWFs at infrared k2
T originates from the strength

of the covariant Bethe-Salpeter wave functions at low
|kT |, which is closely connected to DCSB, as illustrated
model-independently in Ref. [36]. Therefore, our LFWFs
faithfully inherit the DCSB property from the covariant
DSEs calculation. At large k2

T , the LFWFs decay as
�0(x,k2

T ) ⇠ 1/k2
T and �1(x,k2

T ) ⇠ 1/k4
T , in line with the

perturbative QCD expectations [49]. The e↵ects of SU(3)
flavor symmetry breaking are clearly apparent in the kaon,
as the heavier s quark gains more support at large x and
the LFWFs become skewed. This indicates that the s

quark carries more of the kaon’s light-cone momentum
fraction. However, these SU(3) flavor symmetry breaking
e↵ects diminish as k2

T increases. Further analysis of these
e↵ects will be given in later sections when GPD and TMD
results are presented.

The LFWFs are normalized so that the quark number

sum rule
Ø 1

0
dx f (x ; µ0) = 1 is satisfied. Therefore, with

only the leading Fock state the valence quark distribution
function f (x ; µ0) is given by

f (x ; µ0) =
π

d
2kT

(2� )3
h���0(x,k2

T )
��2 + k2

T
���1(x,k2

T )
��2i . (11)

FIG. 1. The top row gives the LFWFs for pion and the bottom
row gives the kaon results. The left column is �0(x,k2

T ) and
the right column is �1(x,k2

T ), where k2
T is in GeV2.

FIG. 2. Pion’s spin-anti-parallel LFWF �0(x,k2
T ) at di↵erent

values of k2
T , normalized to �

N
0 (x,k2

T ) =
�0(x ,k2

T )Ø 1

0
dx�0(x ,k2

T )
.

This approximation to the full valence quark distribution
function is best at a low hadronic scale µ0, which in
Ref. [33] was determined to be µ0 = 520MeV. In a non-
relativistic system �1(x,k2

T ) would vanish because the
quarks are in a relative p-wave, however we find that
the contribution to the quark number sum rule from
�1(x,k2

T ) equals 0.36 for the pion and 0.31 for the kaon.
Therefore, we find that the valence quarks in both the
pion and kaon are highly relativistic. Importantly, the
relative strength between �0(x,k2

T ) and �1(x,k2
T ) in our

approach is completely determined by the Bethe-Salpeter
wave function, which itself is governed by the underlying
quark-gluon interaction. The significant contribution of
�1(x,k2

T ) to observables likely also implies that higher
Fock states may not be negligible in a more realistic
calculation. Nevertheless, the higher Fock states are much
more di�cult to calculate and are beyond the scope of
this work.

π
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HF

p

s

HF=Higher Fock states

π

Phys.Rev.Lett. 122 (2019) 8, 082301

Phys.Rev.D 101 (2020) 7, 074014

Phys.Rev.D 104 (2021) 9, 094016

•   

• p-wave components 
exists due to relativity. 

• A strong indication of 
considerable higher Fock-
states in light mesons.

ΦΛ
λ,λ′ 

(x, ⃗k T)

<latexit sha1_base64="Hd5oNU/2SW2R/qb/JWp9qgV31CQ="></latexit>

⇤ = �+ �0 + Lz
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ρ J/ψ Υ

| |=0Lz

| |=1Lz

Λ=1

| |=2Lz

s-wave

p-wave

d-wave

| |=0Lz

| |=1Lz

Λ=0 ρ J/ψ Υ

s-wave

p-wave

66%
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⇢⇤=1

16%
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78%

<latexit sha1_base64="0BgTl66HxKZXKBjeHn55caB6PHg="></latexit>

J/ ⇤=1

54%
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38%
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⇢⇤=0 10%
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J/ ⇤=0

HF

d p

s

HF=Higher Fock 

Phys.Rev.D 104 (2021) 9, L091902

Phys.Rev.D 106 (2022) 1, 014026

Phys.Rev.D 107 (2023) 7, 074009
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s-wave p-wave

Bc

D
34%

16%

50%

24%

16% 60%

8%

92%

HF

p

s

CS, P Liu, Y Du and W Jia,

Phys.Rev.D 110 (2024) 9, 094010

• Narrow x-distribution
• Narrow -distribution
• Exhibiting a duality 

embodying characteristics 
from both light mesons and 
heavy quarkonium.

kT

LFWFs of   heavy flavor asymmetric Meson0−

B
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Parton Distribution Amplitude

Lattice Parton Collaboration :arXiv:2410.18654

<latexit sha1_base64="PAsNc4s9JgzFC/U9LIpE5sm7vhQ="></latexit>

�(x,Q2) =

Z Q2

dk2T 0(x, k
2
T )

 S. Tang,et al, PRD2018

Yue-Ying Han, et al, arXiv:2403.17492
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•Heavier quarks are spatially more centered, and carries most light-cone 
momentum.


• Lighter quarks are spread out, yet carries electric charge.

• In , we find  B(bū) ⟨r2

E,LC⟩B = (0.14 fm)2 ≪ ⟨r2
c,LC⟩B− = (0.38 fm)2

B

Bc

D

Impact Parameter Dependent GPD

ρ(x, | ⃗b T | )

Q

Q

Q

q

q

q
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•  for D, B and  mesons are 0.43, 0.42 and 0.65 GeV, as compared to 

0.39, 0.65, 1.0 GeV for  and .

•  The mean transverse momentum inside  is close to that in  !

⟨ | ⃗k T |⟩ = ∫ dxd2 ⃗k T f q
1 (x, ⃗k 2

T) | ⃗k T | Bc

π, ηc ηb
Qq̄ qq̄

Unpolarized TMD PDFquark TMD PDFs

6

�ij(k, P ;S, T ) ⇠ F.T. hPST |  ̄j(0) U[0,⇠]  i(⇠) |PST i|LF

extraction of a quark
not collinear with the proton

f1(x, ⃗k 2
T)

D

B Bc

Q

Q Q
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Going Beyond  Fock-stateqq̄

• A covariant calculation in ordinary space-time can 
"effectively" include infinitely many higher Fock-states, 
such as . 

• We develop the DSE for quark-quark correlation 
matrix, which is the mother function of various leading 
and subleading-twist PDFs.

 

• Poincare, chiral and gauge symmetries are preserved.

|qq̄gg . . . ⟩

f (x)=
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Pion twist-2 PDF

0.2 0.4 0.6 0.8 1.0
x

0.5

1.0

1.5

f(x)

Full

qq contribution

• : quark number 

sum rule. 

• : gluon carries away some 
momentum. 

•  LFWF contribution dominate very 
large x region. 

• Higher Fock-states provide large 
contribution in pion!

⟨x0⟩ ≡ ∫ dxx0f(x) = 1

⟨x1⟩ < 0.5

qq̄

f (x)=

γ+δ(k+ − xP+)

Preliminary
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Pion twist-3 PDF

• General QCD EOM yields the decomposition 

• Strong indication of  is found in our 
nonperturbative computation! 

•  is the genuine twist-3 PDF encoding quark-
gluon-quark multi-parton distribution. 

•  is comparable with twist-2 f (x) !

δ(x)

etw3

etw3

e (x)=

I4δ(k+ − xP+)

Preliminary



/1919

• We proposed a new formula to extract all LF-LFWFs from various mesons.  

• The LF-LFWFs are used to sketching the parton image of light and heavy mesons. 

• Improvement upon sketching is ongoing, with gluons taken into account.

Thank you very much for your attention!

Summary

Outlook
• More mesons LFWFs (diffractive vector meson productions&gluon saturation). 

• Nucleon. 
• TMD PDFs. 
• Gluon distribution.

qq̄


