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They can help us to test the factorization approach, 

which have been used in two-body decays successfully.

They offer us opportunities to study the line-shape 

of intermediate states.

Why multi-body B decays?

They also help us to test SM by measuring the 

CKM phases.
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They offer one of the most promising avenues for probing CP 

violation (CPV)

◆ Localized 𝑨𝑪𝑷 in three-body decays  𝑩 → 𝟑𝝅, 𝟑𝑲,𝑲𝑲𝝅,𝑲𝝅𝝅

Phys. Rev. Lett.112, 011801(2014) Phys. Rev. D 90,112004(2014)



Phys. ReV. D 108,012008(2023)

• Significant 𝑨𝑪𝑷:
𝑩 → 𝟑𝝅, 𝟑𝑲 for the first time

• Large Localized 𝑨𝑪𝑷

Region3



Large amounts of three- and four-body decays have been 

reported by LHCb, Belle, BABAR, CDF, D0 etc. 

Collaborations. (Most with BFs ~ 10-5)

three-body B decays

four-body B decays

𝐵𝑠
0 → 𝜙ഥ𝐾∗0 → (𝐾𝐾)(𝐾𝜋), 𝐵(𝑠)

0 → 𝐾∗0 ഥ𝐾∗0 → 𝐾𝜋 𝐾𝜋 ,

𝐵0 → 𝜌0𝐾∗0 → (𝜋𝜋)(𝐾𝜋), 𝐵𝑠
0 → 𝜙𝜙 → 𝐾𝐾 𝐾𝐾 ,

𝐵0 → 𝜌+𝜌− → (𝜋𝜋)(𝜋𝜋)⋯⋯

𝐵+ → 𝜋+ 𝜌0 → 𝜋𝜋, 𝐵+ → 𝐾+ 𝜌0 → 𝜋𝜋, 𝐵0 → 𝜋0 𝜌0 → 𝜋𝜋,

𝐵+ → 𝜋0 𝐾∗+ → 𝐾𝜋, 𝐵0 → 𝜋− 𝐾∗+ → 𝐾𝜋, 𝐵𝑠
0 → 𝐾± 𝐾∗∓ → 𝐾𝜋,

𝐵0 → 𝐾0 𝜙 → 𝐾𝐾⋯⋯



Why improved global fitting for a two-hadron DA?

Two-meson DAs were derived in recent global investigations of three- and four body B 
meson decays based on the PQCD formalism(Phys.Rev.D 104,096014 (2021), Phys.Rev.D
105, 093001 (2022), Eur.Phys.J.C 83,974 (2023)).

ππ two-meson DA   ( 𝑎2𝜌
0 , 𝑎2𝜌

𝑠 , 𝑎2𝜌
𝑡 )

KK two-meson DA    ( 𝑎2𝜙
0 , 𝑎2𝜙

𝑇 )

Kπ two-meson DA    ( 𝑎
1𝐾∗0
||

, 𝑎
2𝐾∗0
||

)

𝐵(𝑠) → 𝑃𝐾∗ → 𝑃 𝐾𝜋 , 𝑃 = 𝜋,𝐾

𝐵0 → 𝜌+𝜌− → (𝜋𝜋)(𝜋𝜋)

𝐵 → 𝑃𝜌 → 𝑃 𝜋𝜋 , 𝑃 = 𝜋, 𝐾

𝐵𝑠
0 → 𝜙𝜙 → (𝐾𝐾)(𝐾𝐾)

𝐵 → 𝑃𝜙 → 𝑃 𝐾𝐾 , 𝑃 = 𝜋,𝐾

We introduce additional parameters to compensate 
the possible discrepancy between two theoretical 
treatments of the hadronic matrix elements for 
vacuum transition to meson pairs. (arXiv:1011.0960)

𝑁𝜋𝜋, 𝑁𝐾𝜋 , 𝑁𝐾𝐾

𝑎
2𝐾∗0
||

=1.19±0.10

𝑎2𝜙
𝑇 =1.48±0.07

The Gegenbauer moments in the Kπ and KK DAs, 
being slightly higher than unity, are not favored in 
view of the convergence of the Gegenbauer expansion.

(Phys.Rev.D 104,096014 (2021)) 

(Phys.Rev.D 105, 093001 (2022)) 



polarization fractions  of the four-body 𝐵 → 𝑉1𝑉2 → (𝑃1𝑃2)(𝑃3𝑃4) decays

𝑓0(𝐵𝑠
0 → 𝐾∗0 ഥ𝐾∗0 → (𝐾𝜋)(𝐾𝜋))=൝

(63.6−4.2−3.9−1.0
+2.7+3.3+1.0)%

24 ± 4 %

PQCD (JHEP05(2021)082 )

PDG

Flavor-changing neutral-current transitions are very sensitive to new physics (NP) 
contributions, like ത𝐵𝑠

0 → 𝐾∗0ഥ𝐾∗0 decay controlled by 𝑏 → 𝑠 transition.

To attain definite predictions, nonperturbative inputs of two-meson DAs must be 
known to high precision. More four-body B meson decays should be included in the 
global fit.
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In the standard model, 

low-energy effective Hamiltonian is given:

Wilson coefficient

Local four-quark operators

CKM matrix elements

Fermi coupling constant

For two-body nonleptonic B meson decays, 

the decay amplitude can be written as:



Theoretical approach

QCD Factorization

H.Y. Cheng, C.K. Chua, Y. Li,…

PQCD

Symmetry

Factorization Approach

Sum rules

A. Furman, B.El Bennich, R. Kaminski, T. Mannel,

X.H. Guo, Y.D. Yang, Z.H. Zhang,…

H.n. Li, C.D. L ሷu, Z.J. Xiao, W. Wang, W.F. Wang,

Z.Rui, Y.Li, Z.T.Zou …

X.G. Xiao, G.N. Li, D. Xu, J.L. Rosner, M.

Gronau,…

Ulf-G. Meißner (Light-cone), A. Khodjamirian (QCD)



𝒌𝑻 factorization: the full amplitudes of two-body decay

𝑩 → 𝑴𝟏𝑴𝟐 can be factorized as

Hard

Kernel

Wave

Function

Sudakov

Factor

Jet

Function

Wilson

Coefficients 

𝒌𝑻 resummation Threshold  resummation

References:

PPNP51-85(2003);

arXiv:0707.1294;

0907.4940;

1406.7689



Quasi-two-body decays in PQCD

Multi-body B decays
• More complicated strong dynamics than two-body ones.

• Receive both resonant and nonresonant contributions.

• Suffer substantial final-state interactions.

• A factorization formalism in full phase space is not yet available.
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P-wave two-meson DAs for both longitudinal and transverse 

polarizations

Longitudinal component

Transverse component
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𝑃=𝜋𝜋 pair 
time-like form factors  (GS)

𝐹𝜋𝜋
⊥ (𝜔2)

𝐹𝜋𝜋
||
(𝜔2)

∼
𝑓𝜌
𝑇

𝑓𝜌

Phys.Lett.B 763,29 (2016)

Phys.Rev.D 95,056008(2013) 

Phys.Rev.D 86,032013(2012)

Phys. Rev. D 98 ,113003(2018) 
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𝑃=𝐾𝜋 pair time-like form factors  (RBW)
Eur.Phys. J.C 79,37(2019)
Eur.Phys.J.C 78,1019(2018)
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𝑃=𝐾𝐾 pair time-like form factors  (RBW)
Eur.Phys. J.C 79,37(2019)
Eur.Phys.J.C 78,1019(2018)



P-wave Parametrization

time-like meson form factors

Breit-Wigner (BW) propagators for intermediate P-wave resonances

Coupling strength

Factorizable contribution

Phys. Rev. D 58, 094009(1998)

Phys. Rev. D 106 ,113004(2022)



The coefficient 𝑁𝑃 has been introduced to remedy the possible theoretical 
mismatch between the meson form factors and the properties of the 
intermediate P-wave resonance.

The above three coefficients will be handled as free parameters, 
determined in our global fit

arXiv:1011.0960



Physical observables 

three-body decays 



The differential rate for the decays

The transformation connecting the B meson rest frame and the meson pair rest frame 
leads to the relations between 𝜁 and 𝜃

four-body decays 



CP-averaged branching ratio and the direct CP asymmetry in each component

The differential branching fraction

The total branching ratio and the overall direct CP asymmetry

Polarization fractions 𝑓ℎ



N u m e r i c a l re s u l t s03



experimental data：

theoretical values:

Global fit

(Measurements with significance larger than 3σ)



Three- and four-body decays  included  in our  global fit

Three-body decays (Branching ratios) Four-body decays (Branching ratios, 
polarization fractions)

longitudinal 
polarization 
fractions

longitudinal and 
transverse polarization 
fractions



𝑴𝒊𝑲∗𝝓
𝑳 : coefficients involving only Gegenbauer polynomials

A Gegenbauer-moment-independent database 



𝝌𝟐/d.o.f=1.6

𝑵𝑷 𝑵𝝅𝝅 = 𝟏. 𝟎𝟓 ± 𝟎. 𝟎𝟒 𝑵𝑲𝝅 = 𝟏. 𝟒𝟖 ± 𝟎. 𝟎𝟑 𝑵𝑲𝑲 = 𝟏. 𝟐𝟐 ± 𝟎. 𝟎𝟑

𝝅𝝅 𝒂𝟐𝝆
𝟎 = 𝟎. 𝟏𝟔 ± 𝟎. 𝟏𝟎 𝒂𝟐𝝆

𝒔 = −𝟎. 𝟏𝟏 ± 𝟎. 𝟏𝟒 𝒂𝟐𝝆
𝒕 = −𝟎. 𝟐𝟏 ± 𝟎. 𝟎𝟒

𝑲𝝅 𝒂𝟏𝑲∗
||

= 𝟎. 𝟒𝟓 ± 𝟎. 𝟏𝟏 𝒂𝟐𝑲∗
||

= −𝟎. 𝟕𝟓 ± 𝟎. 𝟎𝟖 𝒂𝟏𝑲∗
⊥ = 𝟎. 𝟔𝟏 ± 𝟎. 𝟐𝟏 𝒂𝟐𝑲∗

⊥ = 𝟎. 𝟒𝟓 ± 𝟎. 𝟎𝟔

𝑲𝑲 𝒂𝟐𝝓
𝑻 = 𝟎. 𝟕𝟕 ± 𝟎. 𝟎𝟒 𝒂𝟐𝝓

𝟎 = −𝟎. 𝟓𝟒 ± 𝟎. 𝟏𝟒

Fitted Gegenbauer moments and parameters in the 

twist-2 and twist-3 two-meson DAs

𝑎
2𝐾∗0
||

=1.19±0.10

𝑎2𝜙
𝑇 =1.48±0.07

(Phys.Rev.D 104,096014 (2021)) 

(Phys.Rev.D 105, 093001 (2022)) 



Our work in PQCD

Part II: Three-body decays 𝑩 → 𝑷𝟑(𝑽 →)𝑷𝟏𝑷𝟐

Part I:  𝑩 → 𝑷𝟏𝑷𝟐 form factors

Part III :  Four-body decays 𝑩 → 𝑽𝟏𝑽𝟐 → (𝑷𝟏𝑷𝟐)(𝑷𝟑𝑷𝟒)

Discussions



Part I: 𝐁 → 𝐏𝟏𝐏𝟐 form factors

Testing The universality of the two-meson DAs in the PQCD factorization.

JHEP12(2019)083



Part II: Three-body decays 𝐁 → 𝐏𝟑(𝐕 →)𝐏𝟏𝐏𝟐

𝐵 → 𝑃3𝜌 → 𝑃3(𝜋𝜋) branching ratios



𝐵 → 𝑃3𝐾
∗ → 𝑃3(𝐾𝜋) branching ratios



Contributions from the subleading Gegenbauer

moments in twist-3 𝐊𝛑 DAs 

Chinese Phys. C 44,073102(2020)



𝐵 → 𝑃3𝜙 → 𝑃3(𝐾𝐾) branching ratios



𝐵 → 𝑃3 𝑉 → 𝑃1𝑃2 CP asymmetries 



Part III :  Four-body decays 𝐁 → 𝐕𝟏𝐕𝟐 → (𝐏𝟏𝐏𝟐)(𝐏𝟑𝐏𝟒)

Branching 
ratios  and 
polarization 
fractions



longitudinal polarization fraction  of the 𝐁𝐬
𝟎 → 𝐊∗𝟎ഥ𝐊∗𝟎 decay

𝑓0(𝐵𝑠
0 → 𝐾∗0 ഥ𝐾∗0) = (63.6−4.2−3.9−1.0

+2.7+3.3+1.0)%

PQCD (JHEP05(2021)082)

𝑎1𝐾∗
||

= 𝑎1𝐾∗
⊥ = 0. 31 ± 0.16

𝑎2𝐾∗
||

= 𝑎2𝐾∗
⊥ = 1.188 ± 0.098



phase-space factor longitudinal polarization fractions 

A new observable 𝑳𝑲∗ഥ𝑲∗ defined as the ratio of the longitudinal 
branching ratios of  𝑩𝒔

𝟎 → 𝑲∗𝟎ഥ𝑲∗𝟎 versus 𝑩𝟎 → 𝑲∗𝟎ഥ𝑲∗𝟎

𝑳𝑲∗ഥ𝑲∗ exp PQCD 
(2209.13389)

QCDF 
(2011.07867)

This work

4.43 ± 0.92 12.7−3.2
+5.6 19.5−6.8

+9.3 7.7−3.8
+4.9

JHEP 04, 066 (2021)



Direct CP
asymmetries 



The total direct CP asymmetry can be well approximated by the weighted sum of the three 
asymmetries
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We have improved the PQCD formalism of multi-body charmless hadronic B meson decays by resolving the 

possible inconsistency in the parametrization for P-wave resonances in two-meson DAs.

The determination of the Gegenbauer moments in the two-meson DAs is then updated in the global fit of 

the improved PQCD factorization formulas at leading order to available data for branching ratios and 

polarization fractions of three- and four-body B decays. The convergence of the Gegenbauer expansion of 

the resultant two-meson DAs is manifest.

The precision of the two-meson DAs does play a crucial role in accounting for the data, especially for the 

unexpected low longitudinal polarization fraction of the Bs
0 → K∗0ഥK∗0

decay. 

The precision of the two-meson DAs can be further enhanced systematically, when higher-order and/or higher-power 

corrections to multi-body hadronic B-meson decays are taken into account. If a high-precision global investigation 

discloses notable tensions between theoretical results and experimental data, it may hint that NP effects are inevitable.



Thank you
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