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Stress-energy tensor

®m Hadron matrix elements and gravitational form factors (GFFs):

(0, s'| T} (0)Ip. 5) =

1 — 1% . 12 1 124 / L —
o7 e () [QP HPYAi(q?) +iPWavIPq,Ji(¢%) + 50" = 9" ) Di(q”) + 29" ei(q”) | us(p)

[Kobzarev:1962wt, Pagels:1966zza]

where P = (p+p')/2, ¢ =" —p.
(p P )/ =P P [Polyakov:2018zvc, Cotogno:2019xcl, Lorce:2019sbq]

m Conservation laws constrain gravitational form factors except D

em: d,J8, =0 (N'|JLLIN) — @Q = 1.602176487(40) x 10~'C
p o= 2.792847356(23)un

1 , weak: PCAC (N'|JE_IN) — ga = 1.2694(28)
A0)=1, JO)==, lim QQD(QQ) =0 o — 8.06(55)
2 Q2_>O gravity: 9, Tha, =0 (N'|TE INY — m = 938.272013(23) MeV /c?
J =1
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Mechanical properties of hadrons

D(q*) is related to the pressure and shear forces inside hadrons

B ripd 1 .. N [Polyakov:2018zvc]
T (r) = ( o gdw)s(fr) + 0" p(r)
1 1 d,d ¢ 1 d1d
5 d = .
— D , _ — - D
p(r) 6M r2 dr  dr () s(r) AM ' drrdr ()
Hadron stability conditions:
[Perevalova:2016dIn]
B Force equilibrium (von Laue condition): f d>rp(r) =0
® Stability conjecture: D(0) = [ d3rr?p(r) <0
TP Jrorer=0
03} o s 7
~os D =fr2p(r)d3r<0
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Light-front wave functions

N Hyp|y) = M? 1))
[P (P, A) =) /[dxikoil]nwh/n({Eﬁ_axia)\i}n)}{ﬁu_ap;_a)\i}n>
n=1
Light-front wave functions (LFWFs) are boost invariant and only depend on relative
variables Ly = pf/PJr, Eu =Dil — jSpl — sz =0, ZEU_ =0

[2 [2
Light-front wave functions provide intrinsic information of the structure of hadrons

B Overlap of LEWFs: Structure functions (e.g. PDFs), form factors [Lorce:2011kd]

B Integrating out LFWFs: light-cone distributions (e.g. DAs)
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Light-front wave function representation

Diagonal representation for charge form factor and GFF A(g?)
[Drell:1969km, West:1970av, Brodsky:1980zm]|

Fi(q1) = Z/[dilfz'd27“u]n¢:({$z‘,"“u})iﬁn({xi,Tu})ejeim'%
A(Qi) = Z /[dwidQ’l‘iL]n@D;({xi, ri1 P)n ({xs, ru_})mjei"“jqu

[Brodsky:2000ii]

Number densities:

d*q1 iz,
A(TL):/@T% T A(GR) = (Do a8 —7s0))
J

where the quantum average is defined as

(0) = / i ]t ({6, 720 ) O ({721 )
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Light-front wave function representation for D(q*)

International Journal of Modern Physics A | Vol. 33, No. 26, 1830025 (2018) T, of the EMT. Being related to the stress tensor T;; the form factor D(t)
| Reviews naturally “mixes” good and bad light-front components and is described in terms
of transitions between different Fock state components in overlap representation.

Forces InSIde hadrons' Pressure' surface As a quantity intrinsically nondiagonal in a Fock space, it is difficult to study the

tension, mechanical radius , and all that D-term in approaches based on light-front wave functions. This is due to the rela-

Maxim V. Polyakov and Peter Schweitzer

https://doi.org/10.1142/50217751X18300259 | Cited by: 241 (Source: Crossref)

diagonal non-diagonal

m We start from the scalar Yukawa theory to seek inspiration

®m D(q*) contains the overlap between different Fock state components. However, the
non-diagonal diagrams add up to a diagonal diagram

Ly | e Sy
S T SO
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Covariant decomposition on the light-front

e’ 1) 1 a o a
(W' | T77(0) |p) = 2P*PP A;(¢?) + 5@ ¢" — ¢*9*°)Di(q*) + 2M*g*" ¢ (¢?)

n M*Aw*wP
(w- P)?

S1i(q%) + (VOVP 4+ ¢%¢7)S2i(¢%)
[Cao0:2024rul]

where P = (p+p")/2,q=p" —p, V% = E“BP“Pﬁqpa)a/(a) -P). w* = (w*,w ,w,;) = (0,2,0) is a null
vector indicating the light-front direction.

m S, ,(q?) are two spurious gravitational form factors which appear due to the violation of
the full Lorentz symmetry

m Identify T**, T*!, T2, T*~ as good currents to extract GFFs

1 _
T =2APT) Ailel), 6+ 67 = —5al Dilal) — 4MPE () + 241 Sa(al),

1 - M? + 1g% \2 4M*
t12 §QJ_QJ_D( 1), b :2( P+4 L) Ai(Qi)"’ (PT)2 Slz(QJ_)

_ 1 _
T =2(M7 + 2D Ai(qD) + g1 Dilgl) +4M7ei(q1) t*% = (p'| T*%(0) |p)
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Light-front wave function representation

[Ca0:20230hj, Cao:2024fto]

z?}?? — q1q2>
.

1 :
t12 — _< e 4L Tl
2 Ej: j / BT () = P
P v 2 __ 1.2
t+— :2<Zequ_-'er_ 4 JJ——I_m] 4qJ—_|_ Vei’f‘NJ_-qJ_ >
J potential part
h — g p-_ DL+ M
kinetic part = Pt
2 —V?l+m]2- . : .
where V = M* — ), jT . in the scalar Yukawa model. The quantum average is defined as
J
(0) = [ [aid?ris ] (i res OV (i, mis )
® Modity V in phenomenological models
. F.T. o . . .
m ei"vidr 5 §@(r, —ry,) indicates the location of interaction ) =
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Charmonium: hydrogen atom of QCD

Effective Hamiltonian in the qq Fock sector [Li:2015zda, Li:2017mlw, Li:2021ejv]
. kinetic energy confinement
k2 +m2 k2 4+ m; Kk
H.q = 14 ¢ 4+ k21 — x)® — O, (x(l — x)0,
eff T 1 — 1 ( ) 1 (mq + mq)g ( ( ) )

CF47T045(Q2)US (K" yuus (K)o (k)y*vs (k')

QQ
one gluon exchange
Two parameters (mg, k) are fixed by fitting the charmonium mass spectrum
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Charmonium gravitational form factors
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Mechanical stability

D = /d3frr2p(r) <0

B A mechanically stable system should have a repulsive core and an attractive edge

B 7). has a repulsive core but . has an attractive core
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Physical densities

B Momentum density A(r, ), energy density £(r, ), invariant mass squared density
M?(r,) and the trace scalar density 8(r,) = T.3(r,) = E(ry) — 3P(r)

B The negative D suggests a chain of inequalities about different radii
ra <Tgp <7Typy2 <Tg

3
ra=—64'0), rp=ri-3Ac(1+D), r
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summary

m We obtain a non-perturbative light-front wave function representation to evaluate
the gravitational form factors

B We apply the light-front wave function representation to charmonium solved from
an effective Hamiltonian

m The extracted densities provide novel insights into the hadron structures

Based on:

Cao, Li, Vary, PRD 108, 056026 (2023)

Xu, Cao, Hu, Li, Zhao, Vary, PRD 109, 114024 (2024) '
Cao, Xu, Li, Chen, Zhao, Karmanov, Vary, JHEP (2024) 95 Th nk y

Cao, Li, Vary, PRD 110, 076025 (2024) a Ou *
Hu, Cao, Xu, Li, Zhao, Vary, arXiv:2408.09689
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How to access gravitational form factors

graviton

p p'

m Deeply virtual Compton scattering [Kumano:2017lhr, Duran:2022xag, Burkert:2023wzr]
m Deeply virtual meson production

®m Two-photon pair production

m J /i threshold photoproduction

Ji’s sum rule:
1
/.
Here, H?9 and E?9 are generalized parton distributions

0.0 0

% = 21
Q|

near-threshold
Experiment(DVCS) 1 —[
. Burkert J /Y production

1
draE"(z,€,t) = BY(t) — £2D"(t)

dexHP9(x, & t) = AVI(t) + 2 DVI(t), /

—1 [J1:1996nm]

Duran et al. method 1
Duran et al. method 2

I this work Guo et al.
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Light-front quantization

equal time quantization light-front quantization [Dirac:1949¢p]

m Time;: t==x
light-front coordinates
s Hamiltonian: H=Pp" = 20 4+ o3
7+ = (xl, x2)
m Dispersion relation: PV = \/ P2 4+ m? p = (]53 + m2) / p*

Light-front quantization is a Hamiltonian method of the quantum field theory
[Brodsky:1997de]

(PTP™ = P?)|¢w) = Mj, i)
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Scalar Yukawa model

1 1
L= QJJNT(‘?“N —m2NTN + 5((9“%8“’% — §,u27r2 + goNTN7 + 6m2NTN
|
T = 9WNTOIN — g" [0, NTO°N — (m? — dm?*)NTN] — g" goNT N~

1
+ ooV — ig’“‘” (8”7T8p7r — M(2)7T2)

where m = 0.94GeV, u = 0.14GeV. g, and §m? are bare parameters.

® N: mock nucleon, m: mock pion a = ¢?/(167m?), Q2 = —¢?
[Gross:2001ha]
L L L L L L L L L L L L

B Quenched approximation: to avoid vacuum instability @=2.0 - - two-body truncation

------ three-body truncation

0.8

—— four-body truncation |

m Fock sector expansion: [p) = |N) + |[N7) + |[N77) + |[N77m) e

N
O 0.6~ \\ ........................................................... —]

~—

w

m Solved up to |[Nmmrm) sector at non-perturbative couplings

I
/
]

0.4 -~ - —

m  Fock sector dependent renormalization [Karmanov:2008br] L py mass 15Gev .

AN T TN N A T N N A [N (N NN (N N AN NN N M
O'20 25 50 75 100

m Fock sector expansion Converged up to |[Nmtrr) sector , _ @ [GeV?]
[Li:20151aw]
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Stress-energy tensor renormalization

[%%]ﬁi&x

(a) 6m? = om? (b) g0 = g03 (c) 6m? 5m2
: LFWFEFs
(f) g0 = Qo2 (g) om* =0

m Light-front wave functions (LFWFs) & sector dependent counterterms from [Li, Karmanov &
Vary:2015iaw,2016yzu]

m Light-front graphical rules extended to non-perturbative regime using LFWFs  [Carbonell:19981]]

m  All divergences cancel out with sector dependent counterterms, e.g. (a) + (b):

1 1 aB __ /.1 af
t9% = Z[2P*PP + (§q2 — om3)g*P — §qo‘q5] t*" = (' T*7(0) |p)
dx d?k |
7 af _ OzBZ 2
VZg /Qx(l_@/(z )3903%(:1: k1) = g% Zdms
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Energy and momentum densities

2D transverse densities on the light-front: [Xu:2024htx, Freese:2021czn]
1 dqu 1
aB(= . _ —1q 1Ty aB(( _ =
T P) = gz [ Tome ™ P+ 5 TP P - 5o
Momentum (4 = +, 1, 2) and energy (4 = —) densities:
Ph(ry) =T ™#(ry; P) = PFPA(rL), /deTw(fﬁ) = P
P2 2
P (ru)=T" " (ru;P) = LA(MZ;_FFM 7
Where (for spin-0 particles): p - P2 4+ M?
— 9L _—ig, 7o - P~
Alrs) = [ e T A,
d*qL iz, 7, 1 1
M) = [ G T (2 4 1Al + 5 Dlat )

®m A(r,) can be interpreted as the momentum density

m M?(r,) can be interpreted as the invariant mass squared density
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Hadron as a relativistic medium

B The quantum expectation value of the stress-energy tensor:
(U|T8 (2)|T) = (EUUP — PAP £ TP — g*P ),
where U% is hadronic 4-velocity (U*U, = 1), A%F = g% — U*UP

m Physical densities:

2
Energy density: £(z M/ ' x{ q°) — 4342 [A(q®) + D(q2)]}

P zq T le)

ressure: P(x GM/ %)

Shear tensor: I1%°(z) = — d3q e (q*q" — anB)D(f)
4M (2m)3

d3q
Cosmological constant: A = —M / 4 _gigw
(2m)3

c(q%)
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® In the forward limit (Q% = 0),

Strongly-coupled scalar nucleon

R S —— . . 0 . . . . [Ca0:20230hj]
0.8} T - P 1

(\7\06— n O

S o S -af 06 -

<04t R S QN g

—a=0.5 0.8t - T 4-08 ___ =05
02----a=l0 o5 - LY 1o ezl g°
U 10F, 100, 10 100 III 107 | 10 Iazz.o Q@ = 5
%% 5 10 15 20 25 % 5 10 15 20 25 L6mm
0 [GeV?] O [GeV?]
® For small coupling, D(Q?) is close to —1, the free scalar particle’s result

lim A(Q?) =1,
Q2=0
m For large Q?,

1 21[) 2\
Jim Q7D(Q7) =0
lim A(Q?) = Z,

Q?—o0

lim D(Q*) =—-Z
Q2% —o0 (Q )
revealing a pointlike core, consistent with the physical picture of the model
X.H. Cao (USTC)
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Dissecting the strongly-coupled scalar nucleon

1.0 T | | | 0 T = = F=— =" = 0.4 | | | |
T A(0?) 77 Dx(Q7) DVMOY T~ 2,(0)
0o8fF T . = -1 oo 1= 1 T e —
AN(Q?) i D(0?) 0.2F -
S IR T S o S )
< 0.4} i S 3k i =
0.2f - 4k i =02k =
. 9 A0?) a=10 ’,,—""—__%_\-(-é )
0-04 s 10 15 20 25 0 5 10 15 20 25 —045 5 10 15 20 25
0*(GeV?) 0*(GeV?) 0*(GeV?)
C 1 _ . _ /2 .
® A nonvanishing but small ¢(q#) because of Fock space truncation ¢i(q”) # 0 [Cao2024ito]

m Mass decomposition: [Lorce:2017xzd]

e; = /d2715(71) = A;(0)

/d2TJ_Ai(TJ_) = EZ(O)
Ui = e; + )\z

Y
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Dissecting the strongly-coupled scalar nucleon

10 T T T T P pu——— F—— === 10 T T T T
\0
— \Q\
0.8}= 2 - .
A(Q%) 0.5 T~ %(0) 7
0.6 = - T ———— .
[Q\ N E(QZ)
S - ] —
<< 0.4} - 19
0.2 —-0.5F -
<K — ] -5F .
S Aﬂ(QZ) a= 2 O
——- - == r—— ———— _ 1 | | | — L L . I
0'00 5 10 15 20 25 60 5 10 15 20 25 1'00 5 10 15 20 25
0*(GeV?) 0*(GeV?) 0*(GeV?)

® A nonvanishing but small c(q?) because of Fock space truncation Z i(q?) #£0  [Cao:2024fto]

m Mass decomposition: [Lorce:2017xzd]

e; = /d2715(71) = A;(0)

/d2TJ_Ai(TJ_) = (_ZZ(O)
Ui = e; + )\z

Ai

X.H. Cao (USTC) STRESS-ENERGY TENSOR (ZELk4#IE) 9/11



Impulse ansatz

B From the effective Hamiltonian, we can’t give the exact stress-energy operator
directly

m We adopt impulse ansatz for the interaction term in T+~

— . = —

— 1 dx * — 1q T 1q T — . —
titlt - 52/ Az (1 — ) /d2riwss(xarL)[€ e M}U(xarLa_ZvL)wsg(xaTL>

e ; _VQ ‘|‘m2 —V2 —|—m2_
where v(z, 7, —iV ) = M2 - —L™a _ Z 17T

ol o
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Energy density and invariant mass squared density

= [ gm0 ) ad) + Eop )},
M? (ry) = M2/(27Tq)%Z%H{<1+4§]\2}2>A(q2)+2§]\;21)( )}

®m Energy density is positive

B Invariant mass squared density becomes negative at small r, : tachyonic core?

8

o)

\®]
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